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Abstract 

In the current environment that is noted for the tough competition 

both in the domestic and external markets, success of pump system 

manufacturers can be assured by improvement of their products. 

Centrifugal pumps must meet a number of key requirements 

regulated by the industrial global standards (ISO); also, they must 

comply with their functional purpose. Lately, the list of qualities 

that a pump is expected to feature at the same time has been 

expanded considerably, too. Meanwhile, manufacturers are facing 

a number of challenges related to both upgrading series production 

pumps and development of new models that would meet as much 

as possible the market demands. 

The dramatic increase of computer capacities over the last decades 

has boosted considerably the development of methods of 

multidimensional optimization and adaptation of search algorithms 

based on advanced computers. Statistical data processing is much 

easier; computational capabilities have increased, and integrated 

libraries of mathematical functions have expanded. 

This article deals with the general problem statement of parametric 

synthesis of geometry of the wet end of centrifugal pumps. Taking 

improvement of the centrifugal pump impeller as an example, the 

paper considers the main solution methods of the multi-factor 

optimization problem based on the comprehensive application of 

approaches of the optimum control theory and the experiment 

planning theory.  

Keywords: centrifugal pump, impeller, hydraulic efficiency, 

experiment planning, multidimensional optimization, targets. 

 

INTRODUCTION 

The economy of each country depends to a large extent on the 

development of its industrial sector. Among the core industries are 

such sectors as the oil and gas industry, the petrochemical industry 

and the energy sector. Nowadays, much attention is paid to issues 

of improving the equipment used in various production cycles. In 

particular, it includes vane pumps that are involved in the 

transportation of raw materials, finished petrochemicals and 

energy carriers, etc.  

The range of requirements these pumps are to meet is quite broad. 

Some of them, such as energy efficiency and 

environmental safety, have been set forth in the 

international standards, and they are the primary 

requirements for manufacturers. According to 

EUROPUMP’s data, application of conventional methods 

for improvement of the best pumps would increase the 

efficiency by 1…3% only. In view of that, the issue of 

finding new technological solutions becomes an important 

challenge. 

Plenty of attention is paid nowadays to the issues of 

conceptual (or structural) synthesis. At the same time, one 

can hardly imagine the development of new approaches 

without parametric optimization that enables the structure 

of designed objects to be used to the maximum extent. 

With this in mind, the direction connected with the 

development of optimization approaches appears to be of 

particular importance.  

 

Tasks and method of optimum pump design 

Current design practices of vane systems (VS) of 

impellers for hydraulic machines involve widely certain 

mathematical optimization methods that allow for 

increasing the quality performance of vane hydraulic 

machines. Recently, different research institutions 

oriented towards the industrial sector have been engaged 

in intensive efforts to create the ADES of vane machines 

[1-4]. The perfection of such systems depends both on 

applied hydrodynamic methods and approaches to finding 

the optimum solution for design problems. As vane 

systems are designed, a great variety of synthesis and 

analysis methods are used that are resolved within simple 

and most general statements.  

Recently, the methods of multidimensional (or 

multiparametric) optimization of the VS impellers have 

become widespread: stochastic, gradient, zero order 

methods (direct methods), etc.; they are integrated with 

statistical approaches [5-7]. Thanks to application of the 

latter, it is possible to minimize the volume of 

computational studies and to reduce the amount of time 
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and costs. It should be noted that in most cases, these methods are 

used as the main ones for solving multi-criteria problems for 

finding the optimum geometry of the pump wet end; this approach 

is not always correct. 

Statement of design problems using the optimum control theory 

has stricter and more precise solutions. These approaches are 

reflected in papers [8, 9], etc.  We will provide the basic 

formulations for optimum control problems and establish their 

connections with optimum design problems of hydraulic machines. 

Suppose we need to develop a certain optimally operating system 

(fig. 1). The development strategy includes definition of the 

structure of the system 𝕊 (𝜁) and control 𝔾 (𝜁, t) to ensure meeting 

the target 𝕐 at the preset perturbations 𝔽 and limitations 𝕆(𝜁, t) 

and achieving the extremum of the quality indicator Φ: 

𝕊 ∧ 𝔾 ∧ 𝔽 ⊢ 𝕏,𝛷𝑒𝑥𝑡  

𝕆:𝔾 ∨ 𝕏 ∨ 𝔽 ∈ {𝔾} ∨ {𝕏} ∨ {𝔽} 

(1) 

 

Figure 1: Structure of the object to be developed: 

𝕏 – characteristic of condition of the system to be developed in 

terms of space and time (𝜁, t); 𝕐 – its objective; note that the 

following is always true:  𝕐∈ 𝕏; 𝕊 – structure of the system; 

 𝔾 – control actions; 𝔽 – perturbation actions assumed as preset 

or forecast factors for the purposes of development; 

 𝕆 – limitations; 𝛷 – functional or generalized quality indicator. 

