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Abstract 

Fluid injected around a wellbore in an oil and gas formation 

will affect the stress distribution which may change the stress 

state. This makes the hydraulic fracture more complex to 

propagate. Stress distribution around a wellbore is investigated 

in different fluid flowing conditions. The partial coupling 

strategy is applied to get effective stress from the stress model 

and fluid flow model. Finite Element Method is used to 

calculate the total stress distribution and the effective stress 

with fluid pressure. A numerical model is developed and 

verified by a commercial software and analytical solution. The 

developed numerical model is applied to generate the effective 

stress distribution. Numerical experiments are conducted to 

find out the factors to the effective stress. The results from 

current model suggest that it can effectively capture the total 

stress distribution and effective stress distribution around the 

wellbore. Model also suggests that fluid pressure has a 

significant effect on the stress distribution. The results from 

numerical experiments show that effective stress increases with 

wellbore radius and rock compressibility, but decreases with 

the fluid injection rate and rock compressibility. The results of 

this study can be used to improve the simulation of stress 

distribution near a wellbore for hydraulic fracturing design. 

Keywords: Stress distribution, wellbore stress, poroelasticity, 

finite element, hydraulic fracturing 

 

1.  INTRODUCTION  

Conventionally, reservoir simulation mainly depends on the 

geomechanical model [1]. In the geomechanical model, the 

rock mechanics are approximated by the rock compressibility. 

However, in this type of simulation, fluid flow through the 

reservoir is not considered in the analysis. However, reservoir 

production (i.e. pore pressure variation) deforms the rock as per 

Terzaghi's principle of effective stress [2]. During the 

development of a reservoir, the fluid flowing out of the 

formation can cause deformation of the rock matrix, especially 

in the unconsolidated producing formation or stress sensitive 

reservoirs. Fluid injection during hydraulic fracturing will also 

affect the stress distribution near the wellbore and fractures by 

the leak-off of the fracturing fluid into the formation which 

changes the stress state in the matrix. The significant change of 

stress state in the rock can lead to the variation of the stress 

distribution in the rock, which will influence the fracturing 

model and the real fracturing situation [3,4,5]. It is reported that 

the fluid leak-off during hydraulic fracturing changes the stress 

distribution in formation and determines hydraulic fracture 

dimensions [6]. Deformation of the rock changes the porosity 

and, consequently, the response of fluid flow [5,7].  

In last two decades, effect of stress on fluid flow has received 

lots of attention from petroleum engineers as it can extensively 

affect total cumulative production, reserves estimates and 

profitability [8]. Several mathematical and experimental works 

demonstrated the effect of stress on fluid flow [9,10]. 

Moreover, it is also shown that production-induced stress can 

reorient fluid flow direction [10-11]. Jahani et al. [12] reveals 

that increasing of effective stress leads to the higher pressure 

gradient in the wormhole created in acidizing fracturing.  

Hence, the effective stress law is important for porous media to 

describe the relation between external stress (confining stress) 

and the fraction of pore pressure. It can approximate the stress 

that really applied on the skeleton of the rock. The Effective 

stress law was first proposed by Terzaghi [13] in the analysis 

of soil. Later, Biot [14] developed the effective stress law for 

rock known as Biot’s theory (Eq. 1).  

pmeaneff  
               (1) 

Where, α is Biot’s coefficient which is constant for a particular 

rock, p is pore pressure and mean is the total stress. The 

development of this theory mainly focuses on the Biot’s 

coefficient. Warpinski and Teufel, [15] investigated the 

effective stress law of tight sandstones and chalk by laboratory 

experiments. Wu [16] reported an experimental study on Biot's 

effective stress coefficient of downhole cores by both static and 

dynamic approaches. Reyes and Osisanya [17] developed an 

empirical correlation of effective stress for shale rock. Shafer 

et al. [18] found that effective stress coefficients always change 

with different rock and reservoir properties. In the work of 

Alam et al. [19], the Biot’s coefficient in the reservoir whose 

stress changes rapidly is calculated from sonic data in Valhall 

field. Besides, the influence of Biot’s coefficient on mechanical 

failure of chalk is studied by Alam et al. [20]. 

