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Abstract 

Weibull models are used to describe various types of observed 

failures of components and phenomena. They are widely used 

in reliability and survival analysis. In addition to the 

traditional two-parameter and three-parameter Weibull 

distributions in the reliability or statistics literature, many 

other Weibull models are available. The purpose of this paper 

is to give a brief introduction to exponentiated  Weibull 

model, with the emphasis on models that have the potential 

for further applications. 
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1. COMPUTATIONAL METHOD 

The Weibull distribution is one of the best-known life-time 

distributions. It adequately describes observed failures of 

many different types of components and phenomena. Hallinan 

gives an insightful review by presenting a number of historical 

facts, the many forms of this distribution as used by 

practitioners, and possible confusions and errors that arise due 

to this non-uniqueness. Johnson et.al devote a comprehensive 

chapter to a systematic study of this distribution. More 

recently, Murthy et.al presented a monograph that contains 

every facet relating to the Weibull distribution and its 

extensions. In sec 1.1, we first define the three-parameter 

Weibull distribution and then look at its historical 

development and relations to other distributions. Sec 1.2 

studies the properties of the Weibull  distribution, in particular 

those relevant to reliability. 

 

1.1: Three-parameter Weibull distribution: 

According to Hallinan, the Weibull distribution has appeared 

in five different forms. The two 

𝑐𝑜𝑚𝑚𝑜𝑛 𝑓𝑜𝑟𝑚𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑎𝑟𝑒 𝑎𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑠: 

𝐹(𝑡) =  1 − exp[ − [(
𝑡 − 𝜏

𝛼
)

𝛽

] , 𝑡 ≥  𝜏         (1) 

and  𝐹(𝑡) =   1 − exp [𝜆(𝑡 − 𝜏)𝛽]       𝑡 ≥  𝜏       (2) 

The parameters of this distribution are given by the 

set 𝜃 = [𝛼, 𝛽, 𝜏] with 𝛼 > 0, 𝛽 > 0, 𝜏 ≥ 0; where 𝛼 is a scale 

parameter, 𝛽 is the shape parameter that determines the 

appearance or shape of the distribution and 𝜏 is the location 

parameter. The parameter 𝝀 combines both scale and shape 

features as  𝜆 =  𝛼−𝛽 [7]. 

Although one should use 𝐹(𝑡, 𝜃) instead of 𝐹(𝑡), where 

𝜃 = (𝛼, 𝛽, 𝜏) denotes the vector of parameters, for notational 

convenience we suppress the parameter and use 𝐹(𝑡), to 

denote 𝐹(𝑡, 𝜃). 

For 𝜏 = 0, (1)  𝑎𝑛𝑑 (2) become the two-parameter Weibull 

distribution with 

  𝐹(𝑡) = 1 − 𝑒𝑥𝑝 [− (
𝑡

𝛼
)

𝛽

] ,   𝑡 ≥ 0              (3) 

and  𝐹(𝑡) = 1 − 𝑒𝑥𝑝(−𝜆𝑡𝛽),   𝑡 ≥ 𝜏              (4) 

Murthy et.al  (3) refer to this as the standard Weibull model, 

Johnson et. al [8] , (4) refer to a standard Weibull model when 

𝛼 = 1(𝑜𝑟 𝜆 = 1) 𝑖𝑛 (3).  

 

1.2: Basic properties: 

1.2.1: Density Function: 

The probability density function  (PDF) of  (3) and (4) are 

𝑓(𝑡) =  𝛽𝛼−𝛽(𝑡 − 𝜏)𝛽−1𝑒𝑥𝑝 [− (
𝑡 − 𝜏

𝛼
)

𝛽

] , 𝑡 ≥ 𝜏           (5) 

and  𝑓(𝑡) = 𝛽𝜆(𝑡 − 𝜏)𝛽−1𝑒𝑥𝑝[−𝜆(𝑡 − 𝜏)𝛽],    𝑡 ≥ 𝜏       (6) 

 

1.2.2: Historical Development:  

The Weibull distribution is named after its originator, the 

Swedish physicist Waloddi Weibull, who in 1939 used it to 

model the distribution of the breaking strength of materials 

[11,12] (Murthy,Weibull 1939) and in 1951 for a wide range 

other applications [11,13] (Murthy, Weibull 1951) . The 

distribution has been known that Weibull may not be the first 

to propose this distribution. The name Frechet distribution is 

also sometimes used due to the fact that it was Frechet 
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distribution  who first identified this distribution to be an 

external distribution.  