 

The main condition for correct problem statement of the optimum 

system synthesis is formalization of objectives, criteria and 

limitations. In most cases, requirements for the system turn out to 

be rather contradictory, and the list of targets 𝕐 = {𝑦1, 𝑦2, … , 𝑦𝑛} is 

found to be quite extensive, and depends on the type of the system, 

its operation conditions and some other factors. For instance, 

pumps may be expected to meet, at the same time, high 

requirements in terms of their energy qualities (head Η, efficiency 

η, work area width, stability of vertical lift performance (VLP), 

cavitation NPSH, vibro-acoustic parameters ΔLw and aw, 

dynamic qualities R, etc. 

One of possible solutions to this situation is formation of a 

generalized functional (2) based on average weighted 

targets. It should be noted that this approach, simple as it 

may seem, turns out to be invalid at the stage of expert 

assessment due to relatively arbitrary assignment of 

weight coefficients. 

{
 
 

 
 𝛷 =∑𝜉𝑖

𝑛

𝑖=1

𝑦𝑖 ,

∑𝜉𝑖

𝑛

𝑖=1

= 1.

 

(2) 

Another method involves singling out of the most 

meaningful value, i.e., 𝕐 = {𝑦}. In this case, other 

characteristics are re-qualified as limitations. In order to 

implement this approach, functionals like ‘loss’ or 

‘penalty’ functions are used (3): 

𝛷0(𝑦) = 𝛷(𝑦) + 𝑃(𝑦), 

(3) 

where  𝛷0 – composite unlimited functional [10-12]; 

      𝛷(𝑦) – minimized function; 

      𝑃(𝑦) – penalty function. If any limitations are 

violated, it will ‘penalize’ the function 𝛷0, i.e., it will 

increase its value. In this case, the minimum of function 

𝛷0 will lie within the limitation area. Function 𝑃(𝑦) that 

meets this condition does not have to be the only one. 

Equation (4) presents, in a general way, one of its possible 

forms: 

𝑃(𝑦) = 𝑟∑
1

𝑜𝑖(𝑦)

𝑛

𝑖=1

  

(4) 

where r is a positive value; 

𝑜𝑖(𝑦) ∈ 𝕆{𝑜1, 𝑜2, … , 𝑜𝑘}, 𝑖 = 1 ÷ 𝑘 – limitations of the 

type 𝑜𝑖(𝑦) > 0. 

This article considers the most common special case, 

when energy parameters of the pump are assumed as the 

main characteristic. In this case, synthesis of its geometry, 

within the scope of the optimum control theory, is carried 

out stage by stage according to the diagram 1D-3D. This 

combined method is relatively simple, capable of 

achieving the good original approximation and high 

precision.  
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Figure 2: Meridional projection and plan of the impeller 

 

At the first stage, in one-dimensional setting (1D), the main 

geometry parameters of the hydraulic machine impeller are 

determined in the meridional plane (Fig. 2). Functional Φ1 is 

created that characterizes accumulated energy losses in absolute 

and relative flows, in the immediate vicinity of the impeller entry 

and exit edges. Functional Φ1 can be presented as follows: 

𝛷1,𝜈 = (𝑣
𝛾 + 𝜉𝑤𝜃)𝜈 , 

(5) 

where 𝛾, 𝜃 ∈ [1; 2] are constants describing the flow mode in the 

impeller wet end;  

ξ – weight coefficient; 

ν=1,2 – index identifying the area for which this functional 

has been created (entry/exit vane edge). 

