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In this paper finite dimensional complex valued normed linear space is studied.
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1. INTRODUCTION

The history of functional analysis is not very old. The idea grew up in early twentieth
century. Researchers felt the necessity of this subject during the studies of integration
theory and integral equations. However, Banach was the pioneer of formal functional
analysis. In 1922, he defined normed linear spaces as a set of axioms. Since then,
mathematicians keep on trying to find a proper generalization of this concept. Different
authors came up with different types of metrics and norms over the years (for reference
please see [1],[2],[12],[13],[14],[15],[16],[17],[18],[19]).

Complex-valued metric space, introduced by Akbar Azam et al.[1] in 2011, has
played an important role in the development of functional analysis. Alternatively
complex-valued normed linear space, presented by G. A. Okeke[2] has played a great
role in the development of functional analysis. Different authors studied various
results in complex-valued metric spaces and complex-valued normed linear spaces with
different approaches (for reference please see[7],[8],[9],[10],[11]).

The study of finite dimensional normed linear space[3],[4],[5],[6] related to
completeness, compactness etc. plays a pivotal role to establish different famous results
in normed linear space.
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In this work, we have studied different results in complex-valued normed linear space.
Finally, we have established some theorems about completeness, compactness in finite
dimensional complex-valued normed linear space. Also a lemma analogous to Riesz’s
lemma has been examined in complex-valued normed linear space by us to establish the
compactness of unit ball is equivalent to the finite dimensionality of the complex-valued
normed linear space.

2. PRELIMINARIES

Let C be the set of complex numbers and z1, 2o € C'. Define a partial order preceq on
C as follows:

21 j 29 if and OIlly if %(21) S 5]%(22), %(21) S %(2’2)

Let X be a nonempty set. Suppose that the mapping d : X x X — C, satisfies:

1. 0 < d(z,y), forall z,y € X and d(z,y) = 0 if and only if x = y;
2. d(z,y) = d(y,x) forall z,y € X;

3. d(z,y) < d(z,2) +d(z,y), forall z,y, 2 € X

Then d is called a complex valued metric on X, and (X, d) is called a complex valued
metric space. Let X be a linear space over a field K, where K = RorC. A complex
valued function |||| : X — C such that

l. ||z]| = 0ifand only if x = 0,2 € X,
2. |kall = Klll2], ¥k € K,z € X,

3. e+ yll =zl + llyll, v,y € X

then ||.|| is called a complex valued norm on X and (X, ||.||) is called a complex
valued normed linear space. Let £ = C be the set of complex numbers. Define
H . || :CxC — C by HZl — ZQH = HIl — IQH + L||y1 — yQH \V/ZI,ZQ € C where
21 = x1 + W1, 22 = T + 1ys. Clearly, (C, || - ||) is a complex valued normed linear

space. A pointx € F is called an interior point of a set A C E if there exist0 < r € C
such that
B(z,r)={ye E:||x—y| <r} CA

A point z € FE is called a limit point of the set A whenever for each 0 < r € C, we
have

B(xz,r)N(A—FE) # ¢.
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Let (E,| - ||) be a complex valued normed linear space. The set A C E is said to be
open if each element of A is an interior point of A.  In a complex valued normed
linear space (£, || - ||), a subset B of E is said to be closed if it contains each of its limit
point. Suppose x,, is a sequence in F. If for all ¢ € C, with 0 < ¢ there exists ng € N
such that for all n > nyg, ||z, — Tnim|| < ¢ then {z,} is called a Cauchy sequence in
(E,|| - |I) If every Cauchy sequence is convergent in (£, || - ||), then (E, || - ||) is called
a complex valued Banach space.

3. MAIN RESULT

Let (X, || -||) be a complex valued normed linear space. We define || - ||s4+ : X — R by

1
[ sgre = E!H%HI-

Then || - ||s4r¢ is @ norm on X.

