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Department of Mathematical Analysis, Faculty of Science,
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1. Introduction and Motivation

In this paper we studydiscrete symplectic systems

Xk+1 = AkXk + BkUk, Uk+1 = CkXk +DkUk, (S)

whereAk, Bk, Ck,Dk, Xk, andUk are realn×n matrices, and related discrete quadratic
functionals and Riccati matrix equations. We assume throughout that system (S) has
symplectic structure, i.e., the transition matrixSk :=

(Ak Bk
Ck Dk

)
is symplectic. This prop-

erty is defined asST
k JSk = J , whereJ :=

(
0 I
−I 0

)
is the2n × 2n skew-symmetric

matrix withn× n block entries.
Discrete symplectic systems were introduced in [1] and they cover a large number

of linear difference equations. More specifically, to mention a few, linear Hamiltonian
difference systems

∆Xk = AkXk+1 + BkUk, ∆Uk = CkXk+1 − AT
k Uk (H)

with I − Ak invertible and symmetricBk andCk, discrete trigonometric systems, and
higher order Sturm–Liouville difference equations are all special cases of system (S).
Qualitative theory of Hamiltonian systems (H) with singularBk was initiated in [4]
and the results of that paper were generalized to discrete symplectic systems (in the
directions discussed in this paper) in [6,7,9,14].

With system (S) we consider thediscrete quadratic functional

F0(x, u) :=
N∑

k=0

{
xT

k CT
k Akxk + 2 xT

k CT
k Bkuk + uT

kDT
k Bkuk

}
(1.1)

for admissible pairs(x, u), i.e.,xk+1 = Akxk + Bkuk, and theRiccati operator

R[Q]k := Qk+1(Ak + BkQk)− (Ck +DkQk),

wherex = {xk}N+1
k=0 andu = {uk}N

k=0 are sequences of realn-vectors andQk are
symmetricn×n matrices. From [14, Theorem 4] it is known that system (S) is the Jacobi
system for the quadratic functionalF0. Characterizations of the positivity (F > 0) and
nonnegativity (F ≥ 0) of discrete quadratic functionalsF involving F0 were derived
in [6, 7, 9, 11, 13, 14]. These results are in terms of certain solutions (called conjoined
bases) of (S), generalized zeros and conjugate intervals of vector solutions of (S), and/or
in terms of explicit and implicit Riccati matrix equations. The word “explicit” means the
equationR[Q]k = 0, while “implicit” means an equation involving the Riccati operator
R[Q]k and some other matrices.

In this work we study in detail the latter condition. In particular, in [14, Theorem 5]
we can find a characterization of apositive definitequadratic functionalF with separa-
ble endpointsin terms of animplicit Riccati equation(see Proposition 3.1). In the same
paper, a similar characterization ofF > 0 with jointly varying endpointsis given via
anaugmented implicit Riccati equationinvolving a certain Riccati operatorR∗[Q∗]k in
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dimension2n (see Proposition 3.3). The corresponding results regarding thenonnega-
tivity of F are unknown.

In this paper we fill this gap and provide two additional results. In Section 3 we
collect several results from the literature which we either directly need in the proofs
or we wish to compare them with the results of this paper. In Section 4 we derive an
implicit Riccati equation for anonnegativequadratic functionalF with separable end-
points. The main tool is utilizing the “image condition”xk ∈ Im Xk from [7, 9]. In
Section 5 we generalize the above result to a nonnegative quadratic functionalF with
jointly varying endpoints. We use a new technique which simplifies the augmented Ric-
cati operatorR∗[Q∗]k, which is traditionally used for problems with general endpoints,
see e.g., [4, 14]. In this way we obtain an implicit Riccati equation which involves the
original Riccati operatorR[Q]k in dimensionn only. This technique naturally applies
to a positive definite quadratic functionalF with jointly varying endpoints. Hence, we
derive in Section 6 a nonaugmented implicit Riccati equation for such positive definite
quadratic functionals. Thus, the above mentioned results clarify and simplify the struc-
ture of the Riccati equation conditions used in characterizations of the definiteness of
F . At the same time, they complete the theory of discrete quadratic functionals. Our
results in Sections 4–6 are new even for the special case of Hamiltonian system (H).
Finally, in Section 7 we generalize a Riccati inequality result, known in [8, Theorem 1]
for Hamiltonian system (H), to discrete symplectic system (S).

At the end of this section we mention that the results of this paper are valid also for
complex-valued solutions and coefficients, provided that a transpose of a matrix is re-
placed by the conjugate transpose and the word “symmetric” is changed to “Hermitian”.

2. Notation and Terminology

In this paper we denote by[a, b] the discrete interval{a, a + 1, . . . , b}. In particular, we
shall use the intervals[0, N ] and[0, N + 1]. Since any symplectic matrix is invertible
(it has the determinant equal to1), solutions of system (S) are uniquely determined by

their initial values. From the formula for the inverseS−1
k =

(
DT

k −BT
k

−CT
k AT

k

)
of a symplectic

matrix it follows that the time-reversed system takes the form

Xk = DT
k Xk+1 − BT

k Uk+1, Uk = −CT
k Xk+1 +AT

k Uk+1. (2.1)

A conjoined basisof (S) is a solution(X, U) such thatXT
k Uk is symmetric as well as

rank
(

Xk
Uk

)
= n at some (and hence at any) indexk ∈ [0, N + 1]. Theprincipal solution

of (S) is the conjoined basis(X̂, Û) starting with the initial valueŝX0 = 0 andÛ0 = I.
According to [6, Definition 3], a conjoined basis(X, U) of (S) hasno focal points in
(k, k + 1] if the two conditions

KerXk+1 ⊆ KerXk, Pk := XkX
†
k+1Bk ≥ 0, (2.2)

are satisfied, where† stands for the Moore–Penrose generalized inverse of the given
matrix, see e.g., [2]. In [6, Lemma 3] it is shown that if the kernel condition in (2.2)
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holds, then the matrixPk is symmetric. Two conjoined bases(X̄, Ū) and (X, U) of
(S) arenormalizedif their (constant) Wronskian matrix is the identity matrix, that is, if
X̄T

k Uk− ŪT
k Xk = I for some (and hence for all)k ∈ [0, N +1]. For any conjoined basis

(X,U) there always exists another conjoined basis(X̄, Ū), determined for example by
the initial conditions(X̄0, Ū0), such that(X̄, Ū) and(X, U) are normalized, and then
these conjoined bases satisfy the identities

X̄T
k Uk − ŪT

k Xk = X̄kU
T
k −XkŪ

T
k = I, X̄T

k Ūk, XT
k Uk, X̄kX

T
k , ŪkU

T
k symmetric.

