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Abstract
The idea of applying Inverse Nyquist Array (INA) to analyse characteristic of a
non-square MIMO (Multi-input, Multi-output) system is first put forward.
Inverse Nyquist Array is a method which was proposed by Rosenbrock in 1969
to indicate the degree of interaction among loops and to evaluate the stability of
square MIMO system by utilizing Nyquist plot. However, this method has not
been applied to evaluate the stability of non-square MIMO system due to
limitations of the inverse. Non-square matrix is a complex matrix which cannot
be inverted directly. Therefore, in this work pseudo-inverse has been applied to
the non-square matrix to get its inverse. Subsequently, the result of INA
evaluation was compared with the dynamic response given by SIMULINK to
find out the accuracy of the INA method. The result of this comparison shows
that the stability of the simple non-square MIMO system can be evaluated by
INA theory if the system is diagonally dominant.
Keywords: Diagonally Dominant; Inverse Nyquist Array; Non-square MIMO
System; Pseudo-inverse, Stability
1. INTRODUCTION
MIMO system is a common industrial process, as well as non-square MIMO process.
Unlike square MIMO systems which have the same number of input (manipulated
variable) and output (controlled variable), the non-square MIMO systems have
different number of input and output. One example of the non-square MIMO system is
two coupled distillation column with 7 outputs and 4 inputs.[1] We cannot directly use
the common control method of square MIMO system to the non-square MIMO system.
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The conventional method to control non-square MIMO system is by squaring the nonsquare system. It can be done by adding enough number of new variable or deleting
adequate number of undesirable variable.[2] But, that control method can generate
additional control cost if some actuators are added and produce bad response if some
controlled variables are removed. Another method to control non-square system is to
make the non-square system as it were square system by generating pseudo-inverse
compensator.[3] This compensator is actually a well-known method to control a MIMO
system whether it is a square system or not. In 2015, a square MIMO model was built
for pressurized water reactor (PWR) core without boron and it was controlled after it
had been decoupled by a compensator that had been built using INA.[4] However, a
research conducted by Morari, et al showed that non-square control system synthesized
directly from non-square process was more effective and shows less sensitivity than
when synthesized from the modified square process.[5] Therefore, it is better to make
a control scheme directly from original non-square model.
Stability of non-square system is the next concern if we want to make a control system
based on non-square process. In 1969, Rosenbrock proposed a stability theory of a
square MIMO system by using Inverse Nyquist Array (INA). In addition, his theory
can indicate the degree of interaction of every loops.[6] Three years after that, Munro
developed INA theory to the next level. The degree of interaction can be seen just by
drawing a Gershgorin band at every frequency of the diagonal loops and he made
additional constraint to make the stability theory more accurate.[7] Shortly after,
Postlethwaite make a generalized theory for square MIMO stability based on INA
criterion without using Gershgorin ring approach.[8] This generalized theory became
the latest INA stability criterion that applied on the square MIMO system because many
researchers focused on developing INA theory to designing compensator and controller
after that. One of many examples was Lourtie in 1985. He designed a compensator for
non-square systems by using INA.[9] Another research concerning INA was proposed
by Dejan D. Ivezic. He created a robust controller for a milling circuit based on INA.
[10] However, this INA method has not been applied to evaluate the stability of nonsquare MIMO system directly due to limitations of the inverse. Therefore, pseudoinverse has been applied to the non-square matrix to get its inverse. In this paper, the
idea of applying INA to analyse characteristic of a simple non-square MIMO system is
first put forward.
2. METHOD
There are three major steps to prove and analyse the stability of a non-square MIMO
process by using INA method in this paper. The first step was building the simplest
non-square MIMO process by modifying the existing process model. The second step
was making a modification in the INA by applying pseudo-inverse. The last step was
applying this Modified INA to the established non-square MIMO process to analyse its
stability.
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A. Non-square MIMO Process
The simplest non-square process such as 2x1 MISO and 1x2 SIMO were used to test
the accuracy of the modified INA theory. Rather than building a new process model, it
is better to modify the existing process model. In this case, Wood and Berry distillation
column was chosen because it has the simplest transfer function, first order plus time
delay (FOPTD) and Luyben also used Wood and Berry to implement MIMO
system.[11] Wood and Berry proposed a distillation column process in 1973 which is
modelled as a matrix of process transfer function. It is a 2x2 MIMO process that is
shown in equation (1), where XD(s) is product fraction in distillate and XB(s) is product
fraction in bottom, while R(s) is reflux flowrate and S(s) is steam flowrate in reboiler.
R(s) and S(s) are served as manipulated variables which can be adjusted so that the
quantity of controlled variable XD(s) and XB(s) are compatible as expected.[12]
Proportional controller is the solely controller that was used in this study where there
is only a parameter called controller gain which affected the stability of the non-square
MIMO system.
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 X (s)   
 B   6.6e 7 s
 10.9 s  1