In present research, the most applications of the coupling 

between fluid flow and stresses (geomechanics) mainly focuses 

on drilling [21], improving reservoir simulation and 

characterization [22], well strength study by experiments [23], 

production in weak geologic reservoir [24] and heavy oil 

reservoir [25,26], and EOR injection [27,28]. The effect of fluid 

flow on the stress distribution near the wellbore does not get 

enough attention. In this work, the effective stresses are 

calculated to investigate the effect of fluid flow on the stress 

distribution near the wellbore and to help understand the 

interaction between fluid flow and formation stress clearly. 
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This is a step forward to make the drilling and production 

engineers (particularly, hydraulic fracture engineers) 

understand the effect of fluid flow on stress changes near 

wellbore [7,29]. 

 

2.  MODEL ESTABLISHMENT 

Here, the properties of formation and boundary conditions are 

introduced. Then the equations are used systematically to 

establish a simple example in plane strain model verified by a 

commercial software. Fluid flow model is established for the 

same rock (like a plate) and is verified by analytical solution 

[7]. Finally, effective stress model is established. 

 

2.1.  Stress Distribution 

The following model has been utilized to generate stress 

distribution data. Because of the complex property of rock, it is 

necessary to consider some assumptions [30] and these are: 

 The material can be assumed to be a continuous 

medium and can be divided into infinitesimal 

elements with the same properties with the bulk 

material. 

 The properties of any point in the rock are same. Thus, 

the descriptions for any points are same.  

 The physical and mechanical properties of rock are the 

same in all directions. 

 In Linear Elasticity, the relationships between the 

components of stress and strain are linear. 

Although there are some differences between the above basic 

assumptions and the actual situation, in the view of macro-

scale, especially in the engineering field, the assumptions are 

still relatively close to the actual in most cases [7].  

When the elastic body is under load, stress , displacement u 

and deformation  will occur. These basic variables are 

described as follows [7]: 

σ =

{
 
 

 
 
σ𝑥
σ𝑦
σ𝑧
τ𝑥𝑦
 τ𝑦𝑧
τ𝑧𝑥}

 
 

 
 

= [σ𝑥  σ𝑦   σ𝑧   τ𝑥𝑦   τ𝑦𝑧  τ𝑧𝑥]
𝑇
              (2) 

{u} = {
𝑢
𝑣
𝑤
} = [  u     v     w  ]T                    (3) 

ε =

{
 
 

 
 
ε𝑥
ε𝑦
ε𝑧
γ𝑥𝑦
 γ𝑦𝑧
γ𝑧𝑥}

 
 

 
 

= [  ε𝑥  ε𝑦  ε𝑧  γ𝑥𝑦    γ𝑦𝑧   γ𝑧𝑥   ]
𝑇
             (4) 

In practice, the elasticity body is a three dimensional object, 

and the external forces are also three dimensional. So, strictly 

speaking, all the actual problems of elasticity are in three 

dimensions. However, if the object has a special shape and the 

external force is a particular external force, the problem of 

space can be simplified to some typical problems. This 

simplification can greatly simplify the analysis and calculation, 

and the results can still meet the engineering requirements on 

the accuracy at same time [7].  

Plane problems are the most common problems in engineering 

and many practical engineering problems can be simplified to 

plane problems. There are two general types of problems 

involved in plan analysis, plane stress and plane strain are based 

on the different restrictions and assumptions on the stress and 

displacement fields [31]. In this research, when the object is 

very large in one dimension and the load is perpendicular to this 

dimension and does not change along this dimension, this 

object can be assumed to be a plan strain model. In this 

research, the length of the formation in z direction is large 

enough and all the force except gravity of the rock is 

perpendicular to the z direction. So the situation can be 

simplified to plane strain problem. In plane strain, the strains 

normal to the x-y plane including normal strain  and shear 

strain  and  are assumed to be zero [7]. 

For isotropic materials and assuming 𝜀𝑧 = 𝛾𝑥𝑧 =𝛾𝑦𝑧=0 and 𝜏𝑥𝑧 

=𝜏𝑦𝑧=0, the basic equations are yielded, 

 (1) Equilibrium Equations 

{

∂σ𝑥

∂x
+

∂τ𝑥𝑦

∂y
+ 𝐹𝑥 = 0

∂σ𝑦

∂y
+

∂τ𝑦𝑥

∂x
+ 𝐹𝑦 = 0 

                             (5) 

(2) Geometric Equations 

Geometric equations describe the relationship between Strain 

and Displacement. They are based on small displacement and 

small deformation considerations. The Geometric equations are 

[7], 

{
 
 

 
 ε𝑥 =

𝜕𝑢

𝜕𝑥
 

ε𝑦 =
𝜕𝑣

𝜕𝑦
  

γ𝑥𝑦 =
𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
  

 or  {𝜀} = [𝐿]{𝑢}                             (6) 