(2.3)

In particular, we shall often use the normalized conjoined bases(X̃, Ũ) and (X̂, Û),
where(X̂, Û) is the principal solution, which are given by the initial conditions

(X̂0, Û0) = (0, I), (X̃0, Ũ0) = (I, 0). (2.4)

In this paper, the boundary conditions for quadratic functionals are given in terms of
projections. For the case ofjointly varying endpoints, we consider2n × 2n symmetric
matricesM andΓ such thatM is a projection. The corresponding boundary conditions
are then

M
(

x0

xN+1

)
= 0 (2.5)

and the associated quadratic functional is

F(x, u) :=

(
x0

xN+1

)T

Γ

(
x0

xN+1

)
+ F0(x, u). (2.6)

Note that if a2n-vectorα satisfiesMα = 0, thenαT Γα = αT (I −M) Γ (I −M) α.
Hence, we may assume without loss of generality that the matricesM andΓ satisfy the
identityΓ = (I −M) Γ (I −M). The quadratic functionalF is nonnegative, we write
F ≥ 0, if it takes nonnegative values on all admissible pairs(x, u) satisfying boundary
conditions (2.5), whileF is positive(definite), we writeF > 0, if it takes positive values
on all such admissible pairs(x, u) with x 6≡ 0.

In the case ofseparated endpoints, the matricesM andΓ are block diagonal, i.e.,
M = diag{M0,M1} andΓ = diag{Γ0, Γ1} with n × n symmetric block entries such
thatM0 andM1 are projections andΓi = (I −Mi) Γi (I −Mi), i = 0, 1. Condition
(2.5) then reduces to the boundary conditions

M0x0 = 0, M1xN+1 = 0 (2.7)

and the quadratic functionalF takes the form

F(x, u) = xT
0 Γ0 x0 + xT

N+1Γ1 xN+1 + F0(x, u). (2.8)

The initial boundary condition in (2.7) gives rise to a specific conjoined basis of (S),
called thenatural conjoined basis, which is defined as the solution of (S) satisfying
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X0 = I −M0 andU0 = Γ0 +M0. Observe that when the initial endpoint is zero, i.e.,
whenM0 = I, then the natural conjoined basis(X, U) reduces to the principal solution
(X̂, Û).

Admissible pairs(x, u) are generated by then×n transition matricesΦk,k := I and

Φk,j := Ak−1Ak−2 . . .Aj for k > j,

and by the controllability matricesG0 := 0 and

Gk :=
(
Φk,1B0 Φk,2B1 . . . Φk,k−1Bk−2 Bk−1

) ∈ Rn×(nk).

In particular, a pair(x, u) is admissible if and only if

xk = Φk,0x0 + GkVku for all k ∈ [0, N + 1], (2.9)

whereVk is the restriction operatorVk : R(N+1)n → Rkn defined by

Vk u :=
(
uT

0 . . . uT
k−1

)T
with u :=

(
uT

0 . . . uT
N

)T
. (2.10)

In fact,Vk is thekn× (N + 1) n matrixVk =
(
Ikn×kn 0

)
. Observe thatVN+1 = I.

Since a discrete symplectic system can have the matricesAk in general singular (as
opposed to the Hamiltonian system (H) for whichAk = (I−Ak)

−1 is always invertible),
Φk,j may also be in general singular.

3. Results from Literature

In this section we collect known characterizations of the positivity and nonnegativity
of F with variable endpoints which we wish to compare with the results of this paper.
The following result regarding the quadratic functionalF with separated endpoints is
from [14, Theorem 5].

Proposition 3.1. The quadratic functionalF in (2.8) is positive definite if and only if
the implicit Riccati equation

R[Q]k
(
Φk,0(I −M0) GkVk

)
= 0 (3.1)

on KerM1

(
ΦN+1,0(I −M0) GN+1

)
, k ∈ [0, N ],

has a symmetric solutionQk on [0, N + 1] such thatQ0 = Γ0,

Pk := (DT
k − BT

k Qk+1)Bk ≥ 0 for all k ∈ [0, N ], (3.2)

and satisfying the final endpoint inequality

QN+1 + Γ1 > 0 on KerM1 ∩ Im XN+1,

where(X, U) is the natural conjoined basis of (S).
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When both endpoints are zero, we obtain from Proposition 3.1 the following, see
also [6, Theorem 1].

Corollary 3.2. The quadratic functionalF0 in (1.1) is positive definite overx0 = 0 =
xN+1 if and only if the implicit Riccati equation

R[Q]kGkVk = 0 on KerGN+1, k ∈ [0, N ], (3.3)

has a symmetric solutionQk on [0, N +1] such thatQ0 = 0 andP-condition (3.2) holds.

Next, we define the2n× 2n matricesA∗
k := diag{I,Ak}, B∗k := diag{0,Bk}, C∗k :=

diag{0, Ck}, andD∗
k := diag{I,Dk}, and the associated augmented Riccati operator

R∗[Q∗]k := Q∗
k+1(A∗

k + B∗kQ∗
k)− (C∗k +D∗

kQ
∗
k)

acting on a symmetric2n × 2n matrix Q∗
k. In fact, the above coefficientsA∗

k, B∗k, C∗k ,
D∗

k define an augmented discrete symplectic system

X∗
k+1 = A∗

kX
∗
k + B∗kU∗

k , U∗
k+1 = C∗kX∗

k +D∗
kU

∗
k . (S∗)

In this paper we shall use a specific solution of (S∗), namely the conjoined basis

X̂∗
k =

(
0 I

X̂k X̃k

)
, Û∗

k =

(−I 0

Ûk Ũk

)
, (3.4)

where(X̂, Û) and (X̃, Ũ) are the conjoined bases of (S) satisfying initial conditions
(2.4).

The following result regarding the quadratic functionalF with jointly varying end-
points is from [14, Theorem 10].

Proposition 3.3. The following conditions are equivalent.