Proof. 1. Forevery x € X,

(T T——
= el =0
R €T —
V2

< |||lz||[ =0
<~ |lz]| =0

<— r = Ox.

2. Letus take ¢ € X. Then

1
||cx||sqm: :E!HC%W

Il
=——||c|||z
V2
V2
1
=|c|—=||lz
75 el

=lelllzllsqre-

ol [l

3. Letus take z,y € X. Then ||z +y|| 2 [z[| + [yl So [llz +yl[| < [[l=] + llylll-
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Thus we have
1
|2 + yllsqre ZTHIH«" + |
]+ [[yll]
\/_
(IIIwHI + [llyll1)

Ql

ZEW%IH + EII\Z/IH

=l llsqre + 1yl sqre-
Hence from it fillows that || - ||s, is @ norm on X. O

Let (X, | - ||) be a complex valued normed linear space. A subset A of X is said to be
bounded if 3V > 0 such that ||z|| < M Vx € A. Let (X, | -||) be a complex valued
normed linear space and A C X. Then the closure A is defined by the following:

A = {r € X : there is a sequence {r,} in A converging toz}}.

Let (X, || - ||) be a complex valued normed linear space. Let A, B be two bounded sets
in X. Then

(D]
1. A+ B is bounded.

2. cA is bounded for each ¢ € K.

Proof. 1. Since A, B are two bounded sets in X, so dM;, My > 0 such that
lz|| <= My Yz € Aand ||z|| 2 My Ve € B. Suppose z € A+ B. Then
z=ux+yforsomexr € Aandy € B.

Now [|z[| = [l + yll =[]l + [lyl]
le—f-MQVZEA—f—B

Thus A + B is bounded.

2. Since A is bounded, so there is M > 0 such that ||z|| < M Vz € A. If ¢ = 0 then
cx = 6 for every © € A. Hence the result holds.
Suppose ¢ # 0. Then M|c| > 0.

Now ||cz| = |c|||z]| 2 M|c| Vo € A.
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Hence cA is bounded.

O

Let (X, | - ||) be a complex valued normed linear space and A C X. A is said to be
convex if sz +ty € Aforevery z,y € Aand 0 < s,t < lands+t = 1. Let
(X, || - ||) be a complex valued normed linear space and A C X. Then the convex hull
of A, denoted by C'o(A) is the set of all convex combinations of the elements of A.
Let (X, ||-]|) be a complex valued normed linear space. Let A, B be two convex subsets
of X. Then

1. A+ B is convex.

2. cA is convex.

Proof. 1. Letz,y € A+ B. Thenx = a; + by,y = as + by where a;,a, € A and
bi,by € B.
Let us take s,t € [0,1] with s + ¢ = 1. Then we have sa; + ta; € A and
sby +tby € B. This implies that sz 4ty = saj +tas + sby +tbs € A+ B. Hence
A + B is convex.

2. Suppose ¢ = 0. Then the result is obvious.
Let ¢ # 0. Let us take x,y € cA. Then x = cxq,y = cy; for some z1,y; € A.
Since A is convex, so sx; + ty; € A for s,t € [0,1] and s +¢ = 1. Now
sz +ty = scxy + teyy = c(sxy + tyy). So it is obvious that sz + ty € cA.
Hence cA is convex.

]

Let (X, ]| - ||) be a complex valued normed linear space and A be a bounded subset of
X. Then

1. Ais bounded.
2. Co(A) is bounded.

3. Co(A) is bounded.

Proof. Since A is bounded, so M > 0 such that ||| < M Vz € A.
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1. Suppose y € A. Then there is a sequence {y,} in A such that {y,} convrerges to
y. By assumption we have ||y, || = M ¥n € N. Now ||y|| =< ||y — ynll + ||yn]| i-e.
[yl = lyn — yll + llynll. Since {y,} converges to y so we have ||y, — y[| — 0
as n — oo. Hence it follows that ||y|| < M. Here y € A is arbitrary, so A is
bounded.