21s  1  R ( s ) 
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19.4e   S ( s ) 
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18.9e
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(1)

There are two types of Wood and Berry distillation process modification. The first type
is 1x2 MISO system where a controlled variable and two manipulated variables are set.
The second type is 2x1 SIMO system where two controlled variables and only one
manipulated variable are installed. In the first modification, one row of the original
matrix of process transfer function was removed meaning that there is a controlled
variable that is not controlled on that system. Since there are two manipulated variables
on the first type, two proportional controllers are used. Each controller manipulates
reflux flowrate and steam flowrate in the reboiler respectively. Both controller receive
error signal from only one controlled variable (XD(s) or XB(s)). Equation (2a) and (2b)
show the matrix of process transfer function after first modification.
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In the second modification, there are two controlled variables that must be controlled
with only one manipulated variable. This condition is obtained by deleting one column
of original matrix Wood and Berry. Due to the fact that there is only one manipulated
variable which can be adjusted (reflux flowrate or steam flowrate in the reboiler) and
there are two error signals which come from two different controllers, a selector was
applied to the control system to select the greater error signal between two existing
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controlled variables to further forwarded to the controller. Equation (3a) and (3b) show
the matrix of process transfer function after second modification.
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 18.9e 3 s 
 X D ( s )   21s  1 
  S (s)
 X (s)   
3 s
 B   19.4e 
 14.4 s  1 

(3.a)

(3.b)

B. Modified Inverse Nyquist Array (INA)
INA is a method to find the stability of a process which is based on frequency response
approximation that was developed by Rosenbrock in 1969. This stability method is
worked on MIMO processes where there is interaction in every loops.[6] Then in 1972,
Munro developed INA technique by adding some constraints so that it can determine
the stability of the MIMO square system. He also introduced Gershgorin ring which
can be applied to the INA so that it can diagnose how big the interaction effect is on
influencing the stability.[2]
A system as shown in figure 1 has a matrix of open-loop transfer function symbolized
by Q(s), where Q(s) is a multiplication result of K(s), controller matrix, and G(s) ,
matrix of process transfer function. Then, INA is the inverse of matrix Q(s) and its
inverse is denoted by . INA plot is a plot of all diagonal element at every frequencies
in complex plane.[13]

Fig 1. Block diagram of the non-square MIMO process
Based on Nyquist stability criterion, N is defined as the number of encirclements of the
critical point (-1,0) in the clockwise direction (positive in clockwise and negative in
counter-clockwise) and P is the number of open-loop unstable poles. Then, Z = N + P
where Z is the number of unstable closed-loop poles. The closed-loop system will be
stable if only if Z = 0. An open-loop stable system (Z = N) is closed-loop unstable if its
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direct Nyquist plot encircle or intersect the critical point of (-1,0) in a clockwise
direction and the system is closed-loop stable otherwise. For example, direct Nyquist
plot of equation (4) is shown in figure 2. It is seen that the system is closed-loop stable
because the critical point (-1,0) is not encircled. Subsequently if the equation is inverted
as shown in equation (5) and the inverse equation is being plotted in the complex plane
at every frequency, then its result is shown in figure 3 where the critical point (-1,0)
is encircled in a counter clockwise direction.
This result is the opposite of the result in figure 2 due to the effect of inverse. It suggests
that the system will be closed-loop stable if the plot of inverse Nyquist encircle the
critical point (-1,0) in a counter clockwise direction.

Q( s) 

Q( s)

1

e

s

s 1



(4)

1
Q( s)

Fig 2. Direct Nyquist plot of equation (4)