(i) The quadratic functionalF in (2.6) is positive definite.

(ii) The principal solution(X̂, Û) has no focal points in(0, N + 1], and the matrices
X̂∗

k , Û∗
k defined in (3.4) satisfy the final endpoint conditions

(X̂∗
N+1)

T (ΓX̂∗
N+1 + Û∗

N+1) ≥ 0 on KerMX̂∗
N+1, (3.5)

Ker(I −M) (ΓX̂∗
N+1 + Û∗

N+1) ∩ KerMX̂∗
N+1 ⊆ KerX̂∗

N+1. (3.6)

(iii) The augmented implicit Riccati equation

R∗[Q∗]k

(
I 0

Φk,0 GkVk

)
= 0 on KerM

(
I 0

ΦN+1,0 GN+1

)
, k ∈ [0, N ],

(3.7)
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has a symmetric solutionQ∗
k = ( ? ?

? Qk
) on[0, N+1] such thatQ∗

0 = 0,P-condition
(3.2) holds, and satisfying the final endpoint inequality

Q∗
N+1 + Γ > 0 on KerM∩ Im X̂∗

N+1,

whereX̂∗
k is given in (3.4).

Remark 3.4. (i) The restriction of implicit Riccati equations (3.1), (3.3), and (3.7) to the
kernel of the matricesM1

(
ΦN+1,0(I −M0) GN+1

)
, GN+1, andM (

I 0
ΦN+1,0 GN+1

)
,

respectively, can be eliminated in the above characterizations of the positivity ofF . This
follows from a close examination of the proofs of these statements in [14, 15]. In this
way we obtain implicit Riccati equations of the same nature as those in [4, Theorems 2
and 3].

(ii) When the quadratic functionalF is the second variation of a (nonlinear) discrete
optimization problem, its positivity is a second order sufficient optimality condition.
Keeping this in mind, we are interested in (at least formally) theweakestconditions,
which imply F > 0. Therefore, with respect to this fact, we formulate the implicit
Riccati equations forF > 0 over the appropriate kernel.

Following [16], for any conjoined basis(X, U) of (S) we define then× n matrices

Mk := (I −Xk+1X
†
k+1)Bk, Tk := I −M †

kMk. (3.8)

It is known from [16] thatMk = 0 if and only if the kernel condition in (2.2) holds,
and that this kernel condition is not necessary for the nonnegativity ofF , see [9]. On
the other hand, it is proven in the same paper and in [7] that, instead of the above
mentioned kernel condition, the image conditionxk ∈ Im Xk should be used in the
characterization of the nonnegativity ofF . Moreover, the matrixTkPkTk = TkPkTk is
always symmetric, wherePk andPk are defined in (2.2) and (3.2), respectively.

The following result regarding the quadratic functionalF with separable endpoints
is from [7, Theorem 2].

Proposition 3.5. The quadratic functionalF in (2.8) is nonnegative if and only if the
natural conjoined basis(X,U) satisfies theP -conditionTkPkTk ≥ 0 for all k ∈ [0, N ],
the image condition

xk ∈ Im Xk for all k ∈ [0, N + 1] and all admissible(x, u) satisfying (2.7), (3.9)

and the final endpoint inequality

XT
N+1(Γ1 XN+1 + UN+1) ≥ 0 on KerM1XN+1. (3.10)

The next result regarding the quadratic functionalF with jointly varying endpoints
is from [13, Theorem 2].

Proposition 3.6. Let (X̂, Û) and(X̃, Ũ) be the conjoined bases of (S) satisfying initial
conditions (2.4). The quadratic functionalF in (2.6) is nonnegative if and only if the
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principal solution(X̂, Û) satisfies theP -conditionTkPkTk ≥ 0 for all k ∈ [0, N ], the
image condition

xk − X̃kx0 ∈ Im X̂k for all k ∈ [0, N + 1] and all admissible(x, u) satisfying (2.5),

(3.11)

and the final endpoint inequality (3.5) holds.

4. Nonnegativity for Separable Endpoints

In this section we derive a characterization of thenonnegativityof F with separable
endpoints in terms of animplicit Riccati equation. This is a parallel result to Proposi-
tion 3.1 in whichF is positive definite. Recall that the matricesPk, Mk, Tk are defined
by (3.2) and (3.8).

Theorem 4.1. Let (X, U) be the natural conjoined basis of (S). The quadratic functional
F in (2.8) is nonnegative if and only if the implicit Riccati equation

(
(I −M0) ΦT

k+1,0

VT
k+1G

T
k+1

)
R[Q]k

(
Φk,0(I −M0) GkVk

)
= 0 (4.1)

on KerM1

(
ΦN+1,0(I −M0) GN+1

)
, k ∈ [0, N ],

has a symmetric solutionQk on [0, N + 1] such that theP-condition

TkPkTk ≥ 0 for all k ∈ [0, N ], (4.2)

holds,QkXk = UkX
†
kXk on [0, N + 1], and satisfying the final endpoint inequality

QN+1 + Γ1 ≥ 0 on KerM1 ∩ Im XN+1. (4.3)

Remark 4.2. In contrast to Remark 3.4(i) in whichF is positive definite, the restric-
tion of implicit Riccati equation (4.1) to KerM1

(
ΦN+1,0(I −M0) GN+1

)
cannot be

eliminated when characterizing the nonnegativity ofF . The same applies to implicit
Riccati equation (5.1) in Theorem 5.1 in Section 5.

The proof of the above theorem is based on the following auxiliary lemmas. The
first one follows from (2.9) and it describes the set of admissible pairs(x, u) satisfying
the initial boundary condition.

Lemma 4.3. A pair (x, u) is admissible andM0x0 = 0 if and only if

xk = Φk,0(I −M0) x0 + GkVku for all k ∈ [0, N + 1], (4.4)

where the operatorVk andu are defined in (2.10).
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Lemma 4.4. For any solution(X, U) of (S) and any symmetric matrixQk with QkXk =

UkX
†
kXk andXT

k Uk symmetric on[0, N + 1] we have fork ∈ [0, N ]

R[Q]kXk = −Uk+1(I −X†
k+1Xk+1) X†

kXk, XT
k+1R[Q]kXk = 0.