Given the preset number of vanes m and the following mode 

parameters: flow rate Qр, angular rotation speed of the impeller ω, 

entry circulation values Γ1 (the impeller) and Γ0 (the vane system) 

(external actions 𝔽), optimization conditions (1) with the fixed 

variation of angle α (limitation 𝕆) between the vane edges and the 

rotation axis enable us to determine the entry and exit radiuses rν as 

well as the width of the inter-vane channel bν (control actions 𝔾): 

𝛷1,𝜈.𝑒𝑥𝑡 ⊢ 𝑟𝜈 ∧ 𝑏𝜈 

(6) 

Using the penalty function method (3), (4), the condition (6) can be 

additionally subjected to the following limitation for cavitation-

free operation: 

𝑝1 + 𝜌𝑔𝜎 ≥ 0, 

(7) 

where σ – local cavitation coefficient. 

At the second stage, spatial vane configuration of the initial 

approximation is created according to the selected algorithm, using 

the first stage data. Here, functional Φ2 is created on the 

basis of the minimization condition of accumulated 

hydraulic losses hh in the impeller during circumfluence of 

the vane system, and it can be presented as follows:  

𝛷2 = ∫ ℎℎ(𝑣1, 𝑣𝑢, 𝑟, … , 𝜆, 𝛽1, 𝛽2) 𝑑𝑠.

𝑠0

0

 

(8) 

where λ – angle between the tangent line to the flow line 

coinciding with the vane skeleton line, and the impeller 

rotation axis; 

𝛽1,2 – entry and exit vane setting angles; 

s – non-dimensional coordinate on the curvilinear axis 

coinciding with the flow line; 

𝑠0 = 1 – full non-dimensional length of the vane 

skeleton line;  

𝑣1 – absolute flow speed at the entrance to the 

impeller VS. 

Possible limitations here can be as follows:  

 preset operation mode Qр; 

 condition of flow continuity �⃗⃗� ⋅ �⃗⃗⃗�|𝑠∈[0,1] = 0; 

 condition of cavitation-free operation (7); 

 circulation drawdowns 𝛥𝛤 ∼ 𝑣𝑢𝑟 along the vane 

skeleton line s 

𝜆 and 𝛽 (see Fig.2) can be regarded as control actions 

affecting the object of development. 

At the third stage (3D), analysis and local correction of the 

vane system geometry are carried out on the basis of the 

data obtained from the solution of direct 3D 

hydrodynamic problems. 
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Figure 3: Main stages of impeller design for centrifugal pumps according to the 1D – 3D scheme. 

 

Fig.3 shows a schematic image of the suggested design process 

including both internal iteration cycles (IIC) and the global 

iteration cycle (GIC). Intra-cycle correction is necessary in cases 

when the required quality performances are not achieved upon 

completion of Stages I and III, for example, efficiency, cavitation 

performance, etc., and certain process related, economic, etc., 

limitations are not complied with. 

Let us consider in more details each of the above stages using as an 

example the canonic model: centrifugal pump impeller designed 

for one reference point Qр.    

 

Creation of functional Φ1 

In most cases, the flow mode in the pump wet end is well-

developed and turbulent. Consequently, hydraulic losses in the 

pump are proportional to the square of the absolute flow rate v 

(averaged for the circumferential direction) for fixed elements 

(input, output) and to the quarter of the relative speed 𝑤 for 

moving elements (the impeller). Their values can be calculated 

from the speed triangles (9): 

𝑣2 = 𝑣𝑚
2 + 𝑣𝑢

2, 

𝑤2 = 𝑣𝑚
2 + (𝑢 − 𝑣𝑢)

2. 

(9) 

In this case, equation (5) for functional 𝛷1,𝑣 can be generally 

presented as follows (10):  

𝛷1,𝑣 = 𝑣𝑚
2 (1 + 𝜉) + 𝑣𝑢

2 + 𝜉(𝑢 − 𝑣𝑢)
2 

(10) 

Or, in the form (11), if vu and vm are expressed via the main 

geometry parameters of the impeller and the pump operation 

mode: 

{
 
 
 
 

 
 
 
 
𝛷1,1 = (

𝑄р

𝜋𝑏1(2𝑟вт + 𝑏1 sin(𝛼))
)

2

(1 + 𝐾1) + (
𝛤1

2𝜋
2𝑟вт+𝑏1 sin(𝛼)

2

)

2

+

+𝐾1(𝜔
2𝑟вт + 𝑏1 sin(𝛼)

2
−

𝛤1

2𝜋
2𝑟вт+𝑏1 sin(𝛼)

2

)

2

,

𝛷1,2 = (
𝑄р

𝜋𝑏2𝑟2
)

2

(1 + 𝐾2) + (
𝛤2
2𝜋𝑟2

)
2

+ 𝐾2 (𝜔𝑟2 −
𝛤2
2𝜋𝑟2

)
2

,

 

(11) 

where K1 and K2 are coefficients taking into consideration 

the ultimate number of vanes,  

        Γ1 and Γ2 – entry and exit impeller circulation, 

        Qр – reference feed rate of the pump, 

        ω – angular rotation speed of the pump impeller, 

        α – chord inclination angle of the entry edge. 