Where, 

[𝐿] =

[
 
 
 
 
𝜕

𝜕𝑥
0

0
𝜕

𝜕𝑦

𝜕

𝜕𝑦

𝜕

𝜕𝑥]
 
 
 
 

, {𝑢} = [
𝑢
𝑣
]                                    (7) 

 (3) Physical Equations 

{𝜎} = [D]{𝜀}                           3.2.5 

[𝐷] =
𝐸

(1+𝜈)(1−2𝜈)
[

1 − 𝜈 𝜈 0
𝜈 1 − 𝜈 0

0 0
1−2𝜈

2

]                          

 



International Journal of Applied Engineering Research ISSN 0973-4562 Volume 14, Number 13 (2019) pp. 3036-3047 

© Research India Publications.  https://dx.doi.org/10.37622/IJAER/14.13.2019.3036-3047 

3038 

 

2.2  Pressure Distribution  

The governing equation of fluid flow in 2-dimension porous 

matrix is obtained as [31].  

𝑘𝑥

𝜇

∂2p

∂x2
+

𝑘𝑦

𝜇

∂2p

∂y2
= 𝐶𝑡

∂ p

∂t
                                   (8) 

where, 

𝜇 is the viscosity of the fluid, mpa.s; 𝑘𝑥 is the permeability in x 

direction, um2; 𝑘𝑦 is the permeability in y direction, um2; p  is 

the fluid pressure, 105Pa; t is the time, s; 

𝐶𝑡 is the compressibility of the rock, Mpa-1 𝐶𝑡 = 𝐶𝑓 + 𝜙0𝐶𝑙.𝐶𝑓 

is the compressibility of the frame, Mpa-1; 𝐶𝑙 is the 

compressibility of the liquid, Mpa-1 𝜙0 is the primary porosity 

of the rock; 

The assumptions of the above equation are: the fluid is slightly 

compressible; the fluid flow is conformity to Darcy’s law; the 

rock is slightly compressible; the fluid flow is isothermal. 

 

2.3  Finite Element Method 

Finite Element Method (FEM) has been the most popular 

numerical method in engineering sciences, including rock 

mechanics and rock engineering due to its flexibility in 

handling material in homogeneity and anisotropy, complex 

boundary conditions and dynamic problems [32], together with 

moderate efficiency in dealing with complex constitutive 

models and fractures [33]. Classical FEM discretizes the whole 

system by a finite number of well-defined components 

(elements) whose behaviour can be independently treated by 

partial differential equations. In this work, the stress 

distribution simulation of the rock and the pressure distribution 

of the fluid are to be carried out by Finite Element Method. In 

Finite Element Method, the domain is divided into a finite 

number of small inter connected elements. Then, the 

approximation of the governing partial differential equations 

are made to transfer the complex partial differential equations 

into algebraic linear or nonlinear simultaneous equations which 

are more easily calculated than partial differential equations. 

Thus, the continuum problem of the solution region with 

infinite number of unknowns is reduced to the discrete problem 

with a finite number of unknowns at nodes. These unknowns 

are solved from the relevant equations after applying the 

boundary conditions and external forces conditions [7].   

 

2.3.1  FEM Simulation in Stress Distribution 

For rectangular element, the potential energy of the element is  

Π𝑒 = U −W =
1

2
∫{𝜀}𝑒

𝑇[𝐷]{𝜀}𝑒𝑑𝑉

 

𝑉𝑒

 

−(∫ {u}𝑒𝑇{𝐹}𝑑𝑉
 

𝑉𝑒
+ ∫ {u}𝑒𝑇{𝑝}𝑑𝑆

 

𝑆𝑒
)             (9) 

To make the potential energy minimal, the first variation of it 

should be zero and the second variation of it should be positive. 

Namely,  

δΠ = 0,   δ2Π > 0                              (10) 

δΠ = δ [
1

2
∫ {𝜀}𝑇[𝐷]{𝜀}𝑑𝑉
 

𝑉
− (∫ {𝑢}𝑇{𝐹}𝑑𝑉

 

𝑉
+ ∫ {𝑢}𝑇{𝑝}𝑑𝑆

 

𝑆
)] = 0          

(11) 

The equilibrium equation for one element is: 

δΠ = δ [
1

2
𝑞𝑒𝑇[𝑲]𝒆𝑞𝑒 − 𝑞𝑒𝑇{R}𝑒] 

       = δ (
1

2
𝑞𝑒𝑇[𝑲]𝒆𝑞𝑒) − δ(𝑞𝑒𝑇{R}𝑒) 