Proof. The first identity follows by a direct calculation, see e.g., the proof of [13,
Lemma 1(ii)]. The second identity is a consequence of the first one. ¥

Proof of Theorem 4.1.AssumeF(x, u) ≥ 0 over admissible(x, u) withM0x0 = 0 and
M1xN+1 = 0. Let (X, U) be the natural conjoined basis of (S) and defineQk by

Qk := UkX
†
k − (UkX

†
kX̄k − Ūk) (I −X†

kXk) UT
k , (4.5)

where(X̄, Ū) and(X, U) are normalized. ThenQk is symmetric andQkXk = UkX
†
kXk

on [0, N + 1], TkPkTk = TkPkTk ≥ 0 on [0, N ] by Proposition 3.5, and final endpoint
inequality (4.3) follows from condition (3.10). It remains to show that implicit Riccati
equation (4.1) is satisfied. Let( α

u ) ∈ KerM1

(
ΦN+1,0(I −M0) GN+1

)
be arbitrary.

Define the sequencex = {xk}N+1
k=0 by equation (4.4) withx0 := α. Then (x, u) is

admissible,M0x0 = 0,M1xN+1 = 0, and hence, by (3.9) in Proposition 3.5, we have
xk = Xkck ∈ Im Xk for all k ∈ [0, N + 1] and someck ∈ Rn. Consequently,

(
α
u

)T (
(I −M0) ΦT

k+1,0

VT
k+1G

T
k+1

)
R[Q]k

(
Φk,0(I −M0) GkVk

) (
α
u

)

= xT
k+1R[Q]kxk = cT

k+1X
T
k+1R[Q]kXkck = 0,

where we usedXT
k+1R[Q]kXk = 0 from Lemma 4.4.

Conversely, assume thatQk satisfies the conditions in Theorem 4.1. We must show
that the image condition (3.9) holds, since then Proposition 3.5 yields the nonnegativity
of F . Therefore, let(x, u) be admissible withM0x0 = 0 andM1xN+1 = 0. Assume
that

xk ∈ Im Xk for all k ∈ [0,m] (4.6)

with somem ∈ [0, N ]. This is always true form = 0. If we show thatxm+1 ∈ Im Xm+1,
then the proof is complete. Letd ∈ Rn be arbitrary and define

(x̃k, ũk) :=

{
(Xk, Uk) (I −X†

k+1Xk+1) d, for k ∈ [0,m],

(0, 0), for k ∈ [m + 1, N + 1].

Then(x̃, ũ) is admissible,M0x̃0 = 0 andx̃N+1 = 0. Consequently, the pair(x̄, ū) :=
(x, u) + (x̃, ũ) is also admissible,M0x̄0 = 0, andM1x̄N+1 = 0. By Lemma 4.3 it
follows that

x̄k = Φk,0(I −M0) x̄0 + GkVkū for all k ∈ [0, N + 1],
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whereū :=
(
ūT

0 . . . ūT
N

)T
, and where

(
x̄0
ū

) ∈ KerM1

(
ΦN+1,0(I −M0) GN+1

)
.

Hence, Riccati equation (4.1) yields that

x̄T
k+1R[Q]kx̄k = 0 for k ∈ [0, N ]. (4.7)

The same argument implies thatxT
k+1R[Q]kxk = 0 andx̃T

k+1R[Q]kx̃k = 0 for all k ∈
[0, N ]. Hence, from (4.7) atk = m and fromx̃m+1 = 0 we get

0 = xT
m+1R[Q]mx̃m = xT

m+1R[Q]mXm(I −X†
m+1Xm+1) d

= −xT
m+1Um+1(I −X†

m+1Xm+1) X†
mXm(I −X†

m+1Xm+1) d,

where the last equality follows from Lemma 4.4. Now the choice ofd := UT
m+1xm+1

yields thatX†
mXm(I −X†

m+1Xm+1) UT
m+1xm+1 = 0 and hence,

Xm(I −X†
m+1Xm+1) UT

m+1xm+1 = 0. (4.8)

Since, by (4.6),xm = Xmc ∈ Im Xm with somec ∈ Rn, we have

UT
m+1xm+1 = UT

m+1(AmXmc + Bmum) = UT
m+1[Xm+1c + Bm(um − Umc)]

(2.1)
= XT

m+1[Um+1c +Dm(um − Umc)]−XT
m(um − Umc). (4.9)

We now insert the above formula into (4.8) and get

Xm(I −X†
m+1Xm+1) XT

m(um − Umc) = 0,

which, upon multiplying by(um − Umc)T from the left, implies

(I −X†
m+1Xm+1) XT

m(um − Umc) = 0. (4.10)

Then, we use the formula forXT
m(um − Umc) from (4.9) in equation (4.10) and obtain

(I −X†
m+1Xm+1) UT

m+1xm+1 = 0. (4.11)

Let (X̄, Ū) be a conjoined basis of (S) such that(X̄, Ū) and(X, U) are normalized. If
we multiply equation (4.11) bȳXm+1 and use properties (2.3) of normalized conjoined
bases, then

0 = X̄m+1(I −X†
m+1Xm+1) UT

m+1xm+1

(2.3)
= xm+1 + Xm+1[Ū

T
m+1 − X̄T

m+1(X
†
m+1)

T UT
m+1] xm+1.

Hence,xm+1 ∈ Im Xm+1 and the proof is complete. ¥

For completeness and comparison with Corollary 3.2 we present the corresponding
zero endpoints result.



Discrete Symplectic Systems 145

Corollary 4.5. Let (X̂, Û) be the principal solution of (S). The quadratic functionalF0

in (1.1) is nonnegative overx0 = 0 = xN+1 if and only if the implicit Riccati equation

VT
k+1G

T
k+1R[Q]kGkVk = 0 on KerGN+1, k ∈ [0, N ], (4.12)

has a symmetric solutionQk on [0, N + 1] such thatQkX̂k = ÛkX̂
†
kX̂k on [0, N + 1]

andP-condition (4.2) holds, whereTk is defined in (3.8) through the principal solution
(X̂, Û).

The condition thatQkXk = UkX
†
kXk cannot be removed from Theorem 4.1 (or

from Corollary 4.5, or Theorem 5.1 in the next section) as it is shown in the following
example, where we haveF0 6≥ 0 and there is a symmetric solutionQk on [0, N +

1] of equation (4.12) satisfying all the conditions in Corollary 4.5 except ofQkX̂k =

ÛkX̂
†
kX̂k on [0, N + 1].