The functional extremum of the impeller can be subjected 

to the limitation as penalty functions (3), (4) in the form of 

the minimum NPSH by the width b1 of the VS entry edge: 

(𝛷1,1)0 = 𝛷1,1 + 𝛽 (
𝑑NPSH

𝑑𝑏1
)
2

, 

(12) 

where β – penalty parameter [11]. 

In order to determine the cavitation reserve in the 

optimum operation mode of the pump, the Rudnev method 

can be used [13]: 

NPSH = 𝜒1
𝑣1
2

2𝑔
+ 𝜒2

𝑢1
2

2𝑔
, 

(13) 

Where 𝜒1 = 1 ÷ 1.2, 𝜒2 = 0.2 ÷ 0.3 – coefficients 

depending on the design of the input unit and the pump 

impeller, which characterize flow rate increasing at the 

entrance to the impeller compared to their average values. 

Using (13) and (9), the expression for evaluation of the 

cavitation performance can be created as follows: 
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𝑑NPSH

𝑑𝑏1
= −4𝜋(𝜒1 + 𝜒2) (

𝑄р
2

[𝜋𝑏1[2𝑟вт + 𝑏1 sin(𝛼)]]
3) (𝑟вт + 𝑏1 sin(𝛼)) − 

−𝜒12𝜋 (
𝛤1
2

𝜋2[2𝑟вт + 𝑏1 sin(𝛼)]
2
) sin (𝛼) + 𝜒2

𝜔2[2𝑟вт + 𝑏1 sin(𝛼)]

2
sin (𝛼) 

(14) 

 

Creation of functional Φ2 

Functional 𝛷2 in accordance with the expression (8) is a 

combination of hydraulic losses during circumfluence of the 

impeller VS. In most practical cases, it is these losses that 

determine the output characteristics of the pump. As regards the 

nature of the losses, two main types are classified: losses by 

hydraulic friction that occur when the working medium is moving 

in the channels of the pump wet end, and vortex losses connected 

with turbulization, flow breakdown, occurrence of return flows 

during circumfluence of various elements of working organs in the 

pump wet end.  Friction losses in interlobe channels of the impeller 

depend greatly on wall roughness, and they can be reduced down 

to very low values in case of very smooth surface. Vortex losses 

can occur in the impeller due to various reasons: 

- Flow separation from the vane surface is mostly observed in off-

design modes, owing to insufficient kinetic energy of particles. If 

the contour of a streamlined body is such that flow pressure 

initially drops, and then grows rapidly, then the flow in the 

increasing pressure area is decelerated in the boundary layer, 

which may eventually lead to back flows of the liquid. 

-Appearance of so called tip vortexes is preconditioned by the 

presence of high pressure gradients in the area around the exit 

edge, when liquid in the boundary layer is moving from the 

working side of the vane to its back side. 

-Vortexes can also occur due to inconsistent circulation across the 

vane width that may take place even in the design mode. 

Additional resistance that appears as free vortexes run across the 

vane width is called inductive resistance. 

- Also, it is important to take into consideration shock losses 

causing flow separation in the area of vane entry edge. Such losses 

are preconditioned by variations of incidence angle in case of 

deviations from the design mode.  

Using the classification described in [14], let us present the 

hydraulic losses in the impeller as a sum of profile losses hпр, as a 

combination of edge losses and friction losses as well as secondary 

losses hвт and shock losses hуд (15), which can be determined, 

subject to certain limitations, using the existing empirical and 

theoretical dependencies. Considering that, at the first stages of the 

synthesis, the initial approximation only is created that will be 

adjusted afterwards, let us suffice ourselves with the above losses 

only.   

ℎℎ = ℎпр + ℎвт + ℎуд = (𝜁пр + 𝜁вт)
𝑤2

2𝑔
+ 𝜁уд

𝑣2

2𝑔
, 

(15) 

where 𝜁пр, 𝜁вт, 𝜁уд – coefficients of profile, secondary and 

shock losses, respectively. 