      = [𝑲]𝒆𝑞𝑒 − {R}𝑒                                           

      = 0                                                              (12) 

Thus the matrix form of the Equilibrium Equations for the 

element is, 

[𝑲]𝒆𝑞𝑒 = {R}𝑒                                  (13) 

Where, [𝑲]𝒆 = ∫ [𝐁]𝑻[𝑫][𝐁]𝑑𝑉
 

𝑉𝑒
 is the stiffness matrix. For 

the rectangular element,  

[𝑲]𝒆 = ∫[𝐁]𝑻[𝑫][𝐁]𝑑𝑉

 

𝑉𝑒

 

= ∫ [𝐁]𝑻[𝑫][𝐁]𝑡𝑑𝐴 = [

𝑘11  
𝑘21 𝑘22

       
    
𝑠𝑦𝑚  

𝑘31 𝑘32
𝑘41 𝑘42

     
𝑘33  
𝑘43 𝑘44

]
 

𝐴𝑒
           (14) 

Where [B] is the geometric matrix and t is the thickness of the 

plate and are calculated by the integration of Equation (14) 

directly. 

After the stiffness matrixes for different elements are obtained, 

they are assembled to get the assemble Stiffness Matrix. After 

introducing the boundary conditions and modifying the 

equilibrium equation appropriately, the nodal displacements 

are obtained and the element strain and stress can be calculated 

based on the displacements.  

 

2.3.2  FEM Simulation in Fluid Pressure Distribution 

After discretization, the rectangular element should be 

described by the shape functions.  

 𝑝𝑒 = 𝑆𝑖𝑝𝑖 + 𝑆𝑗𝑝𝑗 + 𝑆𝑚𝑝𝑚 + 𝑆𝑛𝑝𝑛                    (15) 

Where, 

{
  
 

  
 

 

𝑆𝑖 = (1 −
𝑥

𝑙
) (1 −

𝑦

𝑤
)

𝑆𝑗 =
𝑥

𝑙
(1 −

𝑦

𝑤
)            

𝑆𝑚 =
𝑥𝑦

𝑙𝑤
                        

𝑆𝑛 =
𝑦

𝑤
(1 −

𝑥

𝑙
)           

                      (16) 

After choosing the shape function, by applying the Galerkin 

method in the transient equations, the pressure transient 

equations can be discretized as [34], 
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𝑝(𝑥, 𝑦, 𝑡) = ∑ 𝑁𝑖(𝑥, 𝑦)𝑇𝑖(𝑡)
𝑛
𝑖=1                         (17) 

Apply the Galerkin method into the Equation 17 on the local 

coordinates to obtain the following four residual equations in 

matrix form. 

∫ 𝑺𝑇 (
𝑘𝑥

𝜇

∂2p

∂x2
+

𝑘𝑦

𝜇

∂2p

∂y2
− 𝐶𝑡

∂ p

∂t
) 𝑑𝐴

 

𝐴
= 0                   (18) 

Where 𝑺𝑇 is the matrix transpose of the shape function: 

𝑺𝑇 = [

𝑆𝑖
𝑆𝑗
𝑆𝑚
𝑆𝑛

]                                 (19) 

Finally, the equation is simplified to the following equation 

[𝐾]{𝑝} + [𝐶]
𝜕{𝑝} 

𝜕𝑡
= 0                           (20) 

Where [𝐾] is the composite conductivity matrix and [𝐶] is the 

connectivity matrix. Equation (20) is the semi-discrete equation 

which is still not discretized n time. By discretizing in time by 

the finite difference method, discrete equation for pressure 

distribution is: 

[𝐾𝑐]
𝑛+1{𝑝}𝑛+1 = [𝐾𝑐]

𝑛{𝑝}𝑛                        (21) 

[𝑲𝒄]
𝒏+𝟏 is the global composite conductivity matrix at n+1 

time step; {𝒑}𝑛+1 is the global pressure matrix at n+1 time step; 
[𝑲𝒄]

𝒏, is the global composite conductivity matrix at n time 

step; {𝒑}𝑛 is the global pressure matrix at n time step. The 

global matrix equation is obtained by assembling all element 

equations for the entire solution region. After introducing the 

boundary conditions, the nodal pressure at n+1 step is 

calculated. Thus, the pressure distribution at any step is 

calculated [7]. 

 

3.   MODEL APPLICATION 

Model has been applied to a plate of rock formation.  The data 

of the plate including geometry, rock properties, and the 

external forces and boundary conditions are shown in Table 1 

and Figure 1. In addition, the fluid pressure calculation requires 

the fluid flow data and the relevant boundary conditions which 

are shown in Table 2 and Figure 2. 