According to Hallian  [7],  it was Weibull who suggested a 

scale parameter and a location parameter that made the 

distribution meaningful and useful [11,12] (Murthy, Weibull 

1939). 

 

1.2.3: Weibull-Derived Models: 

There are many extensions, generalizations and modifications 

to the Weibull distribution. They arise out of the need to 

model features of empirical data sets that cannot be 

adequately described by a three-parameter Weibull model. 

 

1.3: Exponentiated Weibull Distribution:  

The starting point is the two-parameter Weibull model with 

distribution function 𝐹(𝑡). Let 𝐺(𝑡) denote the de-goodness of 

fit test for two-parameter Weibull and its power is compared 

with other traditional goodness-of-fit tests [4]. 

𝐺(𝑡) = [𝐹(𝑡)]𝜈 = {1 − 𝑒𝑥𝑝[−(𝑡 𝛼⁄ )𝛽]}
𝜈

, 𝑡 ≥ 0. 

 

The density function is   

𝑔(𝑡) =
𝛽𝜈

𝛼𝛽
𝑡𝛽−1𝑒−(𝑡 𝛼⁄ )𝛽

{1 − 𝑒−(𝑡 𝛼⁄ )𝛽
}

𝜈−1

 

 

The failure rate function is given by 

ℎ(𝑡) =  
𝛽𝜈

𝛼𝛽
𝑡𝛽−1𝑒−(𝑡 𝛼⁄ )𝛽 (1 − 𝑒−(𝑡 𝛼⁄ )𝛽

)
𝜈−1

[1 − (1 − 𝑒−(𝑡 𝛼⁄ )𝛽
)

𝜈

]
 

 

2. APPLICATION 

Irritable bowel syndrome (IBS) is characterized by idiopathic, 

chronic recurrent abdominal pain associated with altered 

bowel habits [10]. Stress is a known trigger of IBS; for 

example stressful life events and gastrointestinal symptom 

exacerbations are correlated in patients with IBS [1,14].  

Psychological stress also increases colonic contractions in 

patients with IBS [2]. Given the influence of stress on  IBS, a 

conceptualization of IBS as a disorder of brain-gut 

interactions has been adopted both clinically and scientifically 

[3,5]. 

Corticotropin-releasing hormone (CRH)  is a key mediator of 

the stress response, both in the brain and in the gut [6]. The 

hypothalamic paraventricular nucleus governs the 

neuroendocrine stress response via the hypothalamic-

pituitary-adrenal (HPA) axis. CRH also acts outside the HPA 

axis in the central nucleus of the amygdale and bed nucleus of 

the stria terminals, through it  regulates  adaptive  stress 

responses to  both  physiological and psychological stimuli 

[9]. CRH –positive neuronal populations have also been 

identified in the lateral hypothalamus, prefrontal cortex, 

(PFC), anterior singular cortex (ACC) and hippocampus. The 

hippocampus inhibits stress-induced HPA activation via 

glucocorticoid receptor-mediated negative feedback, and the 

medial (m) PFC and adjacent pregenual (p) ACC, via 

connections with the hippocampus, amygdala, hypothalamus, 

and brainstem, execute top-down modulation of CRH system. 

It has been proposed that IBS is associated with autonomic 

and HPA axis imbalances related to a disturbed  balance  in 

prefrontal-amygdala activity [10]. 

The study included 28 IBS patients and 34-aged healthy 

control subjects. There were no significant differences in age 

or sex ratio between the IBS and the control groups. Blood 

samples for ACTH and cortisol assays were drawn 

immediately before and 15, 30, 60, and 120 min after CRH 

injection. The main effects of group were not significant.  

Electro Higher ratio childhood trauma was found in the IBS 

group. Regarding IBS severity, IBS  patients  reported greater 

severity of abdominal pain, severity of abdominal distension, 

and dissatisfaction with bowel habits as well as a lower 

quality of life. Heart rate variability (HRV) signal was 

analysed in 5 min interval. The percent power in the  high 

frequency (HF) band as a measure of  vagal tone, and the low 

frequency (LF/HF) ratio as an indicator of  sympathovagal 

balance. Regarding the LF/HF ratio used to measure 

sympathovagal balance, there was a significant group- by-sex-

by-time 3-way interaction effect. CRH injection caused an 

increase in sympathovagal balance over the entire period over 

both groups and sexes. Analyses according to group revealed 

a significant main effect of time and no significant sex-by-

time interaction effect in both groups. 