2. Lety € Co(A). Then y = sy; + tys for y1,y2 € A where 0 < s,¢t < 1 and
s+t =1 Now [ly| = [lsyr + tyoll = |sya| + [tya| = Islllyall + [#lllv2ll =
SM +tM = (s+t)M = M. So ||ly|]| X M. Since y € Co(A) is arbitrary thus it
follows that C'o(A) is bounded.

3. The proof follows from that of 1 and 2.

[
Let (X, | - ||) be a complex valued normed linear space and A C X. A is said to
be compact if every sequence in A has a convergent subsequence which converges to
some point in A. Let (X,|| - ||) be a complex valued normed linear space. Let
{e1,eq, - ,e,} be alinearly independent set of vectors in X. Then Ja > 0 such that
for every set of scalars oy, s, - - -, o, such that
R(|arer + anea + -+ + aen]) > a > o] (1)
i=1
Proof. If a; = 0 forevery: =1,2,---  nthen it is obvious.

Now we assume that at least one «; is non-zero. Set s = » ", |o;|. Then s > 0. Then
(1) is equivalent to

R Bieil) > a 2)
=1

where {01, B, -+, B, } is a set of scalars with )", |5;| = 1. If possible suppose (2)
does not hold. Then for every a > 0 there is a set of scalars {(;, 52, - -+ , B} whwere
> 18] = 1 such that the following holds:

R Il < a.
=1
Thus for a,,, = =, there are sequences {8} of scalars with ", [8"™| = 1 such that

n - 1
R8Tl < —.
i=1
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1
So R(||znml]) < —. 3
O R( ) < - )
Let € > 0 be given. Let us choose k& € N such that + < e. Then = < ¢ Vm > k. Then
from it follows that R(||x,, .|| < € Ym > k. As a consequence we can conclude that

Jim ([ m]) = 0. “)

Since 7, |8"™] = 150 |8™| < 1 foreachi = 1,2,--- ,n. Hence {8} is a
bounded sequence of scalars for each 7« = 1,2,---  n. Then by Bolzano-Weierstrass
theorem, {Bi(m)} has a convergent subsequence of scalars converging to some 3; for
every 1 = 1,2,---.,n. So {Bgm)} has a convergent subsequence with limit 5; and
suppose {z1,,} be the corresponding subsequence of {z,,}. By the similar argument
we obtain a subsequence {xs,,} of {x1,,} for which the corresding subsequence of
scalars { ﬂém)} converges to 3. Proceeding in similar way at the n-th step a subsequence
(m)

{@pm} of {x,,} can be obtained which is of the form x,,, = > . v, e; where

3™ S Brasm — o and S, 1) = 1,

Let us take x = > | fie;. Thenz € X and ,,,,, — © = Zyzl(%(m) — Bi)e;. Now
e —all = | 2 (3™ = Beall = S0y 1™ = Billlel. Since Tim 7™ = 5, for
eachi=1,2,--- ,nso lim |x,,, — x| = 0. Thus we have,

m—r0o0

i ([ — ) = 0. (5)
Again

[l =l = 2 mll + lznm

= R([[z]l) <R[z = zpml) + R(l[znml)-

Thereafter from (4) and (5) we have,

R(ll=[]) = 0. (6)
Here %(m) — Biasm — oo foreachi = 1,2,--- ;nand >, |7,L-(m)] = 1 so we get
>, 18] = 1. This ensures that at least one 3; is nen-zero. Consequently 251)1 Bie;

i.e. x is a non-zero vector in X. Thus it follows that ||x|| > 0. Hence R(||z||) > 0.
Clearly this contradicts (6).
Therefore our assumption is wrong and hence (2) holds. [l

Let (X,| - ||) be a complex valued normed linear space. Let {ej, ez, - ,e,} be a
linearly independent set of vectors in X. Then da > 0 such that for every set of scalars

