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Abstract

This article proposes and studies a new operator based subclass of bi-univalent
functions associated with the Séldgean and Al-Oboudi differential operators. We
obtain explicit upper bounds for the initial Taylor—Maclaurin coefficients. In
addition, we establish an estimate for the Fekete—Szeg6 functional and derive a
bound for the second Hankel determinant. Several consequences and special cases
are included to relate our findings to earlier results in the literature.
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1. INTRODUCTION

Let A denote the family of analytic functions in the open unit disk U = {z € C : |z| <
1} of the form

f) =2+ a.z" (1.1)
n=2

A function f € A is called univalent in U if it is injective there, and the set of all such

functions is denoted by S.
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Two fundamental subclasses of S are the families of starlike and convex functions of
order ¢ € [0, 1), written as S*(¢) and C(¢p), respectively, and defined by

S*(p) = {f €S: %(ZJ{(S)) >0 2 IU}

C(gp):{fES:?]‘E(1+Z]‘£/;(ZZ))> ><,0,ZEU}.

When ¢ = 0, these reduce to the classical classes S* and C.

and

For f € S, the inverse mapping f ' exists at least in a disk D,, = {w € C : |w| < 70}
with ro(f) > 1, and it satisfies f~'(f(z)) = z together with f(f '(w)) = w.
Moreover, f~! admits the expansion

fHw) = w— agw? + (2a3 — a3)w® — (5a3 — bagas + ag)w* + - - - . (1.2)

A function f is said to be bi-univalent in U if both f and f~! are univalent in U; the
corresponding class is denoted by >. The coefficient problem for X is substantially
more delicate than for S, and in many situations only partial bounds are known.

The study of coefficient estimates for bi-univalent functions goes back to Lewin [1]
and was further developed by Brannan and Taha [2]. After the work of Srivastava
et al. [3], there has been renewed activity, and numerous subclasses of > have
been proposed using operator methods and subordination ideas; see, for example,
[4,5,6,7,8,9,10, 11, 12, 13, 14, 16, 15, 17, 18, 19, 20, 21].

In recent investigations, differential operators such as the Sdldgean operator and its
generalizations have proved useful for constructing subclasses and obtaining coefficient
bounds; see [17, 19, 16]. Guided by this viewpoint, we define a new operator-driven
subclass of Y. and derive explicit estimates for the initial Taylor—Maclaurin coefficients.

Two further quantities frequently used in modern coefficient problems are the second
Hankel determinant and the Fekete—Szego functional. For » € N, Noonan and Thomas
[25] introduced the Hankel determinant

bS bs+1 ttt b8+7‘—1
bs bs e bs r
M= T T
bs+7"—1 bs-‘,—r e bs+2r—2

which has been used to capture structural information about analytic (and meromorphic)
functions; see [26, 27, 28]. The systematic study of Hankel determinants for univalent
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functions was initiated by Pommerenke [29, 30], and many refinements for various
subclasses were later obtained; see [33, 35, 34, 31, 32].

Another classical quantity is the Fekete-Szegd functional |b3 — 13| (1 € R) introduced
by Fekete and Szegd [36]; related sharp estimates can be found, for instance, in [37, 38].
More recently, both the Fekete—Szego problem and Hankel determinant bounds have
also been treated for bi-univalent subclasses involving operators and g-calculus; see
[42, 43, 44, 45, 46, 47, 48].

Motivated by these developments, we obtain new coefficient bounds together with
estimates for the Fekete—Szego functional and the second Hankel determinant for an
operator-defined subclass of bi-univalent functions.

2. DEFINITION OF THE NEW CLASS

Definition 2.1. A function f € 3 is said to belong to the class BSx(«, m) if

%(D%M) >a (zeU), 2.1
and N
R (%(m) >a (wel), (2.2)

where 0 < o < 1and m € N.