Table 1. Properties of plate example and the mesh data [7] 

Property Value 

Geometry data 

Square plate 

Width, W/m 1 

Length, L /m 1 

Thickness, t/m 0.0254 

Mesh data 25×25 grids  

Rock properties Compressibility, 𝑐𝑡/ (10
5𝑃𝑎)−1 3 × 10−3 

Young’s Modulus, 𝐸/𝑃𝑎 2.1 × 1011 

Poisson's ratio,  𝜐 0.3 

The external forces applied on the plate are shown in the Figure 

1. It can be seen that the top edge and right edge of the plate are 

fixed, which means the nodal displacement at these area are 

zero, namely  uy = 0 at the top edge and ux = 0 at the right edge. 

Besides,  x 1 =9000 ps i ,   x 2  =  5000 ps i ,  y =6000 p si   
and  l1 : l2 =0.15:0.85.  l=w=1m . 

 

Figure 1.  External forces and Boundary conditions 

 

 

Figure 2. The pressures and boundary conditions 

 

According to the process described above, stress distribution 

and stress model are established. Similarly, pressure 

distribution and the pressure model are also established. Then, 

these two models are verified respectively before they are used 

to calculate the effective stress. Full validation of numerical 

model is difficult in this paper because the comprehensive fluid 

flow model is lacking in previous researches. While the 

separate validation of different parts of the model by numerical 

and analytical methods can be realised [10,35]. So the stress 

model and pressure model are validated separately. After the 

validation of the model, it is applied on case studies to get the 

effective stress distribution.  

 

Table 2.  Rock and fluid flow data [7] 

Property Value 

Permeability, k/um2 0.002 

Fluid viscosity, μ/mpa.s 10 

Pore pressure,  𝒑𝟎/𝟏𝟎
𝟓𝑷𝒂 200 

Injection pressure, 𝒑𝒊/𝟏𝟎
𝟓𝑷𝒂 300 
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compressibility, 𝒄𝒕/ (𝟏𝟎
𝟓𝑷𝒂)−𝟏 3×10-3 

 

3.1  Stress Model Validation 

The results of stress model are verified by commercial software 

ABAQUS. The results of the validation are shown in Figures 

3-6. Figures 3-5 show the surprising match between the model 

and ABAQUS in the diagonal nodes, left side nodes and bottom 

nodes. In order to further verify the model, another different 

constraint condition is applied in the domain which fixes the 

right edge only. The comparison between the model results and 

ABAQUS is shown in Figure 6, which shows good match 

between the model and the software in the new constraint 

condition. According to the validation of stress distribution in 

different nodes and different constraint conditions, the model 

results show a very good agreement with the commercial 

results. Thus the stress model is valid to calculate the stress 

distribution in plane strain model. Figures 5 and 6 show the 

stresses calculated by the model at the left and bottom sides, it 

also shows good matches with the ABAQUS results which 

proves the model valid in this constraint conditions and the 

mesh conditions [7].  

 
Figure 3. Comparison of diagonal nodes between model and 

ABAQUS in mesh 80×80 

 

 

Figure 4. Comparison of left side nodes between model and 

ABAQUS in mesh 80×80 

 
Figure 5. Comparison of bottom nodes between model and 

ABAQUS in mesh 80×80 

 

 
Figure 6. Comparison of diagonal nodes between model and 

ABAQUS in mesh 80×80 

 

3.1.1 Pressure Model Validation 

From the boundary conditions, it can be seen that the flow in 

the plate is 1D flow, because the left and right sides are 

impermeable. Thus, the pressure model can be verified by the 

analytical solution of the one-dimensional stable flow [36],  

𝑑𝑝

𝑑𝑥
=

𝑝1−𝑝2

𝐿
                                      (22) 

Here, 𝑝1 is the injection pressure; 𝑝2 is the pore pressure; L is 

the distance between the injection position and the boundary. 

After the flow reaches the stable state, the even pressure at 

nodes on the line x = L/2 in the domain at t = 100 s is used to 

compare with the analytical results which is shown in Figure 7. 

The results from the model show very good agreement with the 

analytical solution which indicates that the model is valid in 

fluid flow [7]. 
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Figure 7. Pressure comparison of middle nodes between model and analytical results 

 

3.2  Effective Stress Calculation 

The stress model and pressure model are both validated. The 

next step is to calculate the effective stress from these two 

models. The nodal stress and the nodal fluid pressures have 

been generated from the models. The effective stress is 

calculated by the Equation 1. The effective stress distribution 

in plate example is shown in Figure 8 [7].  