(5)
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Fig 3. Inverse Nyquist plot of equation (5)
To find out how big the interaction effect in every diagonal loop is, a Gershgorin ring
is drawn at every frequencies.[14] The radius of Gershgorin ring is obtained in equation
(6) for diagonally dominant based on row and in equation (7) for diagonally dominant
based on column. Figure 4 shows depiction of Gershgorin ring at angular frequencies
lot for first diagonal element.
m

ri ( s)   q ij ( s )
j 1
j i

(6)

m

ri ( s)   q ji ( s )
j 1
j i

(7)
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Fig 4. Depiction of Gershgorin ring
It is known that the magnitude or AR (amplitude ratio) is the distance between a single
point of the curve in the complex plane and origin point (0,0). If all of the radius of the
Gershgorin rings do not exceed origin point, the magnitude or amplitude ratio of offdiagonal element is not greater than the magnitude or amplitude ratio of diagonal
element of an open loop matrix transfer function. This kind of condition is called as
“diagonally dominant”. [7],[14] The degree of interaction can also be measured by
Gershgorin ring. The farther border of the Gershgorin ring from origin point (0,0), the
less significant degree of interaction in the system.
When the system is diagonally dominant, it means that the stability of the system is
only affected by the main loops and the effect of its interactions can be neglected. So,
there are three types of stability criterion based on INA for the stable open-loop system,
such as:
1) System may be closed-loop stable or unstable:
The stability of the system can not be determined because the system is not
diagonally dominant even if the INA curve encircle the critical point (-1,0) or
not.
2) System is closed-loop stable:
This condition is fulfilled if the MIMO system is diagonally dominant in every
loop and every loop encircle the critical point (-1,0) in a counter clockwise
direction.
3) System is closed-loop unstable:
This condition is fulfilled if the MIMO system is diagonally dominant in every
loop and there is at least a loop does not encircle the critical point (-1,0) in a
counter clockwise direction.
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Suppose there is a non-square matrix A. Inverse of a matrix A has to satisfy equation
(8) where A-1 is the inverse of a matrix A and I is the identity matrix. It cannot be
inverted directly using conventional method because non-square matrix does not have
determinant while the inverse of matrix A is obtained by dividing adjoint of matrix A
with determinant of matrix A. Therefore, pseudo-inverse is applied to obtain the inverse
of matrix A. Inverse of matrix A that is obtained by applying pseudo-inverse is also
non-square matrix with reverse dimensions of matrix A.

A1. A  A. A1  I

(8)

Pseudo-inverse is an inverse method first proposed by Moore in 1920 which is called
as general reciprocal hypothesis at that time. This hypothesis said that the effectiveness
of the reciprocal of the non-singular matrix in the study of matrix properties lead to a
deeper development of the theory that allows all the particular matrix obtain the
reciprocal form even if it is not square or non-singular matrix.[15] Penrose completes
this idea by making it more easily understood and used.[16]
Matrix inverse based on pseudo-inverse theory is divided by 2 parts, left inverse and
right inverse. If a matrix has the number of rows which is bigger than the number of
columns, and therefore the amount of output or controlled variable is greater than the
amount of input or manipulated variable then left pseudo-inverse has to be applied to
the system. If a matrix has the number of rows which is smaller than the number of
columns, and therefore the amount of output or controlled variable is less than the
amount of input or manipulated variable then right pseudo-inverse has to be applied to
the system. Left and right pseudo-inverse are shown in equation (9) and (10)
respectively.



A†  AT  A





1

A†  AT  A  AT

 AT  A†  A  I



1

 A  A†  I

Where is a left or right pseudo-inverse, is transpose of a matrix A,
matrix A, and I is identity matrix.

(9)
(10)
is inverse of a

3. RESULT AND DISCUSSION
INA theory on non-square MIMO system had been tested to the several cases which is
taken from first and second modification of Wood and Berry distillation column. The
controller that was used in simulation is the proportional controller with dimensionless
controller gain (Kc). The detail parameter of the cases is shown in table 1.
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Table 1. Detail of the controller parameters for all cases
Case

Process

Controller Parameters

1

Equation (2a)

Kc1 = 1.05
Kc2 = -0.307

2

Equation (2a)

Kc1 = 3
Kc2 = -0.307

3

Equation (2a)

Kc1 = 1.05
Kc2 = -0.8

4

Equation (3a)

Kc1 = 0.2

5

Equation (3a)

Kc1 = 2.8

6

Equation (2b)

Kc1 = 0.236
Kc2 = -0.211

7

Equation (3b)

Kc1 = -0.004

The first test to the system is shown by equation (2a) where there is only one controlled
variable XD(s) and there are two manipulated variables (R(s) and S(s)). Controller
parameter for both controllers were obtained from Ziegler-Nichols tuning of the transfer
function element 11 and 12 respectively. Figure 5a shows the INA curve of the system
in case 1 where the P-only controller was applied. From that figure it is shown that the
critical point (-1,0) is being encircled by the INA curve and the MISO system is column
diagonally dominant due to the fact that there is not a single Gershgorin ring intersects
the origin point (0,0). From both of these criteria’s, it is concluded that the system is
closed-loop stable based on INA evaluation. To prove that result, SIMULINK
simulation had been done. Performance of the simulation control system was observed
by giving step changes 10% of the total fraction. The response result from SIMULINK
simulation shows that the MISO system is closed-loop stable which can be seen in
figure 5b.
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Fig 5.a. INA plot of case 1

