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Abstract

This article, is concerned with finding sufficient conditions for the oscillatory and
asymptotic behaviour of solutions of the higher order neutral delay differential
equation

(
y(t)−

k∑
j=1

pj(t)y(rj(t))
)(n)

+ v(t)G(y(g(t)))− u(t)H(y(h(t))) = f(t)

where, n ≥ 2, is any positive integer, pi, f ∈ C([0,∞),R), ri, g, h, v, u ∈
C([0,∞), [0,∞)), G and H ∈ C(R,R). The functional delays rj(t) ≤ t for
each j and g(t) ≤ t, h(t) ≤ t and all of them approach∞ as t→∞.The results
hold when u ≡ 0 and f(t) ≡ 0. This paper extends, generalizes and improves
some known results and answers an open problem.
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1. INTRODUCTION

This article, is concerned with finding sufficient conditions for the oscillatory and
asymptotic behaviour of solutions of the higher order neutral delay differential equation
(NDDE in short)

(
y(t)−

k∑
j=1

pj(t)y(rj(t))
)(n)

+ v(t)G(y(g(t)))− u(t)H(y(h(t))) = f(t), (1.1)

where, n ≥ 2 is any positive integer, pj, rj ∈ C(n)([0,∞),R) and pj are bounded for
each j = 1, 2, ..., k. Further, f ∈ C([0,∞),R), g, h, v, u ∈ C([0,∞), [0,∞)), G and
H ∈ C(R,R). The functional delays, each rj(t) ≤ t, g(t) ≤ t and h(t) ≤ t and all of
them approach∞ as t→∞. The results hold when u ≡ 0, f(t) ≡ 0, and G(u) ≡ u.

Some of the following assumptions would be needed later in this article.

xG(x) > 0 forx 6= 0. (1.2)

v(t) > 0,

∫ ∞
t0

v(t) dt =∞. (1.3)

There exists a real valued bounded functionF (t) such thatF (n)(t) = f(t). (1.4)

The functionF (t)in (1.4) satisfies lim
t→∞

F (t) = 0. (1.5)∫ ∞
t0

tn−1u(t) dt <∞. (1.6)

H is bounded andxH(x) > 0 forx 6= 0. (1.7)∫ ∞
t0

tn−1v(t) dt =∞. (1.8)

lim inf
t→∞

g(t)/t > 0. (1.9)

Foru > 0 there exists δ > 0 such thatG(u) ≥ δu and foru < 0 there exists δ > 0

such thatG(u) ≤ δu. (1.10)∫ ∞
t0

tn−2v(t) =∞ forn ≥ 2. (1.11)

Remark 1.1. Note that
∫∞
0
tn−1|f(t)| dt <∞, if and only if (1.4) and (1.5) hold.

We assume pj(t), j = 1, 2, ..., k, to be bounded and satisfy one of the following
conditions.

pj(t) ≥ 0, for every j = 1, 2, ...k and
k∑
j=1

lim sup
t→∞

pj(t) < p < 1. (1.12)
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pj(t) ≤ 0, for every j = 1, 2, ...k and
k∑
j=1

lim inf
t→∞

pj(t) > −p > −1. (1.13)

pj(t) < 0 for every j = 1, 2, ...k and there exists, i ∈ {1, 2, 3, ..., k} such that

lim sup
t→∞

pi(t)−
∑
j 6=i

lim inf
t→∞

pj(t) < −1. (1.14)

pj(t) > 0 for every j = 1, 2, ...k and there exists, i ∈ {1, 2, 3, ..., k} such that

lim inf
t→∞

pi(t)−
∑
j 6=i

lim sup
t→∞

pj(t) > 1. (1.15)

− b ≤ pj(t) ≤ 0, for j = 1, 2, ..., k (1.16)

0 ≤ pj(t) ≤ b forj = 1, 2, ..., k. (1.17)

Remark 1.2. If pi(t) = p(t) and pj(t) = 0, for j 6= i, then the conditions (1.12)—
(1.17) due to the boundedness of pj(t) reduces to the following conditions
(A1): 0 ≤ p(t) ≤ p < 1, (A2):−1 < −p ≤ p(t) ≤ 0, (A3): −p1 ≤ p(t) ≤ −p < −1

(A4): p1 ≥ p(t) ≥ p > 1 (A5): −b ≤ p(t) ≤ 0 (A6): 0 ≤ p(t) ≤ b

respectively where p, p1 and b are positive scalars. These conditions are assumed in
[9, 11, 12, 13] to study qualitative behaviour of solution of (1.18).

Motivation and objective

In recent years, a great deal of research work is done on oscillation theory of neutral
delay differential equations( see [3, 9, 11, 12, 14, 15, 17] and the references cited
therein). The authors [12] have found oscillation criteria for the NDDE(

y(t)− p(t)y(t− τ)
)(n)

+ q(t)G(y(t− σ)) = f(t), (1.18)

where p(t) satisfies one of the conditions (A1)–(A4) as mentioned in remark 1.2.
Recently, in [3] the authors obtained the oscillatory and asymptotic behaviour of the
solutions of the NDDE(

y(t)− p(t)y(t− τ)
)(n)

+ q(t)G(y(t− σ))− u(t)H(y(t− α) = f(t). (1.19)

In literature we find that (1.1) is very rarely studied. In this article by following the
suggestion of Gyori and Ladas in an open problem [1][Notes 1.8, page 31] we extend
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the lemma [1][lemma 1.5.2] suitably for its own sake and its application to the study
of the oscillatory and asymptotic behavior of solutions of neutral differential equation
(1.1) with multiple delays under the derivative sign. As, we could relax the condition
“G is non decreasing”in this paper, we have substantially improved and generalized the
results of [3] and [11] and further answered another open problem [1][problem 10.10.2,
page 287]. Note that [1][lemma 1.5.2] was used in the papers [3, 11].

“Let t1 be a fixed positive real number and

t0 = min
{

inf
t≥t1

(r1(t), r2(t), ..., rk(t)), inf
t≥t1

g(t), inf
t≥t1

h(t)
}
.