Classes formulated through operator inequalities of the form (2.1)—(2.2) have been used
repeatedly in the recent theory of bi-univalent functions; see, for instance, [12, 17, 19].

There exists a function p with Rp(z) > 0 such that
p(2)=1+cz+c? +e32® 4. (2.3)
Similarly there exists ¢ with Rq(w) > 0 such that

q(w) = 1+ dyw + dyw? + dsw® + - - - . (2.4)
3. COEFFICIENT ESTIMATES

Theorem 3.1. Let f € BSx(a,m), where 0 < o < 1 and m € N. Then the initial

coefficients satisfy

21 —
|as| < ( S a>, 3.1
21 —
|as| < ( o a), (3.2)
jag] < 21— (3.3)
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Proof. Since f € BSx(a,m), by Definition 2.1 we have

R (DmTf(z)> >a (2eU) (3.4)
and .

R (D%(wv >a  (wel), (3.5)
where g = f~1.

Hence there exist analytic functions p and ¢ with ®p(z) > 0 and Rq(w) > 0 in U such
that

D™ f(z)

z

=a+ (1 —a)p(z), p(2)=1+cz+c? +e32® 4+, (3.6)

and
Dmg(w)

” =a+ (1 —a)g(w), q(w) =1+ dyw + dow?® + dsw® +--- . (3.7)

Using the series expansion f(z) = z+Y .~ , a,,2™ and the Sildgean operator (Definition
??), we obtain

D"f(z)=z+ Z nMa, 2" = 2 4+ 2Magz? + 3Maszd + AMayt + - - (3.8)
n=2
Dividing (3.8) by z yields
Dm
ﬂ =14 2™ayz + 3Maszz® + 4™ay2® + -+ - . 3.9
z

On the other hand, expanding the right-hand side of (3.6) gives
at(l-apiz)=a+(l-a)(l+caz+cz®+c2’+--)
=1+ (1-a)ez+(1—a)ez?+ (1 —a)ez® +--- . (3.10)

Since (3.9) and (3.10) represent the same analytic function, equating coefficients of z,
22, and 22 gives

2Mas = (1 — a)cq. (3.11)
3"az = (1 — a)es. (3.12)
4ma4 = (1 — Oé)Cg. (313)

Taking absolute values in (3.11)—(3.13) and applying Lemma ??, we obtain the desired
bounds.

The proof is complete. O]



Coefficient Bounds for Bi-Univalent Functions 1071

Corollary 3.2. If we take m = 0 in Theorem 3.1 then it reduce to the known
estimates for the classical bi-univalent class Y. Consequently, our results recover those
established earlierin [1, 2, 6].

Remark 3.3. Bounds of the form (3.11)—(3.13) are consistent with many
operator-defined subclasses of >; compare with [5, 12, 17, 19].

4. SECOND HANKEL DETERMINANT

Theorem 4.1. Let f € BSx(a, m). Then
4(1 — a)? N 4(1 — a)?
oamgm 32m :

|agas — a3 < (4.1)

Proof. From the definition of the class BSx(«, m), there exist functions p and g with
positive real part such that

Dm Dm —1
,;:f(Z) =a+ (1 —a)p(z), fw W + (1 = a)q(w), (4.2)
where
p(z) =1+cz+e+ea+ qw)=1+dw+ dyw + dsw® +- -+ . (4.3)

Equating coefficients of like powers of z, we obtain

2™ay = (1 — a)ey, (4.4)
3"az = (1 — a)ey, 4.5)
4May = (1 — a)cs. (4.6)
Using these relations, we write
(1-a) (1-a)
Aoty — ag = W61C3 — 32—mc§ (47)

Taking absolute values and applying the triangle inequality yields

(1 _a)2\01|!63\ n (1-a)?

T g 12l 8

|azas — az] <

Since Rp(z) > 0, Lemma 2.1 gives
len] <20 (n>1).