 

 

 

Figure 8. Pressure comparison of middle nodes between model and ABAQUS 

 

By comparing with the total results, it can be observed that the 

effective stresses are smaller than the total stress and the 

distribution of effective stress are smoother. It indicates that the 

existence of fluid flow has an obvious effect on the stress 

distribution.  

 

3.3  Case Studies and Sensitivity Analyses 

The model is applied to a simplified oil well to investigate the 

effect of fluid flow on the stress distribution near the well bore 

in reservoir. Besides, the sensitivity analysis is conducted to 

investigate the relation between effective stress and different 

parameters. 
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Case I:  

The simplified oil well is shown in Figure 9. The blue part is 

the domain of this case study. Fluid is injected from the well 

into the reservoir by 1D radial flow. Three cases are studied 

here. The first case simulates the effective stress distribution at 

the conditions shown in Table 3. In the second and third cases, 

the well radius and reservoir pressure are changed to investigate 

the effect of different well conditions and reservoir conditions 

on the effective stress. The reservoir and rock properties for 

Case 1 are described in Table 3. 

 

Figure 9. Aerial view of the reservoir with one well in middle 

 

Table 3. Well and reservoir data for Case I   [7] 

Rock property Value 

Fluid  viscosity, μ/mpa.s 10 

Injection rate,  𝑸/(𝒄𝒎𝟑 𝒔⁄ ) 10 

Formation permeability,  k/um2 0.2 

Reservoir pressure,  𝒑𝟎/𝟏𝟎
𝟓𝑷𝒂 20 

Reservoir radius, Re/m 102 

Well  radius, Rw/cm 10 

Young’s Modulus, 𝑬/𝑷𝒂 2.1 × 109 

Poisson's ratio,  𝝊 0.3 

Wellbore pressure, 𝒑/𝟏𝟎𝟓𝑷𝒂 600 

compressibility, 𝒄𝒕/ (𝟏𝟎
𝟓𝑷𝒂)−𝟏 3 × 10−3 

Pay thickness, h/cm 1000 

 

According to the case conditions, the domain is axisymmetric 

and so only one quarter of the reservoir is taken in the 

calculation which is shown in Figure 10. The left side of the 

domain is fixed in x direction and the bottom side of the domain 

is fixed in y direction; the outside of the research area is also 

fixed in both directions. Wellbore pressure is applied on the 

internal boundary. By applying the boundary conditions and 

external forces in the stiffness equation, the equations are 

solved to get the displacement distribution which is used to 

calculate the stress distribution. 

 

Figure 10. Sketch map of the domain 

 

Because of the permeability and porosity being constant, the 

pressure distribution is calculated by the analytical method. In 

infinite reservoir, when the homogeneous and slightly 

compressible fluid is produced from the reservoir to the 

wellbore, the pressure of the point (the distance between it and 

the middle of well is r) at time t is [36], 

𝑝0 − 𝑝(𝑟, 𝑡) =
𝑄𝜇

4𝜋𝑘ℎ
[−𝐸𝑖 (−

𝑟2

4
𝑘

𝜇𝑐𝑡
𝑡
)]                (23) 

Here, 𝑝0 : reservoir pressure, 105pa; 𝑝: the pressure at position 

r at time t, 105pa; r: the radius of the point, cm; t: time, s; Q: 

production rate, cm3/s; 𝜇: fluid viscosity, mpa ∙ s; k: formation 

permeability, μm2; h: pay thickness, cm; ct: total 

compressibility,  (105𝑃𝑎)−1; −𝐸𝑖(−𝑥): exponential integral. 

Thus, the pressure at any point of the reservoir at any time is 

obtained. 

So, the stress distribution and pressure distribution are all 

calculated from the models. Then the effective stress is 

calculated by Equation 1. The results are discussed in later 

section. 

 

Case 2 & 3: 

The model is also applied to Case 2 and Case 3 for further 

investigations. The data are partly different than the Case 1 and 

are shown in Table 4. The results are discussed in later section. 

In case studies, the effective stresses are calculated with 

different parameters. In order to investigate the relation 

between effective stress and different parameters, sensitivity 

analyses have been conducted. Theses parameters include fluid 

viscosity, formation permeability, injection rate, rock 

compressibility and wellbore radius. The details of the analysis 

are presented in Table 5. The results are discussed in next 

section. 

