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Abstract: 

Small hydro is one of the important potential sources of 

renewable energy and it has been recognized worldwide as 

clean energy source. Energy provided by small hydro is 

considered as one of renewable energy alternatives that meet 

the needs of societies in reducing the dependence on fossil 

fuels whilst at the same time delivering substantial reduction 

in greenhouse gas emissions. Small hydro scheme uses the 

potential energy in flowing water to produce the electrical 

energy. One of the important elements in the assessment of 

small hydropower resources is the stream flow or water flow 

rate analysis. Considering the stochastic properties of stream 

flow, the assessment of small hydropower potential are largely 

relies on the knowledge of water flow rate distribution. Mean-

variance analysis such as Weibull and Lognormal has been 

predominantly used to fit the water flow rate distribution 

which mainly depends on the first two moments only. The 

work presented in this paper is considered the possibility of 

applying Pearson system to obtain the water flow rate density 

function approximation. The Pearson parametric 

approximation was computed based on the correlation between 

the first to fourth statistical moments of the distribution. 

Application of various statistical moments has the advantage 

in estimating the potential of small hydropower generation 

system in view of dynamic changes of skewness and kurtosis 

coefficients of water flow rate distributions. 

Keywords: Small hydro, flow rate, stochastic approach, 

pearson system, density function approximation  

 

INTRODUCTION  

Renewable energy such as small hydro is considered as one of 

the alternative energy resources in reducing the dependence on 

fossil fuels whilst at the same time can contribute to meet high 

expectations of climate change objectives. The threats of 

climate change due to excessive usage of fossil fuels as well as 

uncertainty in fossil fuel prices make the further rapid 

development of renewable energy sources a global imperative. 

Small hydropower has been identified as a good alternative to 

conventional electricity generation for many developing 

countries around the world. It is a type of hydroelectric 

generation where do not require any water storage capability or 

known as the run-of-river scheme. The energy obtained from 

the water depends on the flow volume and the difference in 

height between the sources or intake and the turbine [1][2]. A 

run-of-river scheme small hydro system depends on the 

availability of water flow which is passed through a turbine and 

the mechanical energy is extracted while the rotation of a shaft 

is driving a generator to produce electricity. The stream flow 

event is a stochastic phenomenon which is unpredictable and 

without stable flow pattern. Consequently the assessment of 

flowing water is very important for the potential analysis of 

small hydropower to make sure that a sufficient quantity of 

falling water must be available. The amount of power that can 

be extracted from flowing water or the power available at any 

instant is depending on water flow (flow rate) and the 

difference in height between the sources (head). The gross head 

(H) is the maximum available vertical fall in the water, from 

the upstream level to the downstream level and the flow rate 

(Q) in the river is the volume of water passing per second, 

measured in cubic meter per second (m3/s). Hydro power 

system converts the water pressure into mechanical energy, 

which can be used to drive a generator or other machinery. 

The decision to apply which distribution for performance 

modeling is a normal problem in system performance 

evaluation. A previous study has seen a number of researchers 

focused in developing a suitable statistical model for stream 

flow distribution. Currently, there exist various methods that 

can be implemented to analyze and evaluate the water flow 

availability such as Weibull and Lognormal distribution. 

Niadas et al. [3] proposed that the annual daily flows are well 

represented by a lognormal distribution. Clarke [4] also 

suggested that the Weibull distribution is commonly used for 

fitting the measure of low flow in rivers. These conventional 

modeling techniques are approximating the distribution of the 

water flow based on the first two moments only that are mean 

and standard deviation. Although some research has been 

carried out on mean-variance analysis but a number of 

researchers concluded that the modeling of probability density 

function not entirely covers by the first two moments of the 

distribution [5]. The motivation for modeling third and fourth 
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moments, especially in small hydro system has resulted from 

the effort to explore and evaluate the system performance 

influenced by various statistical moments. Cheng et al. [6] have 

recommended that the performance of a wind turbine is 

influenced by dynamics changes of skewness and kurtosis 

coefficients of the turbine output parameters distribution. The 

evidence suggests that the numerous correlations between 

statistical higher moments of studied distribution parameter and 

system performance therefore encouraged the researchers to 

integrate skewness and kurtosis in the evaluation of power 

system performance [7]. 