A function y ∈ C([t0,∞),R) such that y(t) −
∑k

i=1 pi(t)y(ri(t)) is n times
continuously differentiable on [t0,∞) and which satisfies the neutral equation (1.1) for
all t ≥ t1, is defined as a solution of (1.1). This solution of (1.1) is called unique, if there
exists an initial function φ ∈ C([t0, t1],R) such that y(t) = φ(t) for all t ∈ [t0, t1]. A
solution is called positive or eventually positive if one finds a real t1 such that y(t) > 0

for t ∈ (t1,∞). Similarly a solution is called negative or eventually negative if y(t) < 0

in (t1,∞) for some t1. A solution which is neither positive nor negative is called
oscillatory. Note that, a solution of (1.1) is also said to be oscillatory if it has arbitrary
large zeros, otherwise called non oscillatory.”

2. SOME LEMMAS

Some lemmas that would be used in the sequel, are going to be presented in this section.

Lemma 2.1. [16] “Let u(t) and v(t) be two real valued continuous functions defined
for t ≥ t0 ≥ 0. Then

lim inf
t→∞

u(t) + lim inf
t→∞

v(t)

≤ lim inf
t→∞

(
u(t) + v(t)

)
≤ lim sup

t→∞
u(t) + lim inf

t→∞
v(t)

(
or lim inf

t→∞
u(t) + lim sup

t→∞
v(t)

)
≤ lim sup

t→∞

(
u(t) + v(t)

)
≤ lim sup

t→∞
u(t) + lim sup

t→∞
v(t) (2.1)

provided that no sum is of the form∞−∞. ”

Lemma 2.2. [16] “Let u(t) and v(t) be two non negative real valued continuous
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functions defined for t ≥ t0. Then

lim inf
t→∞

u(t)× lim inf
t→∞

v(t)

≤ lim inf
t→∞

(
u(t)× v(t)

)
≤ lim sup

t→∞
u(t)× lim inf

t→∞
v(t)

(
or lim inf

t→∞
u(t)× lim sup

t→∞
v(t)

)
≤ lim sup

t→∞

(
u(t)× v(t)

)
≤ lim sup

t→∞
u(t)× lim sup

t→∞
v(t) (2.2)

provided that no product is of the form 0×∞. ”

Lemma 2.3. [4, p.193] “Let y ∈ Cn([0,∞),R) be of constant sign and 6≡ 0 in any
interval [T,∞), T ≥ 0,and y(n)(t)y(t) ≤ 0.Then there exists a number t0 ≥ 0 such that
the functions y(j)(t), j = 1, 2, ..., n− 1, are of constant sign on [t0,∞) and there exists
a number m ∈ {1, 3, .., n− 1} when n is even or m ∈ {0, 2, 4, ..., n− 1} when n is odd
such that

y(t)y(j)(t) > 0, for j = 0, 1, 2, ....,m, t ≥ t0,

(−1)n+j−1y(t)y(j)(t) > 0 for j = m+ 1,m+ 2, ..., n− 1, t ≥ t0.

”

Lemma 2.4. [5, p.193] If f and g be two positive functions in [a, t] and limt→∞
f(t)
g(t)

=

l ∈ R,where l is non-zero, then
∫∞
a
f(t) dt and

∫∞
a
g(t) dt converge or diverge together.

Also, if f/g → 0 and
∫∞
a
g(t) dt converges, then

∫∞
a
f(t) dt converges and if f/g →∞

and
∫∞
a
g(t) dt diverges, then

∫∞
a
f(t) dt diverges.

The following lemma generalizes [1][Lemma 1.5.2].

Lemma 2.5. [17] “Suppose that τ(t) is a continuous and strictly increasing unbounded
function such that τ(t) ≤ t. Let u, v, p : [t0,∞)→ R be such that

u(t) = v(t)− p(t)v(τ(t)), t ≥ τ−1(t0). (2.3)

Suppose that p(t) is in one of the ranges

0 ≤ p(t) ≤ p1, (2.4)

−1 < −p ≤ p(t) ≤ 0, (2.5)

or

−p2 ≤ p(t) ≤ −p1 < −1, (2.6)

where p, p1, p2 are positive real numbers. If v(t) > 0 for t ≥ t0 > 0 and
lim inft→∞ v(t) = 0 and limt→∞ u(t) = L ∈ R exists, then L = 0. ”
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3. MAIN RESULTS-I

By following the suggestion in [1][note 1.8, page 31], we now extend the above lemma
from single functional delay to several functional delays for its application to study the
qualitative behaviour of solutions of (1.1).

Lemma 3.1 (Extended Gyori Ladas Lemma-I). Suppose that, for each i =

1, 2, ..., k, pi, ri ∈ C([t0,∞),R), pi are bounded, ri(t) ≤ t and limt→∞ ri(t) = ∞.
Further, suppose that y ∈ C([t0,∞),R). Assume y(t) > 0 for t ≥ t0. Let

z(t) = y(t)−
k∑
j=1

pj(t)y(rj(t)), t ≥ t1 > t0. (3.1)

If lim inft→∞ y(t) = 0 and limt→∞ z(t) = δ ∈ R exists then the following statements
are true.

(a) If pj(t) ≥ 0 for each j then δ ≤ 0 and pj(t) ≤ 0 for each j then δ ≥ 0.

(b) Further, suppose that y(t) is bounded and pj(t), j = 1, 2, ..., k, satisfy one of the
four conditions (1.12),(1.13),(1.14) or(1.15). Then δ = 0 and limt→∞ y(t) = 0.

Proof. (a) Since limt→∞ z(t) = δ exists finitely then lim inft→∞ z(t) =

lim supt→∞ z(t) = δ. If pj(t) ≥ 0 then z(t) ≤ y(t) and lim inft→∞ z(t) ≤
lim inft→∞ y(t). This implies δ ≤ 0. Again if pj(t) ≤ 0 then z(t) ≥ y(t) and this
implies δ ≥ 0. Hence the result follows.

(b) Consider case (i) i.e; suppose pj(t) satisfy (1.12). As pi(t) ≥ 0, by part (a) above
δ ≤ 0. Then applying lemma2.1 and 2.2 we have
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0 ≥ δ = lim sup
t→∞

z(t) = lim sup
t→∞

(
y(t)−

k∑
j=1

pj(t)y(rj(t))
)

≥ lim sup
t→∞

y(t) + lim inf
t→∞

(
−

k∑
j=1

pj(t)y(rj(t))
)

≥ lim sup
t→∞

y(t)− lim sup
t→∞

( k∑
j=1

pj(t)y(rj(t))
)

≥ lim sup
t→∞

y(t)−
k∑
j=1

lim sup
t→∞

(
pj(t)y(rj(t))

)
≥ lim sup

t→∞
y(t)−

k∑
j=1

lim sup
t→∞

pj(t) lim sup
t→∞

y(rj(t))

≥ lim sup
t→∞

y(t)
(

1−
k∑
j=1

lim sup
t→∞

pj(t)
)
.