Fig 5.b. SIMULINK response of case 1
Unstable condition is demonstrated when the value of controller gain exceeds the
maximum gain. This is shown in the case 2 where INA curve in the figure 6a does not
encircle the critical point (-1,0) in a counter clockwise direction and none of the
Gershgorin rings intersect the origin point (column diagonally dominant). Thus, it can
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be concluded that the system is closed-loop unstable based on INA evaluation.
SIMULINK simulation also proves that the system is unstable. It is shown in figure 6b.

Fig 6.a. INA plot of case 2

Fig 6.b. SIMULINK response of case 2
In case 3, the value of Kc2 was increased from -0.307 to -0.8 with Kc1 is kept constant
at 1.05. This change makes the system become not diagonally dominant because the
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origin point is intersected by some Gershgorin rings. It can be seen in figure 7a.
Although the INA curve encircles the critical point (1,0) in counter clockwise direction,
the stability of the MISO system in case 3 cannot be decided by INA evaluation due to
the fact that its system is not diagonally dominant. Unstable response of SIMULINK
result for case 3 is shown in figure 7b.
Then for a SIMO system that had the number of outputs greater than the number of
inputs as shown by equation (3a) and (3b) used only one controller to adjust one
manipulated variable and its parameter was obtained by trial and error. Two different
conditions were obtained from such system. The first condition is shown in case 4 with
Kc1 is equal to 0.2 and the second condition is shown in case 5 with Kc1 is equal to
2.8. INA evaluation of case 4 is shown in figure 8a where INA curve encircles the
critical point (-1,0) in a counter clockwise direction and the SIMO system is row
diagonally dominant due to the fact that there is not a single Gershgorin ring
intersecting the origin point (0,0). So that the SIMO system is closed-loop stable based
on those two criteria’s. The conclusion was also supported by SIMULINK simulation
which indicated that the response was stable in both set point changes. That SIMULINK
result is shown in figure 8b. It differs with case 5 which shows unstable response in
SIMULINK simulation as shown in figure 9b. INA evaluation for case 5 is shown in
figure 9a where the INA curve does not encircle the critical point (-1,0) so that the
system will be unstable. But, the system is not a diagonally dominant system due to
Gershgorin ring result so that the system cannot be justified whether it is stable or not
by INA evaluation.

Fig 7.a. INA plot of case 3
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Fig 8.a. INA plot of case 4
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Fig 8.b. SIMULINK response of case 4

Fig 9.a. INA plot of case 5
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Fig 9.b. SIMULINK response of case 5
Another MISO system is shown in cases 6. In this case, controller parameter of Kc1
and Kc2 was given from Ziegler-Nichols tuning. INA evaluation from case 6 which is
shown in figure 10a shows that the system is not diagonally dominant because some of
the Gershgorin rings are surpassing origin point (0,0) so that the system can be stable
or unstable based on INA theory. Simulation using SIMULINK shows that the response
is unstable for both XD(s) and XB(s) as shown in the figure 10b.

Fig 10.a. INA plot of case 6
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Fig 10.b. SIMULINK response of case 6
For the last, SIMO system had been evaluated in case 7. No matter how small the
controller parameter (Kc) is, it cannot make the system be diagonally dominant. It is
shown in figure 11a where controller parameter installed in the system is -0.004. Figure
11b shows a stable response from SIMULINK simulation even though the system
maybe stable or maybe unstable based on INA evaluation.

Fig 11.a. INA plot of case 7
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Fig 11.b. SIMULINK response of case 7
4. CONCLUSIONS
It can be concluded that the stability of the simple non-square MIMO system (modified
Wood and Berry square MIMO process), can be evaluated by using Inverse Nyquist
Array method. Pseudo-inverse was utilized to find the inverse of the non-square matrix.
If the system is a diagonally dominant then the main loop has a greater influence on the
stability of the system rather than its interaction. This criteria has been indicated by
Gershgorin ring. It represents how strong the interaction is compared to the inverse
Nyquist curve which is representing the main loop of the system. When the system is
diagonally dominant, the system stability can be predicted by INA method.
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