𝑅𝑒 

𝑅𝑤 𝑥 

𝑦 
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Table 4. Well and reservoir data for Case 2 and Case 3 [7] 

Rock property Value 

Fluid  viscosity, μ/mpa.s 10 

Injection rate,  𝑸/(𝒄𝒎𝟑 𝒔⁄ ) 10 

Formation permeability,  k/um2 0.2 

Reservoir pressure,  𝒑𝟎/𝟏𝟎
𝟓𝑷𝒂   (for Case 2) 20 

Reservoir pressure,  𝒑𝟎/𝟏𝟎
𝟓𝑷𝒂  (for Case 3) 10 

Reservoir radius, Re/m 102 

Well  radius, Rw/cm  (for Case 2) 25 

Well  radius, Rw/cm  (for Case 3) 10 

Young’s Modulus, 𝑬/𝑷𝒂 2.1 × 109 

Poisson's ratio,  𝝊 0.3 

Wellbore pressure, 𝒑/𝟏𝟎𝟓𝑷𝒂 600 

compressibility, 𝒄𝒕/ (𝟏𝟎
𝟓𝑷𝒂)−𝟏 3 × 10−3 

Pay thickness, h/cm 1000 

 

Table 5. Range of factors in sensitivity analysis 

Rock property Base 

Value 

Range Data points 

Injection rate, 

  𝑸/(𝒄𝒎𝟑 𝒔⁄ ) 
10 -90%~900% 0.1, 1, 4, 7, 10, 15, 20, 

50, 100 

Fluid  viscosity, 

μ/mpa.s 

10 -90%~900% 0.1, 1, 4, 7, 10, 15, 20, 

50, 100 

Formation 

permeability,  

k/um2 

0.2 -90%~900% 0.01, 0.05, 0.1, 0.2, 

0.4, 0.6, 0.8, 1, 2 

Compressibility, 

𝒄𝒕/ (𝟏𝟎
𝟓𝑷𝒂)−𝟏 

3 × 10−3 -100%~900% (0.1, 0.3, 0.5, 1, 3, 5, 

10, 30, 50)×10-3 

 

4.  RESULTS AND DISCUSSION 

4.1  Results from Case Studies 

The case study of a well in infinite reservoir is taken to 

investigate the application of the model. The domain is one 

quarter of the well and the outside of the domain is re of 1m. 

The domain is meshed by 30×30=900 grids.  

In Case 1, the injection fluid provides an injection pressure 

applied on the inner boundary of the domain. The total stress 

distribution and effective stress distribution in x direction of the 

domain is shown in Figure 11 (a-b). It can be seen that around 

the wellbore, there is a significant stress concentration area 

where the stress is larger than other areas (Figure 11a). In detail, 

the stress in x direction is larger in right part of the domain 

while the stress in y direction is larger in left part of the domain. 

That is because of the different external forces. In other words, 

the even wellbore pressure is transferred to component force fx 

more at the right part of the well while component force fy more 

at left and top part of the well. From Figure 11b, it is seen that 

the effective stress becomes more even and smooth. In order to 

further investigate the difference between the effective stress 

and the total stress clearly, the effective stress and total stress 

at selected nodes in red radius line are compared. The results 

are shown in Figures 12-13 [7].  

       

 

Figure 11. Total stress and effective stress distribution in x 

direction 

 

Figure 12. Total stress and effective stress in x direction for 

Case 1 

It can be seen from Figure 12 that the total stress and effective 

stress are both negative. That means the elements of the 

selected parts are compressed. The absolute value of total stress 

and effective stress both decrease with radius and they decrease 

faster near the inside boundary but slowly near the outside 
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boundary. It is seen from the above figure that the effective 

stress is less than the total stress because of the fluid pressure. 

In order to study the difference between total stress and 

effective stress in detail, the relative reduction of total stress is 

investigated and the result is shown in Figure 13. 

 

Figure 13. The percentage decrease of total stress with 

position for Case 1 

It can be seen that the decrease of total stress increases with the 

radius significantly. The percentage near the well bore is small. 

This is because that the total stress is much larger than the fluid 

pressure so that the effect of fluid pressure on the total stress is 

small. However, the percentage decrease can be as large as 

almost 80% at the outside boundary because the stress at the 

outside boundary is relatively small but larger than fluid 

pressure. These results prove the significant effect of the fluid 

pressure on the stress distribution in the reservoir. 