≥ lim sup
t→∞

y(t)(1− p) ≥ 0.

Hence δ = 0 and lim supt→∞ y(t) = 0 by (1.12). Then limt→∞ y(t) = 0.

Next consider case ii i.e; pj(t) satisfy(1.13). Clearly, z(t) ≥ 0 due to (1.13) and this
implies δ ≥ 0. Application of lemmas 2.1 and 2.2 to (3.1) yields :

δ = lim inf
t→∞

z(t) = lim inf
t→∞

(
y(t)−

k∑
j=1

pj(t)y(rj(t))
)

≤ lim inf
t→∞

y(t) + lim sup
t→∞

( k∑
j=1

−pj(t)y(rj(t))
)

≤
k∑
j=1

lim sup
t→∞

(−pj(t)) lim sup
t→∞

(y(rj(t)))

=
k∑
j=1

− lim inf
t→∞

(pj(t) lim sup
t→∞

(y(rj(t)))

≤ p lim sup
t→∞

(y(t)) ≤ pα.

Hence we get ,

α ≥ δ

p
> δ. (3.2)
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Again

δ = lim sup
t→∞

z(t) = lim sup
t→∞

(
y(t)−

k∑
j=1

pj(t)y(rj(t))
)

≥ lim sup
t→∞

y(t) + lim inf
t→∞

( k∑
j=1

−pj(t)y(rj(t))
)

≥ lim sup
t→∞

y(t) +
k∑
j=1

lim inf
t→∞

(
(−pj(t))y(rj(t))

)
≥ lim sup

t→∞
y(t) +

k∑
j=1

lim inf
t→∞

(−pj(t)) lim inf
t→∞

y(rj(t))

= lim sup
t→∞

y(t) = α.

From this and (3.2) it follows that

α > δ ≥ α,

a contradiction. This implies δ = 0 = α. Then limt→∞ y(t) = 0.

Next consider case iii:i.e; pj(t) satisfy(1.14). Then proceeding with the application of
lemmas 2.1 and 2.2 to (3.1) we obtain

δ = lim inf
t→∞

z(t) = lim inf
t→∞

(
y(t)−

k∑
j=1

pj(t)y(rj(t))
)

≤ lim sup
t→∞

(
y(t) +

∑
j 6=i

−pj(t)y(rj(t))
)

+ lim inf
t→∞

(
− pi(t)y(ri(t))

)
≤ lim sup

t→∞
y(t) + lim sup

t→∞

∑
j 6=i

−pj(t)y(rj(t)) + lim sup
t→∞

(−pi(t)) lim inf
t→∞

(y(ri(t)))

≤ lim sup
t→∞

y(t) +
∑
j 6=i

lim sup
t→∞

((−pj(t))y(rj(t)))

≤ lim sup
t→∞

y(t) +
∑
j 6=i

lim sup
t→∞

(−pj(t)) lim sup
t→∞

(y(rj(t)))

≤ lim sup
t→∞

(y(t))[1−
∑
j 6=i

lim inf
t→∞

pj(t)]. (3.3)
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Again we have

δ = lim sup
t→∞

z(t) = lim sup
t→∞

(
y(t)−

k∑
j=1

pj(t)y(rj(t))
)

≥ lim inf
t→∞

y(t) + lim sup
t→∞

( k∑
j=1

−pj(t)y(rj(t))
)

≥ lim sup
t→∞

(−pi(t)y(ri(t)) + lim inf
t→∞

∑
j 6=i

(
− pj(t)y(rj(t))

)
≥ lim sup

t→∞
y(ri(t)) lim inf

t→∞
(−pi(t)) +

∑
j 6=i

lim inf
t→∞

(
(−pj(t))y(rj(t))

)
≥ lim sup

t→∞
y(t)(− lim sup

t→∞
pi(t)) +

∑
j 6=i

lim inf
t→∞

(−pj(t)) lim inf
t→∞

y(rj(t))

≥ lim sup
t→∞

y(t)(− lim sup
t→∞

pi(t)). (3.4)

From (3.3) and (3.4), it follows that

lim sup
t→∞

y(t)
(∑

j 6=i

lim inf
t→∞

pj(t)− 1− lim sup
t→∞

pi(t)
)
≤ 0.

Using (1.14), we obtain α = lim supt→∞ y(t) = 0. Then limt→∞ y(t) = 0 and further,
using (3.3) and (3.4) we obtain δ = limt→∞ z(t) = 0.

Next consider case iv:i.e; pj(t) satisfy(1.15). Then proceeding with the application of
lemmas 2.1 and 2.2 to (3.1) we obtain

δ = lim inf
t→∞

z(t) = lim inf
t→∞

(
y(t)−

k∑
j=1

pj(t)y(rj(t))
)

≤ lim sup
t→∞

y(t) + lim inf
t→∞

k∑
j=1

−pj(t)y(rj(t))

≤ lim sup
t→∞

y(t)− lim sup
t→∞

k∑
j=1

pj(t)y(rj(t))

≤ α− lim inf
t→∞

∑
j 6=i

pj(t)y(rj(t))− lim sup
t→∞

(pi(t))(y(ri(t)))

≤ α−
∑
j 6=i

lim inf
t→∞

(−pj(t))(y(rj(t)))− lim inf
t→∞

(pi(t)) lim sup
t→∞

(y(ri(t)))

≤ α−
∑
j 6=i

lim inf
t→∞

pj(t) lim inf
t→∞

y(rj(t))− lim inf
t→∞

(pi(t)) lim sup
t→∞

y(t).