The purpose of this paper is to provide further understanding of 

the potential analysis evaluation based on distribution selected 

from the Pearson family. In this paper, the stream flow 

stochastic properties were studied in order to assess the 

performance model of small hydro system. The first to fourth 

statistical moments of the Pearson system is applied to model 

the distribution of water flow rate data. 

 

METHODOLOGY 

The Pearson system 

The Pearson system is a parametric distribution family with the 

parameters directly related to first to fourth statistical moments 

of the distribution was introduced by Karl Pearson in 1895. 

This parametric family of continuous probability distributions 

has the capability to analyze and model a broad range of 

distributions [8]. The probability distributions can be estimated 

using this statistical technique by applying first to fourth 

moments which is including skewness and kurtosis. Equation 

(1) is the fundamental formula for the Pearson distribution 

which is determined by first order differential equation, where 

a density function is represented by f and the distribution 

parameters are a, z0, z1 and z2. 
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Equation (1) is solved by using integrating by part to determine 

the relationship between the parameters a, z0, z1 and z2 and the 

first four moments as shown in the set of Equation (2). 
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The two moment ratios are represented by skewness and 

kurtosis respectively: 
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Equation (3) shows the scaling parameters P and P’, where 
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The roots of the denominator of Equation (1) and the 

coefficient, K will determine the classification and types of the 

distribution. The Pearson’s coefficient, K is given by 
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There are several types of Pearson distribution curves which 

are fixing by the coefficient K of Pearson system and the roots 

values, for examples: 

1. If K < 0, roots are real and of opposite signs. This 

represents Type I distribution in the Pearson system or also 

known as beta distribution. 

2. If K > 1, roots are real and have the same sign. This 

represents Type VI distribution or beta distribution of the 

second kind. 

3. If 0 < K < 1, roots are complex. This represents Type IV 

distribution in the Pearson system. 

 

Mean-Variance Analysis 

Conventional modeling techniques such as Lognormal and 

Weibull have been commonly used in fitting the stream flow 

distribution which largely depends on the mean-variance 

analysis. The Weibull distribution is one of the most widely 

used lifetime distribution in reliability engineering. It is a 

versatile distribution that can take on the characteristics of 

other types of distribution, based on the value of scale and 

shape parameter. On the other hand the Lognormal distribution 

is a continuous probability distribution of random variables 

which have a normally distributed logarithm. The Lognormal 

distribution is capable to analyze and model the annual daily 

flows whilst Weibull distribution is usually used to fit the 

measure of low flow in rivers [2][3]. 

Maximum likelihood estimation method (MLE) is used to 

obtain the log likelihood for several common probability 

distributions. This is to evaluate which probability distribution 

fits the observed stream flow data. MLE is considered to be the 

most robust of distribution parameter estimation techniques 

from a statistical point of view [9]. The maximum likelihood 

estimators of a distribution type are the values of its parameters 

that produce the maximum joint probability density for the 

observed data. In the case of probability distribution, MLE 

maximize the actual probability of that distribution type being 

able to generate the observed data. The likelihood value cannot 

be used by itself to make a judgment about the fit of the 

distribution model due to  the likelihood value is not 

constrained by a certain range of possible values. The 



International Journal of Applied Engineering Research ISSN 0973-4562 Volume 12, Number 24 (2017) pp. 14589-14595 

© Research India Publications.  http://www.ripublication.com 

14591 

likelihood value is employed to compare the fit of selected 

distributions. Statistically the largest likelihood value is the best 

fit for the distribution. 

 

Equipment Setup 

Stochastic modeling concerns the use of probability in which 

uncertainty is present in order to model the real situations. In 

this study the data collection was carried out at intake site of a 

small hydropower plant located at Perting River, Bentong 

Pahang. The measurement of water flow was obtained using 

the Flow Meter System consists of Ultrasonic Flow Meter 

sensor and Data Logger system as shown in Figure 1. 

 

(a) Flow Sensor 

 

(b) Data Logger 

Figure 1: Flow meter system (a) Flow sensor (b) Data logger 

 

Ultrasonic flow meter provided the non-contact liquid level 

measurement and integrated with level-to-flow conversions is 

being used for measurement of open channel flow situations. 