Qaq, o, -+ -, such that

S(|arer + azea + -+ aenl) = a > o] (7)
=1
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Proof. The proof is similar to that of Lemma 3.10. [l
Let (X,|| - ||) be a complex valued normed linear space. Let {ej,e3,--- ,¢e,} be a
linearly independent set of vectors in X. Then Jdc > 0 such that for every set of scalars
Qaq, Qo, - - -,y such that
loner + ages + -+ - + apeyl| = cZ\ai\. (8)
i=1

Proof. From Lemma 3.10 we have, da > 0 such that for every set of scalars

{aq, a9, -+, a,} such that
R(||arer + ages + - - - 4+ anenl|) zailaiL )
i=1
Similarly from Lemma 3.11, there is b > 0 such that for every set of scalars
{ai,ag, -+, a,} such that
S(||larer + ages + - - - + anen|) Zbi|ai|. (10)
i=1

Let us take ¢ = (a, b). Then ¢ > 0. Thus from (9)and (10) it follows that

n
|loner + ages + -+ - + aneyl| = CZ la|.
i=1

Every finite dimensional complex valued normed linear space is complete.

Proof. Let (x,]| - ||) be a finite dimensional complex valued normed linear space.
Suppose dim(X) = n and {ey, €9, - , €, } is a basis for X.

Let us a consider a Cauchy sequence {z,,} in (X, N¢, *). Suppose =, = Y ., agm) e
where {\™} is a suitable set of scalars for each i = 1,2,--- n.Then z,, — T, =
S (0i™ — a{P)e;. Then by Lemma 3.12, 3r = 6 such that

| — @l = 7> o™ — ad?)]. (11)
=1

Since {xz,,} is Cauchy so for s > 6, Imy = my(s) € N such that

[ — 2, < 5 ¥, p > mo. (12)
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Thus from (11) and (12) we have
Py lat™ =l < s Vm,p > mo
i=1

= 1Y o™ — o] < |s| ¥m,p > mq
=1

— Ylol™ = ol < vmp =
r
i=1
m @ _ | o
= |oy | < ] Vm,p > mg, foreveryi =1,2,--- ,n.
T
Hence {agm)} is a Cauchy sequenc of scalars for each 7 = 1,2,--- ;n. So agm) is
convergent for every ¢+ = 1,2,--- ,n. Let us suppose that lim agm) = « for each
m—0o0
i=1,2,---,n. Weconsiderz =) ., aye;. Thenz € X.
Here v, — o = Y0 (0" — ai)ei So [l — ol = |20, (o™ — anei]| =
S @™ = ael = S [el™ — ail[le:. Since {a™} converges to a; for each
i =1,2,---,nso we have lim x,, = x. Thus {z,,} is convergent. Therefore X is
m—0o0

complete. ]
Let (X, || - ||) be a finite dimensional complex-valued normed linear space and A C X.

Then A is compact iff A is closed and bounded.

Proof. First suppose that A is compact. Let us consider a sequence {z,,} in A such
that {z,,} converges to some x € X. Since A is compact, so {z,,} has a convergent
subsequence {x,,, } which converges to some point in A. It is very clear that {x,,, }
converges to x. Therefore x € A. Hence A is closed.

If possible suppose that A is not bounded. Then for every M >~ #,3x € A such that
||| = M. Thus we obtain a sequence {z,,} in A such that z,,, > mf ¥m € N.

Here A is compact which suggests that {z,,} has a convergent subsequence {z,, }
converging to some * € X. Let us take ¢ > 6. Then 3k, € N such that
[, — 2]l < k> Fo. NOW [, || = [, — @+ 1] = [}, — ] + |12 < c-+ ],
So we have myl < ¢+ ||z||. Since ||z is a fixed number, so this is impossible.

Hence our assumption is wrong. Therefore A is bounded.