It should also be noted that the above coefficients of 

hydraulic losses in the experession (15) are calculated for 

circumfluence without separation, i.e., for feed modes that 

are close to the optimum mode. 

As mentioned above, profile losses are a combination of 

friction losses and vortex losses behind the exit edge, the 

so-called edge losses. Plenty of energy is consumed to 

align the flow. Flow exit angles from the lattice β2 are also 

among the critical flow data. The ultimate thickness of the 

vane edges causes flow angle deviations at the exit, so the 

angle β2 often fails to coincide with the geometry angles 

of the vane profile βk.   

Determination methods of profile losses are studied in 

detail in [14]. They can be evaluated using the boundary 

layer characteristics according to the approximation 

formulas (16): 

𝜁пр =
0,072

𝑅𝑒0.2sin (𝛽𝑘)
(
𝑙

𝑡2
)
0.8

[(
�̅�+

𝑤2
)

3.09

+ (
�̅�−

𝑤2
)
3.09

] 

�̅�+

𝑤2
= 0,5 [

2𝑙

𝑏∗
sin (𝛽2) +

𝑡2
𝑙

sin (𝛽1 + 𝛽2)

sin (𝛽1)
] ; 

�̅�+

𝑤2
= 0,5 [

2𝑙

𝑏∗
sin(𝛽2) −

𝑡2
𝑙

sin (𝛽1 + 𝛽2)

sin (𝛽1)
] ; 

(16) 

where – 𝑅𝑒 =
𝑡2𝑤2

𝜈
 – the Reynolds number; 

𝑙 – length of the profile skeleton line; 

 𝑏∗ = 𝑡2 − 𝜎2; 

𝜎2 – exit edge width; 

𝛽𝑘 = 𝑎𝑟𝑐𝑡𝑔(
𝑡2

𝑏∗
𝑡𝑔(𝛽2)) – vane edge angle (fig. 4). 
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Figure 4: Diagram of the main symbols for determining the coefficients of hydraulic losses of the pump impeller 

 

The secondary losses caused by the terminal phenomena (friction 

against limiting walls and influence of radial gap) can be taken into 

consideration using the Stolz formula:  

𝜁вт = (0,13 ÷ 0,18)
𝑙∗ 

𝑏2
, 

(17) 

where – 𝑙∗ – length of the profile chord; 

         𝑏2 – exit edge thickness. 

The phenomenon of shock losses has been very well studied using 

the example of circumfluence of the lattice of plates with different 

incidence angles. The shock loss coefficient can be expressed by 

the equation (18):  

𝜁уд = 𝑐𝑡𝑔(𝛽1) − 𝑐𝑡𝑔(𝛽0) = 𝑐𝑡𝑔(𝛽1) −
𝜔𝑟 − 𝑣𝑢.0

𝑣1
, 

(18) 

where 𝛽0 – shock-free circumfluence angle of the entry edge; 

      𝛽1 – approach flow angle; 

      𝑣𝑢.0 – value of circular speed corresponding to the shock-free 

circumfluence. Finding the 𝑣𝑢.0 presents certain difficulties for 

practical calculations. In view of that, it might be reasonable to use 

the formula (19) described in [15]: 

𝜁уд =
𝜑

𝑣1
(𝑢1 − 𝑄р

𝑐𝑡𝑔(𝛽1)

𝜋𝐷1𝑏1

𝑡1
𝑡1 − 𝜎1

) 

(19) 

where 𝜎1 – width of vane entry edge (see Fig.4) 

      𝜑 = 0,7 ÷ 1 – correction coefficient. 

One can notice in (18) and (19) that the value of shock losses is 

affected by the entry geometry parameters determined at the first 

stage of design by means of functional 𝛷1,1, and by the 

pump feed mode. Since this example deals with 

calculations in the vicinity of one feed mode Qр, the value 

of shock losses can be assumed as constant, and all further 

discussions related to minimization of functional 𝛷2 will 

disregard these losses.  