The potential analysis of small hydro is mainly depends on the 

availability of stream flow which is variable and unpredictable. 

Considering the stochastic of stream flow as a random variable, 

the probabilistic model for flow availability was developed by 

applying the Pearson system using the Matlab programming. 

 

RESULTS 

Statistical data is very important in the study of performance of 

any power generation system. A set of 12,215 historical data 

representing 5 months water flow rate was obtained from 

Perting small hydropower plant. The analysis has been 

structured on the basis of the results obtained from the 

observation of water flow rate for the month of October 2015 to 

February 2016. Figure 2 presents the flow pattern showing the 

flow rate varies over a period of time, where the highest flow 

for the observed data is 6.915 m3/s and the lowest flow is 0.802 

m3/s. 

 

Figure 2: Flow pattern for the observed data 

 

Lognormal and Weibull Distribution 

Mean-variance analysis of Lognormal and Weibull distribution 

is applied to fit the observed water flow rate data. This analysis 

is to determine which distribution is best fit for the observed 

data. Table 1 shows the descriptive statistic of Lognormal and 

Weibull distribution. 

 

Table 1: Descriptive statistic 

Distribution Parameter Flow Rate 

Lognormal 
Mean  3.6432 

Variance 0.4600 

Weibull 
Mean 3.6108 

Variance 0.4592 

 

The likelihood value is used to compare the fit of both 

distributions. Table 2 compares the log likelihood Ѱ values of 

both distributions obtained by MLE for the observed flow rate 

data. 

Table 2: Log Likelihood values 

Distributions Ѱ, Flow Rate 

Lognormal -12277.40 

Weibull -11651.80 

 

As can be seen from the table above the log likelihood Ѱ values 

for the Weibull distribution show the best of fit for the 

observed data. This result suggest that the Weibull distribution 

is best fit for the observed water flow rate data compared to the 

Lognormal distribution. The parameter estimates of the 
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selected distribution determined by applying MLE are 

summarized in Table 3. 

Table 3: Distribution parameter estimates 

Distribution Parameter Flow Rate 

Lognormal 
Mu  1.2758 

Sigma 0.1846 

Weibull 
Scale 3.8847 

Shape 6.2121 

 

The mean value alone does not provide any information on the 

variability of the index being described. Therefore, an index of 

the system performance is best represented as a probability 

distribution or probability density function (PDF) [10].  In this 

study, the distribution parameters obtained from MLE is 

applied in illustrating PDF’s of the observed data. The 

histogram of the observed data and the PDF of its fitted 

distributions are presented in Figure 3. 

 

 

Figure 3: Histogram of the observed data and the PDF of its 

fitted distributions 

 

Pearson System Distribution 

Conventional modeling techniques such as Lognormal and 

Weibull are mainly depends on the first two moments that are 

mean and variance. However several researchers were 

concluded that the observed performance distributions are not 

always totally captured by the first two moments of the 

distribution. In this study the density function approximation 

was achieved by applying Pearson distribution system with the 

first to fourth statistical moments. Table 4 presents the 

descriptive statistic for the data observed for the first to fourth 

moments of the Pearson system. 

 

 

 

Table 4: Descriptive statistic of Pearson system 

Statistical Moments Flow Rate (m3/s) 

Mean 3.6375 

Standard Deviation 0.6017 

Skewness -0.1757 

Kurtosis 5.8486 

 

The Pearson system was applied because of the ability of the 

system to model wide range of distribution with great accuracy 

[8]. The advantage of this system which could manage various 

shapes of distribution for the observed stream flow data. The 

Pearson coefficient, K can be calculated using Equation 4, 

based on the first through fourth statistical moments which will 

determine the classification of the Pearson distribution. Table 5 

provides the Pearson coefficient, K and the quadratic roots 

which describe the Pearson’s classification for fixing the 

distribution family. 