Example 4.6. Let n = 1, N = 3, andSk ≡ ( 0 1
−1 1 ) for k ∈ [0, 3], i.e.,Ak ≡ 0 and

Bk = Dk = −Ck ≡ 1. Assume that both endpoints are zero. Then the functional

F0 in (1.1) takes the formF0(x, u) =
3∑

k=0

{u2
k − 2 xkuk} over pairs(x, u) satisfying

xk+1 = uk for k ∈ [0, 3] andx0 = 0 = x4. The principal solution(X̂, Û) of (S) is
in this caseX̂ = {0, 1, 1, 0,−1} = X̂† and Û = {1, 1, 0,−1,−1}. ThenF0 6≥ 0,
sinceF(x̂, û) = −1 for the admissible pair(x̂, û) defined byx̂ := {0, 1, 1, 1, 0} and
û := {1, 1, 1, 0}. Note that̂x3 6∈ Im X̂3, i.e., image condition (3.9) is violated.

DefineQ :=

{
2,

1

2
,−1, 2, 0

}
. ThenQk satisfies all the conditions in Corollary 4.5

except ofQkX̂k = ÛkX̂
†
kX̂k for k ∈ [0, 4]. This can be verified when we calculate

the sequencesR[Q] = {0, 0, 0,−1}, P =

{
1

2
, 2,−1, 1

}
, M = {0, 0, 1, 0} = M †,

T = {1, 1, 0, 1}, TPT =

{
1

2
, 2, 0, 1

}
≥ 0, G3 =

(
0 0 1

)
, andG4 =

(
0 0 0 1

)
.

5. Nonnegativity for Jointly Varying Endpoints

In this section we establish the following characterization of the nonnegativity ofF
with jointly varying endpoints in terms of animplicit Riccati equation. In contrast to
Proposition 3.3, this implicit Riccati equation uses the original Riccati operatorR[Q]k
instead of the augmented oneR∗[Q∗]k.

Theorem 5.1. Let (X̂, Û) and(X̃, Ũ) be the conjoined bases of (S) satisfying initial
conditions (2.4). The quadratic functionalF in (2.6) is nonnegative if and only if the
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implicit Riccati equation

(
ΦT

k+1,0 − X̃T
k+1

VT
k+1G

T
k+1

)
R[Q]k

(
Φk,0 − X̃k GkVk

)
= 0 (5.1)

on KerM
(

I 0
ΦN+1,0 GN+1

)
, k ∈ [0, N ],

has a symmetric solutionQk on [0, N +1] such thatQkX̂k = ÛkX̂
†
kX̂k on [0, N +1],P-

condition (4.2) holds, whereTk is defined in (3.8) through the principal solution(X̂, Û),
and satisfying the final endpoint inequality

Q̂∗
N+1 + Γ ≥ 0 on KerM∩ Im X̂∗

N+1,

whereX̂∗
k is defined in (3.4) and

Q̂∗
k :=

(
X̃T

k QkX̃k − X̃T
k Ũk ŨT

k − X̃T
k Qk

Ũk −QkX̃k Qk

)
. (5.2)

Remark 5.2. When both endpoints are zero, i.e., whenM = I and Γ = 0, then
Theorem 5.1 reduces to Corollary 4.5.

The proof of Theorem 5.1 is displayed below after some preparatory results, in
which we use arbitrary normalized conjoined bases(X̄, Ū) and (X,U) of (S) and a
symmetricQk. Hence, define the2n× 2n matrices

X∗
k =

(
0 I

Xk X̄k

)
, U∗

k =

(
−I 0

Uk Ūk

)
, Q∗

k :=

(
X̄T

k QkX̄k − X̄T
k Ūk ŪT

k − X̄T
k Qk

Ūk −QkX̄k Qk

)
.

(5.3)
First we show some properties of the matrixQ∗

k.

Lemma 5.3. Let Q∗
k, X∗

k , andU∗
k be defined by (5.3) with a symmetric matrixQk. Then

(i) (X∗
k)T Q∗

kX
∗
k = (X∗

k)T U∗
k if and only if XT

k QkXk = XT
k Uk,

(ii) Q∗
kX

∗
k = U∗

k (X∗
k)†X∗

k if and only if QkXk = UkX
†
kXk.

Proof. Part (i) follows by a direct calculation. The second assertion is a consequence
of the formula for the pseudoinverse(X∗

k)†, see [4, Remark 8(i)] adopted to the present
setting. In particular, identity(X∗

k)†X∗
k = diag{X†

kXk, I} holds. ¥

The form of the matrixQ∗
k in (5.3) enables to simplify the augmented Riccati opera-

tor R∗[Q∗]k in terms of the original Riccati operatorR[Q]k. This is a new feature which
was not utilized by the previously considered solutionsQ∗

k, such as those in [14, Theo-
rem 10] or [4, Theorem 3].
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Lemma 5.4. Let Q∗
k andX∗

k be defined in (5.3) with a symmetric matrixQk. Then the
augmented Riccati operatorR∗[Q∗]k has the form

R∗[Q∗]k =

(
X̄T

k+1R[Q]kX̄k −X̄T
k+1R[Q]k

−R[Q]kX̄k R[Q]k

)
=

(−X̄T
k+1

I

)
R[Q]k

(−X̄k I
)
. (5.4)

Consequently, we have the identities

R∗[Q∗]kX∗
k =

(
−X̄T

k+1R[Q]kXk 0

R[Q]kXk 0

)
=

(−X̄T
k+1

I

)
R[Q]k

(
Xk 0

)
,

(X∗
k+1)

T R∗[Q∗]kX∗
k =

(
XT

k+1R[Q]kXk 0
0 0

)
=

(
XT

k+1

0

)
R[Q]k

(
Xk 0

)
.