Now that we have in mind the structure of hydraulic losses 

(15) and methods of their consideration (16)÷(19), we can 

create functional 𝛷2,𝑗: 𝑗 = 1 ÷ 𝑚 along the aggregate m of 

vane skeleton lines (fig. 5): 

𝛷2,𝑗 = ∫(𝜁пр + 𝜁вт)
𝑤2

2𝑔

1

0

𝑑𝑠 = ∫(𝜁пр + 𝜁вт)
(𝑢 − 𝑣𝑢)

2cos 2(𝛾)

2𝑔

1

0

𝑑𝑠 

(20) 

where 𝛾 = (�⃗⃗⃗�∧�⃗⃗⃗�𝑢) – angle between �⃗⃗⃗� and its projection 

to the circular direction �⃗⃗⃗�𝑢. 

The spatial curve is normally set in the parametric form in 

the Cartesian coordinate system {𝑥, 𝑦, 𝑧}: 

{

𝑥 = 𝑥(𝑠)
𝑦 = 𝑦(𝑠)

𝑧 = 𝑧(𝑠)
,   𝑠 ∈ [𝑠𝐴, 𝑠𝐵]. 

(21) 

Curve length in this coordinate system is found by the 

equation: 

𝑆 = ∫ √(�̇�(𝑠))2 + (�̇�(𝑠))2 + (�̇�(𝑠))2𝑑𝑠

𝑠𝐵

𝑠𝐴

, 

(22) 

and its curvature is found as follows: 

𝐾 = √(�̈�(𝑠))2 + (�̈�(𝑠))2 + (�̈�(𝑠))2 

(23) 
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Figure 5: Drawing diagram of vane skeleton lines 

 

For convenience of subsequent calculations, it would be reasonable 

to switch over to the polar coordinate system {𝜌, 𝜑, 𝜁}, which has 

the following correlation with the Cartesian system: 𝑥 =

𝜌 cos(𝜑) , 𝑦 = 𝜌 sin(𝜑) , 𝑧 = 𝜁. Then the respective equations for 

finding the length and curvature of the curve will be presented as 

follows (the argument s in brackets will be hereafter omitted in the 

equations): 

𝑆 = ∫ √(�̇�(𝑠))2 + (𝜌(𝑠))2(�̇�(𝑠))2 + (𝜁̇(𝑠))
2
𝑑𝑠

𝑠𝐵

𝑠𝐴

, 

(24) 

 

𝐾 = √[�̈�(𝑠) − 𝜌(𝑠)(�̇�(𝑠))2]2 + [2�̇�(𝑠)�̇�(𝑠) + 2�̈�(𝑠)]2 + [𝜁̈(𝑠)]
2
 

(25) 

For convenience of the use of all the boundary conditions imposed 

on the development object to minimize the functional (20), and in 

order to facilitate its numerical implementation, variables 𝜌, 𝜑, 𝜁 

can be presented in the polynomial form: 

{

𝜌 = 𝑎1 + 𝑎2𝑠 + 𝑎3𝑠
2

𝜁 = 𝑏1 + 𝑏2𝑠 + 𝑏3𝑠
2 + 𝑏4𝑠

3

𝜑 = 𝑐1 + 𝑐2𝑠 + 𝑐3𝑠
2

 

(26) 

In this case, possible links between the polynomial coefficients can 

be established on the basis of the boundary conditions imposed by 

the impeller geometry, entry and exit circulation values, the 

circulation variation law, break-free performance, etc., which are 

mathematically formulated in (27). The unknown coefficients are 

re-classified as control actions 𝔾. When the functional is 

minimized, their values change discretely, within a certain 

range: 

𝜌|𝑠=0 = 𝑟1,     𝜌|𝑠=1 = 𝑟2,     

 𝜑|𝑠=0 = 0,     𝑧|𝑠=0 = 𝑧0, 𝐾|𝑠=0 =
1

𝑟𝑀
. 

(27) 

Special attention should be paid to the circulation 

variation law 𝛤(𝑆) in terms of both the swing and the 

width of vanes, which is important to be taken into 

account to ensure working capacity of the pump. It is 

convenient to be set as a 3rd order polynomial 𝛤(𝑆) =

𝑘0 + 𝑘1𝑆 + 𝑘2𝑆
2 + 𝑘3𝑆

3, boundary conditions for which 

can be formulated as follows (28): 

 

𝛤(𝑆)|𝑆=0 = 𝛤1,     𝛤(𝑆)|𝑆=𝑆0 = 𝛤2,     𝛤(𝑆)|𝑆=𝑆п
= 𝛤п ,     �̇�(𝑆)|𝑆=𝑆п

= 𝑡𝑔(𝛼п), 

(28) 

where 𝑆п is the coordinate of the kink point on axis S; and 

      𝛼п – inclination angle of the tangent line towards the 

curve 𝛤(𝑆) at the kink point. 