≤ α(1− lim inf
t→∞

pi(t)) (3.5)
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Again we have

δ = lim sup
t→∞

z(t) = lim sup
t→∞

(
y(t)−

k∑
j=1

pj(t)y(rj(t))
)

≥ lim inf
t→∞

y(t) + lim sup
t→∞

( k∑
j=1

−pj(t)y(rj(t))
)

≥ − lim inf
t→∞

( k∑
j=1

pj(t)y(rj(t))
)

≥ − lim inf
t→∞

(pi(t)y(ri(t)))− lim sup
t→∞

∑
j 6=i

(
pj(t)y(rj(t))

)
≥ − lim inf

t→∞
y(ri(t)) lim sup

t→∞
pi(t)−

∑
j 6=i

lim sup
t→∞

(
(−pj(t))y(rj(t))

)
≥ −

∑
j 6=i

lim sup
t→∞

pj(t) lim sup
t→∞

y(rj(t))

≥ − lim sup
t→∞

y(t)
(∑
j 6=i

lim sup
t→∞

pj(t)
)

= −α
(∑
j 6=i

lim sup
t→∞

pj(t)
)
. (3.6)

From (3.5) and (3.6), it follows that

−α(
∑
j 6=i

lim sup
t→∞

pj(t)) ≤ δ ≤ α(1− lim inf
t→∞

pi(t)).

This implies
α(1− lim inf

t→∞
pi(t) +

∑
j 6=i

lim sup
t→∞

pj(t)) ≥ 0.

By (1.15), we obtain α ≤ 0. Since y(t) > 0 then α = 0. This implies limt→∞ y(t) = 0.
By (3.6), it follows that δ ≥ 0. Using (a), we obtain δ = 0. Thus the lemma is
proved.

Lemma 3.2 (Extended Gyori Lada Lemma-II). Assume y(t) < 0 for t ≥ t0 and
lim supt→∞ y(t) = 0. Suppose that z(t) is defined as in (3.1). Further, assume and
limt→∞ z(t) = δ exists finitely. Then

(a) If pj(t) ≥ 0 for each j then δ ≥ 0 and pj(t) ≤ 0 for each j then δ ≤ 0.

(b) Further, suppose that y(t) is bounded and pj(t), j = 1, 2, ..., k, satisfy one of the
conditions (1.12), (1.13), (1.14) or (1.15). Then δ = 0 and limt→∞ y(t) = 0.
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Proof. Proceeding as in the proof of above lemma with the substitution x(t) = −y(t) >

0, one may complete the proof of the lemma.

Remark 3.3. Observe that u(t) and v(t) are not assumed to be bounded in Lemmas
2.1 or 2.2. However, we assume that y(t) and y(rj(t)) are bounded in lemma 3.1. This
is done, only to avoid the statement, “provided that no sum is of the form ∞ − ∞”
in Lemma 2.1 and, “provided that no product is of the form 0 × ∞” in Lemma 2.2.
However, if pj(t) satisfies (1.13) or (1.14), then the terms in z(t) are positive when
y(t) > 0. Hence in the limiting case the sum cannot yield ∞ −∞ form. Further, if
lim inft→∞ pj(t) > 0 for each j in the case when pj(t) satisfies (1.13) then the product
−pj(t)y(rj(t)) in the limiting case cannot be of the form 0×∞. Thus, if pj(t) satisfies
(1.13) or (1.14), we can relax the condition of boundedness on y(t) in the lemma 3.1.
We state this as a lemma.

Lemma 3.4 (Extended Gyori Lada Lemma-III). Assume y(t) > 0 for t ≥ t0 with
lim inft→∞ y(t) = 0, and let z(t) be defined as in (3.1). Assume limt→∞ z(t) = δ exists
is finite. Let pj(t) satisfy (1.13) or (1.14). Assume lim inft→∞ |pj(t)| > 0 for the case
pj(t) satisfying (1.13). Then δ = 0 and limt→∞ y(t) = 0.

Before the last lemma in this section is stated, it is assumed that y(t) is a non-oscillatory
solution of (1.1) for t ≥ t1. Define for t ≥ t1 ,

z(t) = y(t)−
k∑
i=1

pi(t)y(ri(t)) .

Further, assuming that (1.7) and (1.6) hold, we define for t ≥ t1

c(t) =
(−1)n−1

(n− 1)!

∫ ∞
t

(s− t)n−1u(s)H(y(h(s))) ds (3.7)

By assumptions (1.7) and (1.6), the above integral converges, thus c(t) is a well defined
real-valued function, and

lim
t→∞

c(t) = 0. (3.8)

Note that the nth derivative of c is c(n)(t) = −u(t)H(y(h(t))). For simplicity of
notation, define

w(t) = z(t) + c(t)− F (t), (3.9)

where F (n)(t) = f(t).

Lemma 3.5. Suppose that pj(t) satisfies the condition (1.15). Assume ri(t) =

t − α where i is as in (1.15) and α is a positive scalar. Let (1.2), (1.4)– (1.10)
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hold. Suppose that y(t) is a non-oscillatory solutionof (1.1) with z(t), c(t), and
w(t) as defined in (3.1), (3.7) and (3.9) respectively. If y(t) > 0 in some
interval [t1∞) then either limt→∞w(t) = −∞ or limt→∞w(t) = λ (finite) and
limt→∞w

(j)(t) = 0, j = 1, 2, ..., n − 1 and (−1)n+jw(j)(t) < 0, j = 1, 2, ..., n − 1.

If y(t) < 0 in some interval [t1∞) then either limt→∞w(t) = ∞. or limt→∞w(t) =

λ (finite), and limt→∞w
(j)(t) = 0, j = 1, 2, ..., n − 1 and (−1)n+jw(j)(t) > 0, j =

1, 2, ..., n− 1.

Proof. Let y(t) be an positive solution of (1.1) for t ≥ t1 > t0. Then for t ≥ t1, using
(3.1), (3.7) and (3.9) in (1.1), we obtain

w(n)(t) = −v(t)G(y(g(t))) ≤ 0. (3.10)

Hence it follows from (3.10) that w,w′, . . . , w(n−1) are monotonic and of constant sign
on some interval [t1,∞). From (3.8) it follows, c(t)→ 0 as t→∞. Consequently,

lim
t→∞

w(t) = lim
t→∞

z(t) = λ, (3.11)

where λ is a finite real number or λ = −∞ or λ = +∞. The proof follows on similar
lines as in [11][Lemma 2.4] with the following difference. The condition “G is non
decreasing ”is used in [11] to prove

lim inf G(y(g(t)))/tn
∗

= 0 (3.12)

implies
lim inf
t→∞

y(t))/tn
∗

= 0. (3.13)

In fact, if (3.12) holds then using (1.2) and (1.10), one may get lim inf y(g(t))/tn
∗

= 0.