Conversely suppose that A is closed and bounded. Suppose dim(X) = n and
{e1,eq,+-- ,e,} be a basis for X. Let us consider a sequence {z,,} in A. Suppose
T = S0 a™e; where {a{™, o™ -+ al™} is a suitable set of scalars. Since A is
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bounded so M > 6 such that ||z|| < M Vx € A. So ||z,|| X M Vm € N. Then

1> al™e|| = M. (13)
=1

On the other hand by Lemma 3.12, 3r > 6 such that

1> a™eill = o™, (14)
=1 =1

So from (13) and (14) it follows that
ryla™ =M
=1

m M .
= ||ozz( )| < — foreveryi =1,2,--- ,n.
r

Thus we have {agm)} is a bounded sequence of scalars for each ¢ = 1,2,--- ,n. Then
by Bolzano-Weierstrass theorem we can obtain convergent subsequence {agm’“)} that
converges to some «;(say) foreach: =1,2,--- n.

Let us consider x = > | ye;. Clearly z € X.

Now [, — x| = || S0, (™ = aies]| < 30y o™ — ail]les]. Here {a{™"}
convereges to a; so we can conclude that x,,, converges to x. Since A is closed so
x € A

Hence we obtain a subsequence of {x,,} which converges to some point in A. Thus A
is compact. [

Let Y and Z be subspaces of a normed space X and suppose that Y is a proper and
closed subset of Z. Then for every r = (a,b) with a,b € (0, 1) there is a z € Z such
that ||z|| = 1 and |||z — y||| = max{a,b} Vy € Y.

Proof. We consider any v € Z — Y and denote its distance from Y by d. So
d = inf ||[v — y||.
infllv —y]

Y being closed implies that d = 6. Let us take r = (a, b) where a,b € (0,1). Then
denote t = max{a, b}. Sot € (0,1).

Then Jyp € Y such that
d
4= o= yoll < 5.

d
4] < [llv = woll| < % (15)

Thus we have
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Let z = ¢(v — yo) where ¢ = m Then ||z|| = 1. We show that |||z — y||| > ¢ for

everyy € Y.
)
Iz =yl = lletv = yo) = yll = lefllv = yo =~ = lelllo = w1

where y; = yo + .
Itis clear thaty, € Y.

lal

Now [[|lz = ylll = [lelllv = wulll = lellllo = wulll = [ellal = e > [t = 1
v = wolll
ie [z —ylll >t
ie. |||z — yl|| > max{a, b}.
Since y € Y is arbitrary, so |||z — y||| > max{a,b} Vy € Y. O
Let (X,| - ||) be a complex-valued normed linear space. Then the closed unit ball

M = {z € X : ||z|| < 1} is compact iff X is finite dimensional.

Proof. First suppose that X is finite dimensional. Then it is obvious that M is compact.
Conversely suppose that M is compact. If possible suppose that dim(X) = oc.
Let us choose any x; of norm 1. This x; generates a one dimensional subspace X; of

X which is a closed and proper subspace of X since dim(X) = oo. Let us take r = %6.
11

272"
The elements z, ro generates a two dimensional proper and closed subspace X5 of X.

By Riesz’s lemma, there is an x5 € X of norm 1 such that |||z2 — x1]|| > max{

Again by Riesz’s lemma, there is an z3 of norm 1 such that for every x € X, we have
11
272
Proceeding in similar way we obtain a sequence {x,,} of elements x,, € M such that

|lzs — z||| > max{3, 3}. In particular, |||z5 — z:[|| > 5 and |||z5 — 2]|| > 3.

et — 2l > ~(m # n).

2
It is obvious that {z,} cannot have a convergent subsequence. This contradicts the
compactness of M. Hence our assumption dim(X) = oo is wrong. Therefore
dim(X) < 0. [

4. CONCLUSION

This work consists of some results on finite dimensional complex valued normed linear
spaces. The study of finite dimensional normmed linear spaces has a great impact
for developing different significant results of functional analysis. So we hope that the
present work will contribute to study various results in complex valued normed linear
spaces.
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