 

In the first approximation, it is recommended to apply the 

linear law 𝛤(𝑆), which is a special case for the written 

third order polynomial (𝑘3 = 𝑘2 = 0).  

For the cylindrical coordinate system, the ultimate form of 

functional 𝛷2,𝑗 taking into consideration the expressions 
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(29), (30) and (31) can be as follows (32): 

𝑣𝑢 =
𝑆

𝑆0

(𝛤2 − 𝛤1)

2𝜋𝜌
= 

=
∫ √(�̇�)2 + (𝜌)2(�̇�)2 + (𝜁̇)

2
𝑑𝑠

𝑠

0

∫ √(�̇�)2 + (𝜌)2(�̇�)2 + (𝜁̇)
2
𝑑𝑠

1

0

(𝛤2 − 𝛤1)

2𝜋𝜌
 

(29) 

𝑢 = 𝜔𝜌 

(30) 

cos 𝛾 =
𝜌�̇�

√√�̇�2 + 𝜌2�̇�2 + 𝜁̇2

 

(31) 

 

𝛷2,𝑗 = ∫
(𝜁пр + 𝜁вт)

2𝑔
∙

(

 𝜔𝜌 −
∫ √(�̇�)2 + (𝜌)2(�̇�)2 + (𝜁̇)

2
𝑑𝑠

𝑠

0

∫ √(�̇�)2 + (𝜌)2(�̇�)2 + (𝜁̇)
2
𝑑𝑠

1

0

(𝛤2 − 𝛤1)

2𝜋𝜌

)

 

2

∙

1

0

 

∙ (
𝜌�̇�

√�̇�2 + 𝜌2�̇�2 + 𝜁̇2
)

2

𝑑𝑠 

(32) 

 

Geometry correction method of the impeller vane system 

Upon completion of the first two stages of the geometry synthesis 

for the impeller VS, the resulting geometry is analyzed on the basis 

of the direct problem solution in 3D statement. To do that, most 

modern AP’s for calculation and numerical simulation are suitable, 

such as Ansys CFX, Fluent, Flow Vision and 3D (МЭИ). Such 

analysis will provide the researcher with complete information 

about the nature of flow in the wet end elements of the object as 

well as their speed and pressure distribution fields. Based on these 

data, there appears the need for local geometry measurements, 

abandoning of the assumptions applied for the first approximation, 

changing of the manufacturing process of the object (surface 

finish), etc. 

This correction can be carried out using the methods of 

multidimensional optimization and the experiment planning theory 

that are similar to those discussed in [5, 6, 7, 16]. 

Generally speaking, there may be two ways of formulating the 

statement of the multi-parametric optimization problem.  

The first one has a precise target function (33) with limitations of 

the type (34) or (35) preset as equations or inequalities: 

𝑦 = 𝑓(𝑥1, 𝑥2, … , 𝑥𝑛) 

(33) 

where 𝑥𝑖 : 𝑖 = 1 ÷ 𝑛 – factors  (or variable parameters), with the 

tolerance range for each of them set as 

Di(y)=[𝑥𝑖.𝑚𝑖𝑛; 𝑥𝑖.𝑚𝑎𝑥]. 

𝑦 = 𝑜𝑗 

(34) 

𝑦 ≤ 𝑜𝑗 

(35) 

The optimization task in this case reduces to finding, 

taking into consideration the imposed limitations, either 

local extremums 𝑓(𝑥1, 𝑥2, … , 𝑥𝑛) ⊢ {𝑦𝑒𝑥𝑡.1, 𝑦𝑒𝑥𝑡.2, … , 𝑦𝑒𝑥𝑡.3,} 

or the global one, if any, across the whole definition area 

E(y) of the target function using a method of some kind: 

stochastic methods, zero order methods (direct methods), 

gradient methods, or by means of neuron networks. 