Then from (1.9) and the fact that limt→∞ g(t) =∞, it follows that (3.13) holds.Thus the
decreasing condition onG is relaxed. Since Lemma 2.5 which is applied to [11][Lemma
2.4] holds for both bounded and unbounded v(t) but lemma 3.1, that would be applied
to prove this lemma, does not hold for unbounded y(t), therefore, λ = 0 could not be
achieved, and, that is why, the conclusion of this lemma is slightly different from that
of [11].

Remark 3.6. The above Lemma holds if we assume (1.17) in stead of (1.15) subject
to the condition that there exists i ∈ {1, 2, ..., k} such that pi(t) ≥ 1. Further, if y is
assumed to be a bounded solution in the above then the conclusion would follow, but
the conditions (1.7) ad (1.10) are not required.

Remark 3.7. Lemma 3.5 generalizes and improves [11][Lemma 2.4] to higher order
NDDE with several delay under derivative sign, and with, positive and negative,
coefficients. Note that the condition thatG is non decreasing is assumed in [11][Lemma
2.4] unlike in lemma 3.5 of this article.
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4. MAIN RESULTS-II

In this section, we present the results to find sufficient conditions so that every non
oscillatory solution of (1.1) tends to zero as t→∞.

Theorem 4.1. Let n ≥ 2 be any positive integer. Suppose that, one of the conditions
(1.12) or (1.13)hold. Assume for each j, lim inft→∞ |pj(t)| > 0, in case (1.13) holds. If
(1.2), (1.4), (1.6),(1.7), (1.9) (1.10)and (1.11) hold, then every non oscillatory solution
of (1.1) tends to zero as t→∞.

Proof. Let y(t) be a non-oscillatory solution of (1.1), which is eventually positive for
t ≥ T1. With the assumptions (1.6) and (1.7) in hand , we set z(t), c(t), and w(t) as in
(3.1), (3.7), and (3.9) respectively for t ≥ t0 > T1, to obtain (3.8) and (3.10), which
implies w(t), w′(t), ..., w(n−1)(t) are monotonic and of one sign for t ≥ t1 ≥ t0. If
possible, let y(t) be unbounded. Then there exists a sequence {y(ak)} such that

lim
k→∞

ak =∞, lim
k→∞

y(ak) =∞ and y(ak) = max{y(t) : t1 ≤ t ≤ ak}

From (1.4), we find a positive real γ and a positive integer n1 such that F (ak) < γ

for k > n1. By virtue of (3.8), for arbitrary positive ε, it follows that w(ak) ≥
y(ak)(1 − p) − ε − γ for the case when (1.12) holds or w(ak) ≥ y(ak) − ε − γ for
the case when (1.13)holds. In either case, we find limk→∞w(ak) = ∞, which, due to
the monotonic nature of w(t), implies limt→∞w(t) = λ = ∞. This further implies
w(t) > 0, w′(t) > 0 for t ≥ t2 ≥ t1. Since w(n)(t) 6≡ 0 and is negative, then
because of Lemma 2.4, there exists a positive integer m such that n − m is odd and
for t ≥ t3 ≥ t2, we have w(j)(t) > 0 for j = 0, 1, ...,m and w(j)(t)w(j+1)(t) < 0

for j = m,m + 1, ..., n − 2. Clearly, limt→∞w
(m)(t) = l (finite) exists and m ≥ 1.

Integrating (3.10) n−m times, we obtain

w(m)(t) = l +
(−1)n−m−1

(n−m− 1)!

∫ ∞
t

(s− t)(n−m−1)v(s)G(y(g(s))) ds. (4.1)

From which we get

∫ ∞
t

(s− t)(n−m−1)v(s)G(y(g(s))) ds <∞, for t ≥ t2, (4.2)

and then application of Lemma 2.4 yields∫ ∞
t

s(n−m−1)v(s)G(y(g(s))) ds <∞. (4.3)
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Because of (1.11), the inequality (4.3) implies lim inft→∞
y(t)
tm−1 = 0 and as m ≥ 1, we

find B > 0, such that w(t) > Btm−1 for t ≥ t3 ≥ t2. Hence we obtain

lim inf
t→∞

y(t)

w(t)
= 0. (4.4)

Setting,

aj(t) = pj(t)
w(rj(t))

w(t)
for j = 1, 2, ..., k and t ≥ t4 > t3,

one finds limt→∞
(F (t)−c(t))

w(t)
= 0, by (1.5), (3.8) and w(t) is increasing. Hence

lim
t→∞

[ y(t)

w(t)
−

k∑
j=1

aj(t)y(rj(t))

w(rj(t))

]
= lim

t→∞

[ y(t)

w(t)
−

k∑
j=1

aj(t)y(rj(t))

w(rj(t))
− (F (t)− c(t))

w(t)

]
= lim

t→∞

[y(t)−
∑k

j=1 pj(t)y(rj(t))− (F (t)− c(t))
w(t)

]
= lim

t→∞

[w(t)

w(t)

]
= 1. (4.5)

Since w(rj(t))

w(t)
< 1 for each j, therefore, if pj(t) is defined as in (1.12) then 0 ≤

aj(t) < pj(t) ≤ pj < 1. On the other hand, if pj(t) is defined as in (1.13) then
0 ≥ aj(t) ≥ pj(t) ≥ −bj > −1. As a result, it is evident that, for j = 1, 2, ..., k, if pj(t)
satisfiy (1.12) or (1.13) then aj(t) also satisfiy the corresponding conditions of (1.12)
or (1.13). If (1.12) holds then by using (4.4) and Lemma 3.1(a) we obtain

lim
t→∞

[ y(t)

w(t)
−

k∑
j=1

aj(t)y(rj(t))

w(rj(t))

]
≤ 0,

which contradicts (4.5). However, if (1.13) holds, then by virtue of lemma 3.4, we
obtain

lim
t→∞

[ y(t)

w(t)
−

k∑
j=1

aj(t)y(rj(t))

w(rj(t))

]
= 0,

a contradiction to (4.5). Hence {y(t)} is bounded, this implies w(t) is bounded. From
(1.4), (1.5) and monotonic nature of w(t), it follows that limt→∞w(t) = limt→∞ z(t) =

λ (finite). Next we prove that lim inft→∞ y(t) = 0. Integrating (3.10) n times, we obtain

w(t) = λ+
(−1)n−1

(n− 1)!