Table 5: Distribution parameter estimates 

Pearson’s Criteria Flow Rate 

Pearson’s Coefficient, K 0.0046 

Roots 0.1387+2.0343i ; 0.1387-2.0343i 

Family of Distribution Type IV 

 

The distribution of observed flow rate data is classified as 

Pearson Type IV by considering the coefficient 0 < K < 1 and 

the roots obtained are complex. The probability density 

function (PDF) for the type IV Pearson’s family of distribution 

for the observed flow rate data relative to Weibull distribution 

is compared in Figure 4.  

 

Figure 4: PDF of the observed flow rate 

 

Monthly frequency curve was plotted to have further 

comparison between Pearson and Weibull distribution. Figure 5 

presents the histogram of the observed data and the fitted 

distribution of Pearson relative to Weibull distribution. From 

the frequency curves, it can be seen that the Pearson system fits 
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better compared to Weibull distribution. The Pearson’s density 

curve is characterized by four parameters allowing flexibility to 

take on a variety of different shapes, as shown by PDF in 

Figure 4 and Figure 5. The use of four statistical moments in 

approximating the density curve is also capable in providing 

accurate values of percentage points to the tail of distribution. 

 

(a) October 2015 

 

   

 (b) November 2015 

 

 

(c) December 2015 

 

(d) January 2016 

 

(e) February 2016 

Figure 5: Monthly probability density function (PDF) curve  

(a) October 2015 (b) November 2015 (c) December 2015 (d) 

January 2016 (e) February 2016 

 

The value of percentage points in the distribution will be 

represented by the cumulative distribution function (CDF) by 

integrating the frequency curve. Figure 6 shows the CDF curve 

of the observed data approximated by the Pearson system and 

the Weibull distribution relative to empirical cumulative 

distribution function (ECDF).  

 

Figure 6: The CDF curve approximated by Pearson and 

Weibull. 

  

The monthly cumulative distribution function curve of the 

observed data approximated by the Pearson system and the 

Weibull distribution are presented in Figure 7. 

 

(a) October 2015 
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(b) November 2015 

 

 

(c) December 2015 

 

 

(d) January 2016 

 

 

(e) February 2106 

Figure 7: Monthly CDF (a) October 2015 (b) November 2015 

(c) December 2015 (d) January 2016 (e) February 2016 

Further investigation was performed to determine which 

distribution is best fit for the observed flow rate data 

quantitatively.  The probability mean of the observed data is 

used to compare the accuracy of the distribution approximated 

by Pearson and Weibull relative to empirical cumulative 

distribution function (ECDF). The probability mean of the 

observed data summarized in Table 6.  

 

Table 6: Mean probability of the observed data 

 Mean Probability Accuracy 

ECDF Pearson Weibull Pearson Weibull 

October 2015 3.219 3.192 3.247 99.18% 99.14% 

November 2015 3.508 3.550 3.601 98.82% 97.42% 

December 2015 4.107 4.024 4.021 97.98% 97.91% 

January 2016 3.532 3.435 3.460 97.25% 97.96% 

February 2016 3.664 3.648 3.739 99.56% 97.99% 

5-Months Data 3.601 3.612 3.662 99.69% 98.33% 

 

The results, as shown in Table 6 indicate that the Pearson 

system is best fit the observed data compare to Weibull 

distribution. Overall, these results suggest that the Pearson 

system is capable in fitting the water flow rate data with high 

accuracy. 

 

CONCLUSION 

Small scale hydro has become popular alternative compared to 

large scale hydro because of their reliability, requires little 

maintenance and environmental friendliness. However the 

power generation from small hydro is often criticized because 

of the output power generated is variable and virtually 

uncontrollable due to the risk of water scarcity and unexpected 

water flows. Therefore water flow analysis is very crucial for 

the successful of small hydro power projects. The Pearson 

distribution system was applied to obtain the approximation of 

probability density function and cumulative density function in 

fitting the water flow availability of the observed data. This 

study shows that the Pearson curve density function 

approximation is capable to obtain the suitable distribution of 

flow rate data with excellent accuracy. This finding has 

demonstrated that the presented methodology of Pearson 

system can be considered as an alternative approach in fitting 

the water flow data. Applying the Pearson system has the 

advantages in term of capability to take the variety shapes of 

distribution in which capable to analyze the small hydro energy 

potential characterized by random flow rate data. 
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