In the controls, post hoc tests comparing sex in each time 

demonstrated significant differences in the last 2 time bins, 

indicating that LF/HF values in male control subjects did not 

return to baseline. Analyses by sex revealed that the main 

effect of group and the group-by-time interaction effect were 

not significant in male subjects. In female subjects, however, 

a significant group-by-time interaction effect was found, but 

the main effect was not significant. Thus, the 3-way group-by-

sex-by-time interaction effect was mainly driven by 

differences between female subjects in the IBS and control 

groups, especially towards the end of the measurement period.   

When looking at the HF data alone as a marker of vagal tone 

and after eliminating non-significant interaction effects, the 

final model showed significant main effects of group, and sex, 

with the main effects of group and sex superseded by a 

significant group-by-sex interaction effect. The group-by-sex 

interaction effect was driven by a significant effect of sex in 

patients with IBS, i.e lower HF was observed across all time 

points in female groups, but not in control subjects. As well as 

by a significant group effect in female subjects, i.e lower HF 

was observed in the IBS group, but not in the male subjects. 
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Fig 2.1(A) Changes in the low frequency/high frequency (LF/HF) band ratio in response to intravenous CRH. (a) Males in the 

control group versus males in the IBS group. (b) Females in the control group versus females in the IBS group. (B) Changes in the 

high frequency (HF) band in response to intravenous CRH. (a) Males in the control group versus males in the IBS group. (b) 

Females in the control group versus females in the IBS group. Abbreviations: CRH, corticotrophin-releasing factor; HF percent 

high frequency band power; IBS, irritable bowel syndrome; LF, percent low frequency band power. 

 

3. COMPUTATIONAL RESULTS 

 

Fig 3.1 
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Fig 3.2 

 

 

Fig 3.3 

 

 

Fig 3.4 

 

 

Fig 3.5 
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Fig 3.6 

 

 

Fig 3.7 

 

 

Fig 3.8 

 

4. CONCLUSION 

The study is the first to comprehensively assess HPA axis, 

autonomic, and colonic responses to CRH in IBS and healthy 

controls and link these responses to brain responses to rectal 

distension in regions known to be involved in top-down 

control of the above mentioned peripheral stress responses. 

Intravenous CRH administration increased sympathovagal 

balance (LF/HF) across both groups and sexes for the duration 

of the experiment (2h-post-infusion), and decreased 

parasympathetic tone (HF) in the early post-infusion period, 

replicating the results of healthy subjects. Using 

Exponentiated Weibull distribution, in fig 2.1A (a), from the 

early morning to each 20 minutes, the values of density 

function is increasing for both groups, but  IBS males get 

more incremental values than control male groups. Using 

Exponentiated Weibull distribution, in fig 2.1A (b),  we are 

getting the results in  converse manner. The control female 
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groups attain increasing values than  IBS female groups. The 

failure rate function values also show higher for IBS group. 

Using Exponentiated Weibull distribution, in fig 2.1B (a), 

from the early morning to each 20 minutes, the values of 

density function is increasing for both groups, but  control 

males get more incremental values than IBS male groups. 

Using Exponentiated Weibull distribution, in fig 2.1B (b),  

most of the times the IBS female attains greater values than 

the control group. The failure rate function values also show 

higher for IBS group. 

In our study, CRH shifted sympathovagal balance over time 

towards sympathetic activity in female patients with IBS more 

than it  did  in  female  control participants; the difference was 

most pronounced in the last hour, hinting at an impaired 

recovery from the CRH -induced increase in sympathovagal 

balance. This analysis showed that patients with IBS have 

lower HF band power and a higher LF/HF ratio than control 

subjects, indicative of autonomic dysregulations. Also 

parasympathetic tone was significantly different between only 

female subjects. Moreover, increased LF/HF and decreased 

HF in the postprandial period was demonstrated in IBS. One 

unique point of current study is that IBS is not disease of only 

abdominal symptoms or brain alteration, but a disease with an 

altered physiological stress response system in the brain 

combined with peripheral interactions. Collectively, our 

findings indicate that IBS involves CRH-dependent 

dysregulations of the brain-gut axis. This supports the 

conceptualization of IBS as a disorder of brain-gut 

interactions with stress response system, such as ANS and the 

HPA-axis, serving as an important interface. 
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