Proof. All identities are shown by direct calculations. ¥

Proof of Theorem 5.1.It is similar to the proof of Theorem 4.1 in which we replace the
natural conjoined basis(X, U) by the principal solution(X̂, Û), and instead of image
condition (3.9) we use image condition (3.11). The symmetric matrixQk satisfying
the conditions in Theorem 5.1 is defined by equation (4.5) where(X, U) := (X̂, Û)

and(X̄, Ū) := (X̃, Ũ). Then we can apply Lemmas 5.3, 5.4 to(X̂∗, Û∗) andQ̂∗
k, and

Lemma 4.4 to the principal solution(X̂, Û). The sufficiency of the implicit Riccati
equation (5.1) is proven similarly as in calculations (4.6)–(4.11), but with the image
conditionxk−X̃kx0 ∈ Im X̂k for all k ∈ [0,m], and with the vectord := ÛT

m+1(xm+1−
X̃m+1x0). ¥

6. Positivity for Jointly Varying Endpoints

In this section we establish a characterization of the positivity ofF with jointly varying
endpoints in terms of animplicit Riccati equation, which is simpler than the one in
Proposition 5.1. We use the simplified form of the augmented Riccati operatorR∗[Q∗]k
from Lemma 5.4.

Theorem 6.1. Let (X̂, Û) and(X̃, Ũ) be the conjoined bases of (S) satisfying initial
conditions (2.4). The quadratic functionalF in (2.6) is positive definite if and only if
the implicit Riccati equation

R[Q]k
(
Φk,0 − X̃k GkVk

)
= 0 on KerM

(
I 0

ΦN+1,0 GN+1

)
, k ∈ [0, N ], (6.1)

has a symmetric solutionQk on [0, N + 1] such thatQ0 = 0, P-condition (3.2) holds,
and satisfying the final endpoint inequality

Q̂∗
N+1 + Γ > 0 on KerM∩ Im X̂∗

N+1, (6.2)
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whereQ̂∗
k andX̂∗

k are defined in (5.2) and (3.4), respectively.

In the proof we need the following result from [6, Lemma 3], which can also be
deduced directly from Lemma 4.4.

Lemma 6.2. For any solution(X, U) of (S) such that the kernel condition

KerXk+1 ⊆ KerXk for all k ∈ [0, N ] (6.3)

holds, and for any symmetric matrixQk with QkXk = UkX
†
kXk andXT

k Uk symmetric
on [0, N + 1] we haveR[Q]kXk = 0 for k ∈ [0, N ].

Proof of Theorem 6.1.The positivity ofF implies, by Proposition 3.3 (ii), that the
principal solution(X̂, Û) has no focal points, i.e., it satisfies kernel condition (6.3)
andPk = Pk ≥ 0 on [0, N ]. Let Qk be defined by formula (4.5) with(X, U) :=

(X̂, Û) and (X̄, Ū) := (X̃, Ũ), and letQ̂∗
k be as in (5.2). Then Lemma 6.2 implies

that R[Q]kX̂k = 0 on [0, N ]. Take any( α
u ) ∈ KerM (

I 0
ΦN+1,0 GN+1

)
with u as in

(2.10), putx0 := α, and definexk by equation (2.9) fork ∈ [1, N + 1]. Then(x, u)

is admissible,x0 − X̃0α = 0 ∈ Im X̂0, so that kernel condition (6.3) implies that
xk − X̃kα = X̂kck ∈ Im X̂k for someck ∈ Rn and allk ∈ [0, N + 1]. Thus, we get

R[Q]k
(
Φk,0 − X̃k GkVk

) (
α
u

)
= R[Q]k(xk − X̃kα) = R[Q]kX̂kck = 0.

Final endpoint inequality (6.2) follows from conditions (3.5) and (3.6). Conversely,
suppose that a symmetric matrixQk on [0, N + 1] satisfies all the conditions in The-
orem 6.1. Then, upon taking Lemma 5.3 (ii) and Lemma 5.4 into account, the matrix
Q̂∗

k in (5.2) satisfies the conditions in Proposition 3.3 (iii), that is, the functionalF is
positive definite. ¥

Alternatively, the sufficiency of Riccati equation (6.1) forF > 0 in Theorem 6.1 can
be directly proven similarly to the implication (iv)⇒ (i) in [15, Theorem 1] by means of
the next two lemmas. The first one is the Picone identity, which is a generalization of [6,
Lemma 2], see also [4, Proposition 4] adopted to the setting of this paper. The second
lemma shows, similarly as in [15, Lemma 2], that the conditions onQk in Theorem 6.1
imply that the principal solution(X̂, Û) satisfies kernel condition (6.3). However, these
two results have their own importance for future reference.

Lemma 6.3. Let (X̄, Ū) and(X, U) be any normalized conjoined bases of (S). For any
admissible(x, u) and symmetricQk on [0, N + 1] and for anyα ∈ Rn we have

∆

{(
α
xk

)T

Q∗
k

(
α
xk

)}
− {xT

k CT
k Akxk + 2 xT

k CT
k Bkuk + uT

kDT
k Bkuk}+ wT

k Pkwk

= 2 (uk − Ūkα)TBT
k R[Q]k(xk − X̄kα)

+ (xk − X̄kα)T
{
RT [Q]kAk −QkBT

k R[Q]k
}
(xk − X̄kα)
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for all k ∈ [0, N ], and the identity

(DT
k − BT

k Qk+1) xk+1 = xk + Pkwk + BT
k (Ūk+1 −Qk+1X̄k+1)α

−BT
k R[Q]k(xk − X̄kα)

(6.4)

holds, wherePk andQ∗
k are defined in (3.2) and (5.3), and wherewk := uk − Qkxk −

(Ūk −QkX̄k) α on [0, N ].

Proof. Let (x, u) be admissible. Then(x∗, u∗), wherex∗k := ( α
xk ) andu∗k := ( 0

uk
),

is admissible andQ∗
k is symmetric. The desired identity follows from [6, Lemma 2]

applied to the given augmented quantities(x∗, u∗), R∗[Q∗]k, andX∗
k from (5.3), where

we used simplified form (5.4) ofR∗[Q∗]k in Lemma 5.4. ¥

Lemma 6.4. Assume that a symmetricQk on [0, N +1] solves implicit Riccati equation
(6.1) andP-condition (3.2) holds. Then the principal solution(X̂, Û) satisfies kernel
condition (6.3).