Therefore,

4(1 — a)? N 4(1 — a)?
oamgm 32m ’
This completes the proof. O]

4.9)

|azas — az] <
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Corollary 4.2. If m = 0, then the bound in the above Theorem it reduces to the
corresponding second Hankel determinant estimate for bi-starlike functions of order
afsee [39, 40, 41, 43]).

5. FEKETE-SZEGO FUNCTIONAL

We now consider the classical Fekete—Szeg6 functional
D,(f) :=a3 —pa;,  peR, (5.1)

which has become standard in contemporary bi-univalent studies; see, for example,
[16, 20, 21].

Theorem 5.1. Let f(z) = z + >~ , a,z" belong to the class BSx,(c, m). Then for
weER,
} : (5.2)

Proof. From Definition 3.1, there exist functions p and ¢ with #p(z) > 0 and Fq(w) >
0 such that
D™ f(z)

2p(1 — )
2m

2(1 -
Mvﬁmaélffﬁmw{Ll—

3

B2 — o+ (1-ap(e), (53)
and pm g1
—fw ) _ a4 (1 - a)g(w) (5.4)
Let
p(z)=1+ciz4+ e+, qw)=1+dw+daw’ +--- . (5-5)

Comparing coefficients of like powers of z and w, we obtain

2May = (1 — a)ey, (5.6)

3"az = (1 — a)ea, 5.7
and

9™y = (1 - a)d,. (5.8)

From the above relations, we have

1—« 3"u(l —a) ,
3m G2 — 22m 1

ag — pay = (5.9)

Applying Lemma 2.1 and the classical estimate

lcg — vc?| < 2max{1, |2v — 1|},
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we arrive at
2p(1 — a)
2m

1—

2(1 —
oo = ] = 20 ma {1,

}. (5.10)

This completes the proof. []

Corollary 5.2. (see [36, 38, 43, 20]) For i = 1, the estimate in the above Theorem
yields a bound for |as — a3| for functions belonging to the class BSx(a,m) (see

[36, 38, 43, 20]).

6. EXTENSION USING THE AL-OBOUDI OPERATOR

Operator-based generalizations are widely used in recent bi-univalent studies; see
[17,19].

Definition 6.1. Let A > 0. The Al-Oboudi differential operator DY' is defined
recursively by

DSf(z) = f(2). DYf(z) = (1= NDF () + A=(DY ' f(2). (6.D)

If f € Ais given by (1.1), then

DYf(z) =2+ [L4+An— 1] a,2". (6.2)

n=2

Definition 6.2. A function f € ¥ is said to belong to the class BS3:(ar, m) if

R (D;”Tf(z)) >a (ze€l), (6.3)
and -
R (%@”)) >a (wel), (6.4)

where 0 < o < 1.
Theorem 6.3. Let f(2) = 2+ >.°0 , a, 2" belong to the class BSy(c, m). Then

2(1 — )

< .
|CL2‘ — [1+)\]m

(6.5)

Proof. Proceeding as in Theorem 4.1, there exists a function p with ®p(z) > 0 such

that
DY f(2)

o =at (1 —a)p(z). (6.6)



1074 Avaya Naik and Sushree Chinmayee Sahoo

Comparing coefficients of z, we obtain

14+ \"ay = (1 —a)q. 6.7)
Applying Lemma 2.1 yields
2(1 — «)
a 6.8
This completes the proof. []
Remark 6.4. For A = 1, in the above theorem the Al-Oboudi operator reduces

to the Sdldgean operator, and the above results coincide with those obtained in(
see[36, 38, 43, 20])

7. CONCLUSION

An operator-defined subclass of bi-univalent functions associated with the Saldgean
operator has been introduced, and explicit bounds have been obtained for the initial
coefficients. We also established estimates for the Fekete—Szego functional and for the
second Hankel determinant. Finally, an extension based on the Al-Oboudi operator was
discussed. Possible continuations include higher-order Hankel determinants and related
subclasses generated by other operator families.
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