∫ ∞
t

(s− t)(n−1)v(s)G(y(g(s))) ds (4.6)

for t ≥ t1, where t1 is some large positive integer. This implies

1

(n− 1)!

∫ ∞
t

(s− t)(n−1)v(s)G(y(g(s))) ds <∞, t ≥ t1. (4.7)
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The above inequality, together with Lemma 2.4 yields∫ ∞
t

sn−1v(s)G(y(g(s))) ds <∞, t ≥ t1. (4.8)

From the inequality (4.8), it follows due to (1.8) that lim inft→∞G(y(g(t))) = 0.
Since limt→∞ g(t) = ∞, it can be easily shown that lim inft→∞G(y(t)) = 0. Thus,
lim inft→∞ y(t) = 0 due to (1.2), continuity of G and boundedness of y(t). Using
Lemma 3.1, we conclude that limt→∞ z(t) = 0 and limt→∞ y(t) = 0. Thus, the
conclusion of the theorem holds, for y(t) > 0. If y(t) is an eventually negative solution
of (1.1), for large t, then setting x(t) = −y(t), one has to obtain x(t) as a positive
solution of

(
x(t)−

k∑
j=1

pj(t)x(rj(t))
)

+ v(t)G̃(x(g(t)))− u(t)H̃(x(h(t))) = f̃(t) (4.9)

where

f̃(t) = −f(t), G̃(v) = −G(−v) H̃(v) = −H(−v). (4.10)

Further,

F̃ (t) = −F (t) implies F̃ n(t) = f̃(t), (4.11)

and

(i)xG̃(x) > 0, xH̃(x) > 0 forx 6= 0.(ii) H̃ is bounded.(iii) G̃(v) ≥ δv, v > 0

(4.12)
hold. In view of the above facts, one may complete the proof by proceeding as in y > 0

case.

Remark 4.2. Theorem 4.1 extends and generalizes [11][Theorem 3.6].

The following corollary follows from the theorem4.1.

Corollary 4.3. Every unbounded solution of (1.1) oscillates under the assumptions of
Theorem 4.1.

Theorem 4.4. Let n ≥ 2. Suppose that, pj(t) satisfies one of the conditions
(1.12)–(1.15).Further suppose, that xH(x) > 0. If (1.2), (1.4)–(1.6) and (1.8) hold,
then every bounded solution of (1.1) which is non oscillatory tends to zero as t→∞.

Proof. The proof is similar to [3][Theorem 2.10].
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Remark 4.5. The above theorem 4.4 holds when G is linear, super linear, or sublinear
and it improves, generalizes [11][theorem 3.5], which is concerned with NDDE(1.18).
The improvement is due to the fact that the condition "G is non decreasing" is relaxed
in the theorem 4.4.

Remark 4.6. The assumption (1.10) implies G is linear or super linear. To deal with
the unbounded solutions, we used (1.10) in Theorem 4.1, though we do not require this,
or even (1.7) while dealing with bounded solutions in Theorem4.4.

Theorem 4.7. Suppose that n ≥ 2, and that the condition (1.16) holds. Assume
that g(rj(t)) = rj(g(t)), lim inft→∞

(
ri(t)/t

)
> 0 and lim inft→∞ r

′
i(t) > 0, for

j = 1, 2, . . . , k. Let (1.2), (1.4)–(1.7), (1.9) and (1.10) hold. Further assume the
following conditions. ∫ ∞

t0

tn−2v∗(t) dt =∞ (4.13)

where v∗(t) = min{v(t), v(r1(t)), v(r2(t)), . . . , v(rk(t))}.
For xi > 0, i = 1, 2, . . . , k + 1 andu > 0,

G(
k+1∑
i=1

xi) ≤ δ
k+1∑
i=1

G(xi) and G(uxi) ≤ G(u)G(xi). (4.14)

Forxi < 0, i = 1, 2, . . . , k + 1, andu > 0,

G(
k+1∑
i=1

xi) ≤ δ
k+1∑
i=1

G(xi) and G(uxi) ≤ G(u)G(xi). (4.15)

Then every eventually positive or eventually negative solution of (1.1) tends to zero as
t→∞.

Proof. Let y(t) be a solution of (1.1) for t ≥ t0 ≥ T1, which is eventually positive
. All we need to show is limt→∞ y(t) = 0. Considering z(t), c(t), and w(t) as in
(3.1), (3.7) and (3.9) respectively, we obtain (3.10) for t > t1 ≥ t0, which implies that
w(t), w′(t), w(2)(t), ..., w(n−1)(t) are monotonic and of one sign for t ≥ t1. Clearly,
(3.8) holds due to (1.6) and (1.7). Using (1.4), (1.5) and (3.8), we find that (3.11) holds
i.e; limt→∞w(t) = limt→∞ z(t) = λ, and λ takes a value in the extended real number
set. If λ = 0, then limt→∞ y(t) = 0 because y(t) ≤ z(t). If λ < 0, then z(t) < 0,
for large t. However, z(t) ≥ 0 by (1.16), a contradiction. If λ > 0, then w(t) > 0 for
t ≥ t2. This, together with (3.10) and lemma 2.3, ensure that, there exists an integer
m such that n − m is odd, 0 ≤ m ≤ n − 1 and w(j)(t) > 0 for j = 0, 1, ...,m

and (−1)n+j−1w(j)(t) > 0 for j = m + 1,m + 2, ..., n − 1. Then it follows that
limt→∞w

(m)(t) = l exists and limt→∞w
(i)(t) = 0 for i = m + 1,m + 2, ..., n − 1. If
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0 < λ <∞ then m = 0, but λ =∞ implies m > 0 such that n−m is odd. Integrating
(3.10), n−m times from t to∞ one gets (4.1). This implies (4.2).