Proof. Suppose that̂Xm+1d = 0 and X̂md 6= 0 for some vectord ∈ Rn and index
m ∈ [0, N ]. Then the pair(x̃, ũ) defined as(X̂, Û)d on [0,m] and(0, 0) on [m+1, N+1]

is admissible and̃x0 = 0 = x̃N+1. Hence,F(x̃, ũ) = x̃T
k ũk

∣∣m+1

0
= 0. Since equation

(2.9) implies thatx̃k = Gk

(
ũT

0 . . . ũT
k−1

)T
on [0, N + 1], Riccati equation (6.1)

yields R[Q]kx̃k = 0 on [0, N ]. Now we apply Lemma 6.3 withα := 0 and obtain

F(x̃, ũ) =
N∑

k=0

wT
k Pkwk. SincePk ≥ 0, we getPkwk = 0 on [0, N ], which in turn

implies x̃m = (DT
m − BT

mQm+1) x̃m+1 = 0, by (6.4) and the definition of̃xm+1. This
contradicts the fact that̃xm = X̂md 6= 0. ¥

Alternative proof of Theorem 6.1.For sufficiency part, assume that a symmetric matrix
Qk on [0, N +1] satisfies the conditions in Theorem 6.1 and let(x, u) be admissible and
M ( x0

xN+1 ) = 0. By Lemma 6.4, we get that(X̂, Û) satisfies kernel condition (6.3). In
turn, sincex0−X̃0x0 = 0 ∈ Im X̂0, we obtain thatxk−X̃kx0 ∈ Im X̂k on [0, N+1]. The
positivity ofF then follows from Lemma 6.2 and from the Picone identity in Lemma 6.3
with α := x0. ¥

The final result of this section says that, with respect to Remark 3.4, unrestricted
implicit Riccati equations (6.1) and (3.3) are equivalent.

Lemma 6.5. Assume thatQk are symmetric fork ∈ [0, N + 1]. ThenR[Q]kGkVk = 0
for all k ∈ [0, N ] if and only if R[Q]k

(
Φk,0 − X̃k GkVk

)
= 0 for all k ∈ [0, N ].

Proof. Assume thatR[Q]kGkVk = 0 for k ∈ [0, N ] and let( α
u ) ∈ R(N+2) n be arbitrary

with u as in (2.10). Define

x̃k := (Φk,0 − X̃k) α + GkVku, k ∈ [0, N + 1],

ũk := uk − Ũkα, k ∈ [0, N ].
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Then(x̃, ũ) is admissible, because

Akx̃k + Bkũk = Φk+1,0α− (AkX̃k + BkŨk) α +AkGkVku + Bkuk = x̃k+1.

Furthermore,̃x0 = 0 and (2.9) implies that̃xk = GkVkũ, whereũ =
(
ũT

0 . . . ũT
N

)T
.

Consequently,

R[Q]k
(
Φk,0 − X̃k GkVk

) (
α
u

)
= R[Q]kx̃k = R[Q]kGkVkũ = 0.

The converse implication is satisfied trivially. ¥

Remark 6.6. Similarly as in Lemma 6.5, one can show that unrestricted implicit Riccati
equations (5.1) and (4.12) are equivalent. More precisely,

(
ΦT

k+1,0−X̃T
k+1

VT
k+1GT

k+1

)
R[Q]k

(
Φk,0 − X̃k GkVk

)
= 0 for all k ∈ [0, N ]

iff VT
k+1G

T
k+1R[Q]kGkVk = 0 for all k ∈ [0, N ]. Further details on this topic will be

included in the Ph.D. dissertation of the second author.

7. Riccati Inequality

This section contains a comparison result for solutions of two discrete symplectic sys-
tems and the corresponding Riccati-type matrices. It is a generalization of the corre-
sponding result known in [8, Theorem 1] for linear Hamiltonian systems to discrete
symplectic systems.

If (x, u) is admissible, then

xT
k CT

k Akxk + 2 xT
k CT

k Bkuk + uT
kDT

k Bkuk =

(
xk

xk+1

)T

Gk

(
xk

xk+1

)
, (7.1)

whereGk is the symmetric2n× 2n matrix

Gk :=

(AT
k EkAk −AT

k Ck CT
k −AT

k Ek

Ck − EkAk Ek

)

andEk is any symmetricn × n matrix satisfyingDT
k Bk = BT

k EkBk, for exampleEk =

BkB†kDkB†k, see e.g., [12].
With system (S) we consider another discrete symplectic system, denoted by (S),

with coefficient matricesAk, Bk, Ck, Dk. Let F0 be the discrete quadratic functional
corresponding to symplectic system (S) with associated symmetric matricesEk andG

k
,

which are defined in a parallel way as the matricesEk andGk above. Admissible pairs
(x, u) are now defined by the equationxk+1 = Akxk + Bkuk, k ∈ [0, N ], and we shall
emphasize this fact by saying that(x, u) is admissible with respect to(A,B).
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Theorem 7.1. Let (X,U) and(X,U) be any conjoined bases of (S) and (S), respec-
tively. Furthermore, letQk andQ

k
be symmetric matrices such thatXT

k QkXk = XT
k Uk

andXT
k Q

k
Xk = XT

k Uk on [0, N + 1], and conditions

Im
(Ak −Ak Bk

) ⊆ ImBk for all k ∈ [0, N ], (7.2)

Im X0 ⊆ Im X0, XT
0 (Q

0
−Q0) X0 ≥ 0, (7.3)

Gk ≤ G
k

for all k ∈ [0, N ], (7.4)

hold. If (X,U) has no focal points in(0, N + 1], then(X,U) has no focal points in
(0, N + 1] either, and

XT
k (Q

k
−Qk) Xk ≥ 0 for all k ∈ [0, N + 1]. (7.5)

Before presenting the proof of Theorem 7.1 we need some preparatory considera-
tions. If (X,U) is a conjoined basis of (S) satisfying kernel condition (6.3), then for any
admissible(x, u) with x0 ∈ Im X0 we havexk ∈ Im Xk for all k ∈ [0, N + 1] and, by
Lemma 6.3 withα = 0,

xT
k CT

k Akxk + 2 xT
k CT

k Bkuk + uT
kDT

k Bkuk = ∆(xT
k Q̄kxk) + w̄T

k Pkw̄k, (7.6)

where the symmetric matrix̄Qk is given by the right-hand side of equation (4.5) and
w̄k = uk − Q̄kxk, compare also with [6, Lemma 3]. It is interesting to observe that
once formula (7.6) is established, then it is satisfied withany symmetricQk such that
XT

k QkXk = XT
k Q̄kXk. In order to see this, we letxk = Xkck for k ∈ [0, N + 1] and

someck ∈ Rn, and then

xT
k Q̄kxk = cT

k XT
k Q̄kXkck = cT

k XT
k QkXkck = xT

k Qkxk. (7.7)

The following auxiliary result is a “symplectic” version of [5, Proposition 1], see
also a more general result [10, Theorem 10.45].