A different problem statement takes place, if the type of 

the target function has not been identified. In this case, 

based on the available limitations (34)÷(35) of the target 

function 𝑦, the factor data (𝑥1, 𝑥2, … , 𝑥𝑛) varying 

according to the k conditions and their tolerance range 

Di(y)=[𝑥𝑖.𝑚𝑖𝑛; 𝑥𝑖.𝑚𝑎𝑥], the experiment planning matrix is 

prepared (see the Table 1).  

 

Table 1: Example of a complete factor experiment for 

three factors varying on two levels 

No. of 

experiment  

Factors Response function  

(target function) x1 x2 x3 

1 -1* -1 -1 y1 

2 +1 -1 -1 у2 

3 -1 +1 -1 у3 

4 +1 +1 -1 у4 

5 -1 -1 +1 у5 

6 +1 -1 +1 у6 

7 -1 +1 +1 у7 

8 +1 +1 +1 у8 

*+1 and -1 – the top and bottom boundaries of the factor 

variation range presented in the non-dimensional form. 

 

Then the results are processed, and regression coefficients 

for the respective factors and their combinations are 

determined according to the selected regressive model 

(linear model, second, third, etc., order models). At the 

same time, certain factors are excluded, whose influence is 

negligible with relation to the target function. The target 

function thus determined is suitable for application of the 

above methods of multidimensional optimization for 

finding the extremum. 
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Verification results of the method 

Verification of the suggested optimum design method of pumps 

was carried out at the stage of definition of the main dimensions of 

the impeller {b2,r2} using functional 𝛷1.2 presented in the form 

(11). The problem of minimization of functional 𝛷1.2, which was 

in that particular case a function of two variables, was resolved by 

the coordinate descent method [5, 6] due to its simplicity and ease 

of use in the computer. In order to perform internal program cycles 

connected with local solutions of a one-dimensional 

optimization problem, the combined Brent’s method was 

used.  

Figures 6÷7 present a graphical interpretation of the target 

function, local extremum area and calculation results 

performed for pumps with ns=(33÷94) based on one of the 

software modules developed in NRU ‘MPEI’.  

 

 

Figure 6: Two-parametric optimization of functional 𝛷1.2: 

а) – graphical interpretation of the parametric search area; б) – enlarged local extremum area  

 

 

Figure 7: Dependencies 𝑏2 and 𝐷2 on the pump velocity:  

1 – parameters of the existing series models of pumps; 

2 – parameters determined according to (36); 3 –parameters determined according to (11) 
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DISCUSSION 

Fig.7, apart from the application results of the suggested method 

(lines 3), presents for comparison calculation results of the 

‘optimum’ values of the impeller radius r2 and its width b2 at the 

exit (lines 2) according to the known empirical and theoretical 

dependencies based on the systematic equations [17]:   

𝑏2 =
𝑟0
2 − 𝑟вт

2

2𝑟2
=
𝑘вх𝐷𝑞 − 𝑟вт

2

2𝑟2
  𝑓𝑜𝑟 𝑛𝑠 < 100, 

𝑟2 = 9,55
√2𝑔𝐻

𝑛
 𝑓𝑜𝑟 𝑛𝑠 < 100, 

(36) 

where 𝑘вх = (2.05 ÷ 2.25) – entry empirical coefficient; 

       𝐷𝑞 = √
𝑄

𝑛

3
 – single parameter; 

       𝑟вт
2  – bush radius (for overhung pump 𝑟вт = 0); 

       𝐻 – design head of the pump; 

       n – rotor rotation speed. 

Fig.7 also includes parameters of some series production pumps 

(lines 1). Comparative analysis of the above data demonstrates that 

results obtained by means of the suggested design method are 

consistent with the existing practical experience. 

 

CONCLUSION 

The comprehensive approach to resolving the optimum design 

problem as shown by the example of the canonic pump model is 

quite a flexible and convenient tool for purposeful search of the 

‘best’ (locally optimum) solution. The analytical dependencies 

derived thereby are graphical, relatively simple and convenient for 

interpretation, while the minimum amount of empirical data is 

involved. This can be particularly important for development of 

principally new solutions created as a result of structural 

optimization.  

For instance, the above approaches can be adapted for optimization 

of complex vane systems: heterogenic, combined, cascade, etc.; 

currently they are designed on the basis of individual 

recommendations. Subject to certain changes of the functionals 

(see (11) and (32)), imposing of additional typical limitations and 

consideration of vortex losses caused by operation of the pump in 

an off-design feed mode, capacities of the described optimization 

approach are expanded considerably.  
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