Using Lemma 2.4, we obtain for T2 ≥ t3,∫ ∞
T2

sn−m−1v(s)G(y(g(s))) ds <∞. (4.16)

Note that,since each ri(t) is monotonic increasing,it’s inverse function, r−1i (t) exists for
i = 1, 2, ..., k, such that r−1i (ri(t)) = t. Since v(t) > v∗(r−1i (t)),it follows that∫ ∞

T2

sn−m−1v∗(r−1i (s))G(y(g(s))) ds <∞.

As G is continuous, and 0 ≤ −pj(t) ≤ bj , G(−pj(t)) has an upperbound γ > 0 Then
substituting s by ri(t) in the above in equation, and then multiplying by the scalar γ we
obtain

γ

∫ ∞
T3

(ri(t))
n−m−1v∗(t)G(y(g(ri(t))))r

′
i(t) dt <∞,

where T3 ≥ r−1i (T2). Since lim inft→∞ r
′
i(t) > 0 then,for t ≥ T3 ≥ T2, r

′
i(t) > β > 0.

Further, lim inft→∞(ri(t)/t) > 0 implies that we find α > 0 such that ri(t) > αt for
large t. Then using all this and the fact that G(−pj(g(t))) ≤ γ, we obtain

βαn−m−1
∫ ∞
T3

tn−m−1v∗(t)G(−pj(g(t)))G(y(g(rj(t)))) dt <∞.

This with the use of (4.14) yields∫ ∞
T4

tn−m−1v∗(t)G(−pj(g(t))(y(g(rj(t))))) dt <∞.

Since g(rj(t)) = rj(g(t)), then the above inequality yields∫ ∞
T4

tn−m−1v∗(t)G(−pj(g(t))(y(rj(g(t))))) dt <∞. (4.17)

The above inequation holds for j = 1, 2, ..., k. Hence addition of the above inequation
for j = 1, 2, ..., k yields∫ ∞

T4

tn−m−1v∗(t)
k∑
j=1

G(−pj(g(t))(y(rj(g(t))))) dt <∞. (4.18)

From (4.16) and the fact that v(t) ≥ v∗(t), we obtain∫ ∞
T4

tn−m−1v∗(t)G(y(g(t))) dt <∞. (4.19)
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Adding (4.18) and (4.19), and applying (4.14) we obtain∫ ∞
T4

tn−m−1v∗(t)G(z(g(t))) dt <∞. (4.20)

If m = 0 then, from (4.13) and (4.20) it follows that lim inft→∞ tG(z(g(t))) = 0,

which, with the application of (1.2), (1.10) and the assumption limt→∞ g(t) = ∞
yields : limt→∞ z(t) = 0, a contradiction. If m > 0 then there exists M0 > 0 such
that w(t) > M0t

m−1 and by (1.5) and (3.8), we can find 0 < M1 < M0 such that

z(t) > M1t
m−1 for t ≥ T5 ≥ T4. (4.21)

Due to (1.9), we can find b > 0 such that g(t)/t > b > 0 for large t. Then using
(4.21)and (1.10) one gets∫ ∞

T5

tn−m−1v∗(t)G(z(g(t))) dt ≥ δ

∫ ∞
T5

tn−m−1v∗(t)(z(g(t))) dt

≥ δM1b
m−1

∫ ∞
T5

v∗(t)tn−2 dt =∞,

by (4.13), a contradiction due to (4.20). Hence the proof for the case y(t) > 0 is
complete. If y(t) < 0, eventually for large t, then one may move with the substitution
x(t) = −y(t) as in the proof of the theorem 4.1 and note that, x(t) is a positive solution
of (1.1) with (4.10), (4.11) and (4.12). Then proceeding as above, in the proof for
the case y(t) > 0, and using (4.15) we prove that limt→∞ x(t) = 0, which implies
limt→∞ y(t) = 0, and this, completes the proof of the theorem.

Remark 4.8. (i)The condition (1.16) is less restrictive than (1.14).
(ii)The above theorem 4.7 improves and generalizes [11][Theorem 3.7].

Remark 4.9. The functionG satisfying (1.2) (1.10), (4.14) and (4.15) could beG(u) =

(β+ |u|µ)|u|λsgn(u), where λ > 0, µ > 0, λ+µ ≥ 1, β ≥ 1. To check the authenticity,
one may use the inequality(see[2, p.292])

up + vp ≥

(u+ v)p, 0 ≤ p < 1,

21−p(u+ v)p, p ≥ 1.

Remark 4.10. For n ≥ 2,the condition∫ ∞
t1

v∗(t) =∞, (4.22)

implies (1.3). Further the condition (4.22) implies (4.13) which further implies (1.11).
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Theorem 4.11. Suppose that n ≥ 2, and that (1.16) holds. Assume that all assumptions
in theorem 4.7, except (4.13), hold. Suppose that v(t) is monotonic and (1.11) hold hold.
Then every solution of (1.1) tends to zero as t→∞, if it does not oscillate.

Proof. All that, we need to show is (4.13) and (1.11) are equivalent, if v(t) is
monotonic. By remark 4.10, (4.13) implies (1.11). Therefore, it is enough to show
that (1.11) implies (4.13),if v(t) is monotonic. Clearly, if v(t) is decreasing then
v∗(t) = v(t). Therefore, the equivalence of (1.11) and (4.13) is crystal clear.
Next, if v(t) is increasing then suppose that (1.11) holds for t ≥ t1, which implies
v∗(t) = v(r(t)) where r(t) = mini{ri(t)}, t ≥ t1, from which one easily gets,
r(t) ≤ t and r(t) → ∞ as t → ∞. Note that, if lim inft→∞ r

′
i(t) > 0 for

i = 1, 2, ..., k then lim inft→∞ r
′(t) > 0. Let β = lim inft→∞ v(t). Hence for T1 ≥ t1,∫∞

T1
tn−2v∗(t) dt =

∫∞
T1
tn−2v(r(t)) dt ≥ β

∫∞
T1
tn−2 dt = ∞ by (1.11). Thus, (4.13)

holds and is equivalent to (1.11), if v(t) is monotonic. The proof is complete.

Theorem 4.12. Suppose that n is odd and pj(t) satisfies the condition (1.15). Let (1.2)
and (1.6)–(1.10) hold. Consider the homogeneous NDDE

(
y(t)−

k∑
j=1

pj(t)y(rj(t))
)(n)

+ v(t)G(y(g(t)))− u(t)H(y(h(t))) = 0. (4.23)

Then the following statements hold.