Lemma 7.2. Let (X,U) be any conjoined basis of (S). Then(X, U) has no focal points
in (0, N + 1] if and only if F0(x, u) + dT XT

0 U0d > 0 for all admissible(x, u) with
x0 = X0d, xN+1 = 0, andx 6≡ 0.

Proof of Theorem 7.1.Let (X, U) be a conjoined basis of (S) with no focal points in
(0, N + 1]. We proceed in the proof by showing the following steps.

Claim 1. For allk ∈ [0, N ] we have the inclusions

Im(Xk+1 −AkXk) ⊆ ImBk ⊆ Im Xk+1.

The first inclusion follows from the identityXk+1 − AkXk = (Ak − Ak) Xk + BkUk

and from assumption (7.2). The second inclusion is equivalent to KerXk+1 ⊆ KerXk,
by [16, Lemma 1(ii)], hence it is satisfied.
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Claim 2. For allk ∈ [0, N + 1] we have the inclusion

Im Xk ⊆ Im Xk. (7.8)

We shall prove it by induction. By assumption (7.3), the statement holds fork = 0.
Suppose that condition (7.8) holds for somek ∈ [0, N ]. ThenXk = XkX

†
kXk, see

e.g., [3, Lemma A5], and then we have

Xk+1 = Xk+1 −AkXk +AkXkX
†
kXk

= Xk+1X
†
kXk + (Xk+1 −AkXk)− (Xk+1 −AkXk)X

†
kXk

= Xk+1X
†
kXk + (Xk+1 −AkXk)− BkUkX

†
kXk. (7.9)

The inclusion ImXk+1 ⊆ Im Xk+1 then follows from Claim 1, since each of the three
terms in (7.9) above is contained in ImXk+1.

Claim 3. If (x, u) is admissible with respect to(A,B), thenxk+1 −Akxk ∈ ImBk for
all k ∈ [0, N ], i.e., there exist vectors{uk}N

k=0 such that(x, u) is admissible with respect
to (A,B).

This is a consequence of assumption (7.2), since

xk+1 −Akxk = (Ak −Ak) xk + Bkuk ∈ ImBk.

Claim 4. If (X, U) is a solution of (S), then

XT
k CT

kAkXk + 2 XT
k CT

kBkUk + UT
kDT

kBkUk = ∆(XT
k Uk) = ∆(XT

k Q
k
Xk). (7.10)

This follows by a direct calculation.

Claim 5. For allk ∈ [0, N ] we haveXT
k (Q

k
−Qk) Xk ≥ 0, i.e., condition (7.5) holds.

We will show that∆[XT
k (Q

k
− Qk) Xk] ≥ 0 for k ∈ [0, N ], which together with

initial condition (7.3) imply the statement. Letc ∈ Rn be arbitrary and putxk := Xkc
anduk := Ukc on [0, N + 1]. Then(x, u) is admissible with respect to(A,B) and

cT ∆[XT
k (Q

k
−Qk) Xk] c = cT ∆(XT

k Uk) c− cT ∆(XT
k QkXk) c

(7.10), (7.1)
=

(
xk

xk+1

)T

G
k

(
xk

xk+1

)
−∆(xT

k Qkxk). (7.11)

By Claim 3, there existsu = {uk}N
k=0 such that(x, u) is admissible with respect to

(A,B), while Claim 2 yields thatxk ∈ Im Xk for all k ∈ [0, N + 1]. Hence, we get

∆(xT
k Qkxk)

(7.7)
= ∆(xT

k Q̄kxk)
(7.6), (7.1)

=

(
xk

xk+1

)T

Gk

(
xk

xk+1

)
− w̄T

k Pkw̄k.

Using this identity in formula (7.11) and using assumption (7.4) we obtain

cT ∆[XT
k (Q

k
−Qk) Xk] c =

(
xk

xk+1

)T

(G
k
− Gk)

(
xk

xk+1

)
+ w̄T

k Pkw̄k ≥ 0,
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where we used the fact thatPk = Pk = XkX
†
k+1Bk ≥ 0, since(X, U) is assumed to

have no focal points in(0, N + 1].

Claim 6. The conjoined basis(X,U) has no focal points in(0, N + 1].
We shall prove this via Lemma 7.2. Let(x, u) be admissible with respect to(A,B)

with x0 = X0d for somed ∈ Rn, xN+1 = 0, andx 6≡ 0. Then, by Claim 3, there is
u = {uk}N

k=0 such that(x, u) is admissible with respect to(A,B) and, by assumption
(7.3),x0 = X0d for somed ∈ Rn. Hence, we have

F0(x, u) + dT XT
0 U0d

(7.1)
=

N∑

k=0

(
xk

xk+1

)T

G
k

(
xk

xk+1

)
+ dT XT

0 Q
0
X0d

(7.4), (7.3)
≥

N∑

k=0

(
xk

xk+1

)T

Gk

(
xk

xk+1

)
+ dT XT

0 Q0X0d

(7.1)
= F0(x, u) + dT XT

0 U0d > 0,

since(X, U) is assumed to have no focal points in(0, N + 1]. Thus, by Lemma 7.2,
(X,U) has no focal points in(0, N + 1]. This theorem is now proven. ¥
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[13] R. Hilscher and V. R̊užičková, Riccati inequality and other results for discrete
symplectic systems,J. Math. Anal. Appl., 322(2):1083–1098, 2006.

[14] R. Hilscher and V. Zeidan, Symplectic difference systems: variable stepsize dis-
cretization and discrete quadratic functionals,Linear Algebra Appl., 367:67–104,
2003.

[15] R. Hilscher, and V. Zeidan, A remark on discrete quadratic functionals with sepa-
rable endpoints,Rocky Mountain J. Math., 33(4):1337–1351, 2003.

[16] W. Kratz, Discrete oscillation,J. Difference Equ. Appl., 9(1):135–147, 2003.