In order to confirm the effect of different well radii and 

reservoir pressures on effective stress, Case 2 and Case 3 are 

studied and the results are shown in Figure 14. Case 2 and Case 

3 show the similar tendencies. The total stress in both cases 

decreases fast near the wellbore but slowly near outside 

boundary. The only obvious difference between Case 2-3 and 

Case 1 is that the total stress near the outside boundary has a 

larger percentage decrease for Case 1 but little for Case 2 and 

Case 3. The total stress at the outside boundary can decrease by 

80% for Case 1. However, total stress at the same position for 

Case 2 and Case 3 only decrease by 15.5% and 7.2% 

respectively. 

 

 

Figure 14. The percentage decrease of total stress with position for Case 2 and 3 

 

These different cases show that different parameters have 

different impacts on the stress distribution. In order to find the 

relationship between relative parameters and the stress 

distribution, sensitivity analyses are conducted. 

 

4.2  Results from Sensitivity Analyses 

Based on the example used in the case studies, the effects of 

injection rate, fluid viscosity, permeability of rock and 

compressibility on effective stress are investigated.  

 

4.2.1 Effect of injection rate 

The effective stress at different fluid injection rates is shown in 

Figure 15. The percentage of the changes of fluid injection rate 

and effective stress are shown in Figure 16. Figure 15 shows 

that the effective stresses at the selected nodes are all negative. 

That means the rock at these nodes is compressed. The stress 

decreases with the radius which changes significantly near the 

wellbore and changes slightly near the outside boundary. Take 

the data at r=0.4m as example to analyse the relation between 

effective stress and injection rate at these nodes. The results are 

shown in Figure 16, which reveals the significant correlation 

between injection rate and effective stress. The effective stress 

changed from 10% (-3.35×106 Pa) to -95% (-2.13×105 Pa) when 
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fluid injection rate changed from almost -100% (0.1 cm3/s) to 

900% (100 cm3/s). It means effective stress is negatively related 

to fluid injection rate. But the limited change in the range of 

effective stress does not prove that the fluid injection rate is the 

sensitive factor for the effective stress [7].  

 

 
Figure 15. The change of effective stress with different 

injection rate 

 

 
Figure 16. The relative change of effective stress with relative 

change of injection rate 

 

4.2.2 Effect of fluid viscosity, permeability and rock 

compressibility 

Figure 17 shows that the change of fluid viscosity does not have 

a significant effect on the effective stress. This also shows that 

as fluid viscosity changes from -100% (0.1 ) to 900% 

(100 ), the fluctuation of effective stress is less than 

10% (-3.3×106 Pa) and the two variables do not show obvious 

relation. That means the fluid viscosity is not the strong factor 

to the effective stress. 

 

Figure 17. The relative change of effective stress with relative 

change of viscosity 

Figure 18 reveals that the change of permeability does not have 

a significant effect on the effective stress. The fluctuation of 

effective stress is less than 10% (-3.33×106 Pa) when formation 

permeability changed from -90% (0.01 um2) to 900% (2 um2). 

As with the fluid viscosity, permeability does not show obvious 

correlation with effective stress which means permeability is 

not the strong factor [7]. 

 

 

Figure 18. The relative change of effective stress with relative 

change of formation permeability 

Figure 19 shows that the compressibility is slightly relative to 

the effective stress. It can be seen that the effective stress 

changes from -48% (-8.72×105 Pa) to 30% (-2.13×106 Pa) when 

compressibility of the rock changes from almost -100% 

(0.1×10-3 (105Pa)-1) to 900% (50×10-3 (105Pa)-1). It can also be 

observed that when the compressibility is less than 3×10-

3(105Pa)-1, the change of effective stress becomes more 

obvious. It means the rock compressibility is positively related 

to effective stress but the relevance is not strong. Thus, rock 

compressibility is not a sensitive factor for the effective stress 

[7]. 
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Figure 19. The relative change of effective stress with relative 

change of compressibility 

 

5.  CONCLUSION 

Based on this study, the following conclusions have been 

drawn: 

1. The developed effective stress model is valid for 

calculating the effective stress distribution with the 

effect of fluid flow. 

2. The effective stress model can be applied to calculate 

the stress distribution in formation near wellbore 

under some simplified conditions and assumptions. 

The results in case studies prove that the effect of fluid 

flow on the stress distribution is significant. 

3. In sensitivity analyses, effective stress increases with 

rock compressibility but is not strongly sensitive to 

rock compressibility. Effective stress decreases with 

fluid injection rate, but is not strongly sensitive.  

4. This and further studies would really assist hydraulic 

fracturing design engineers in defining criteria for 

fracturing.   
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