(i) If y(t) is a solution of (4.23) and is bounded then it oscillates.

(ii)] If y(t) is a non oscillatory solution of (4.23) and is unbounded then limt→∞

|
∑k

j=1 y(rj(t))| =∞ or lim inft→∞ |y(t)| = 0

Proof. Let us prove (A) and assume y(t)to be a eventually positive and bounded
solution of (4.23) in some interval [t1∞). Then taking c(t) as in (3.7), we obtain (3.8),
due to (1.6). Then defining z(t) as in (3.1) we obtain

z(n)(t) = −v(t)G(y(g(t))) ≤ 0. (4.24)

From this, it follows that z(t), z′(t), . . . , z(m−1)(t) are monotonic and of constant sign
on some interval [t1,∞). Then limt→∞ z(t) = λ(finite) because z is monotonic and
bounded. Then integrating (4.24), n times fromt to∞, we obtain

z(t) = λ+
(−1)n−1

(n− 1)!

∫ ∞
t

(s− t)n−1v(s)G(y(g(s))) ds, (4.25)

Consequently, (4.7) holds and then Lemma 2.4 yields (4.8). The inequality (4.8), due
to (1.8) yields
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lim inft→∞G(y(g(t))) = 0. Since limt→∞ g(t) = ∞, it can be easily shown that
lim inft→∞G(y(t)) = 0. This implies due to (1.2)and continuity of G that lim inft→∞
y(t) = 0. Since n is odd then from lemma 3.5 and remark 3.6, it follows that z′(t) < 0

and limt→∞ z(t) = λ (finite). Then by lemma 3.1 it follows that λ = 0. Hence z(t) > 0

in some interval [t2∞). This implies y(t) >
∑k

j=1 pj(t)y(rj(t)) ≥ y(ri(t)) as pi(t) ≥ 1

by (1.15). This yields lim inft→∞ y(t) > 0, a contradiction. Hence the bounded solution
cannot be eventually positive. Following similar arguments, it can be shown that, a
bounded solution cannot be eventually negative. Next let us proceed to prove (B) and
consider y(t) to be an eventually positive solution of (4.23) which is unbounded in
some interval (t1∞). Then using (1.6) and (1.7), c(t) is set as in (3.7) and z(t) as in
(3.1), to get (4.24). Then by lemma 3.5 it follows either limt→∞ z(t) = λ (finite) or
limt→∞ z(t) = −∞. If the latter holds then since pj(t) for j = 1, 2, ..., k are bounded,
there exists a positive scalar b such that 0 < pj(t) < b. From (3.1) it follows that

z(t) = y(t)−
k∑
j+1

pj(t)y(rj(t))

≥ −b
k∑
j=1

y(rj(t)).

This implies
∑k

j=1 y(rj(t)) ≥ z(t)
−b → +∞ as t→∞

So limt→∞ |
∑k

j=1 y(rj(t))| = +∞. If the former holds then (4.25), (4.7) and (4.8)
follows. Then using (1.2), and (1.8), one may obtain lim inft→∞ y(t) = 0. as in the
proof of theorem 4.4. The proof for the case when y(t) < 0 for t ≥ t0 is similar. Thus,
the theorem is proved.

Remark 4.13. In the proof of part (i) in the above theorem we don’t needH is bounded.

Theorem 4.14. Suppose that n is even and pj(t) satisfies the condition (1.15). Let
(1.2),(1.4)— (1.10) hold. Then the following statements hold.

(i) If y(t) is a non oscillatory solution of (4.23) and is bounded then it tends to zero as
t→∞.

(ii) If y(t) is a non oscillatory solution of (4.23) and is un bounded then limt→∞

|
∑k

j=1 y(rj(t))| =∞ or lim inft→∞ |y(t)| = 0

Proof. The proof is similar to the proof of the above theorem.

We proceed to prove a lemma which would be useful for the next theorem.
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Lemma 4.15. Let n ≥ 2 be any positive integer. Assume that pj(t) satisfies the
condition (1.17). Suppose that (1.2), (1.4)—(1.7), (1.9), (1.10)and (1.11) hold, Let
y(t) be an eventually positive solution of (1.1). Define z(t), c(t), w(t) as in (3.1), (3.7)
and (3.9) respectively. Then either limt→∞w(t) = −∞ or limt→∞w(t) = 0 and
(−1)(n+k)w(k)(t) < 0 for k = 0, 1, 2, ..., n − 1., for large t. If y(t) be an eventually
positive solution of (1.1) then either limt→∞w(t) = ∞ or limt→∞w(t) = 0 and
(−1)(n+k)w(k)(t) > 0 for k = 0, 1, 2, ..., n− 1., for large t.

Proof. Since (1.11) implies (1.8), we proceed as in lemma 3.5 to obtain −∞ ≤ λ =

limt→∞w(t) ≤ ∞. if λ =∞, then proceed as in the proof of theorem 4.1 and set

aj(t) = pj(t)
w(rj(t))

w(t)
for j = 1, 2, ..., k and t ≥ t4.

to prove lim inft→∞
y(t)
w(t)

= 0 as in (4.4). Since pj(t) ≥ 0, then aj(t) ≥ 0. As y(t) > 0

and w(t) > 0, therefore we have
[
y(t)
w(t)
−
∑k

j=1
aj(t)y(rj(t))

w(rj(t))

]
≤ y(t)

w(t)
. Then

lim inf
t→∞

[ y(t)

w(t)
−

k∑
j=1

aj(t)y(rj(t))

w(rj(t))

]
≤ lim inf

t→∞

y(t)

w(t)
= 0. (4.26)

Then continuing the proof as that of in theorem 4.1, we obtain

lim
t→∞

[ y(t)

w(t)
−

k∑
j=1

aj(t)y(rj(t))

w(rj(t))

]
= 1

as in (4.5), a contradiction due to (4.26). Hence, if λ 6= −∞ then y is bounded. Again
proceeding as inthe proof of theorem 4.1, and applying lemma 3.1, we find λ = 0. This
implies (−1)(n+k)w(k)(t) < 0 for k = 0, 1, 2, ..., n − 1, for large t. The proof for the
case when y(t) is eventually negative for lrge t is similar.

Remark 4.16. The condition (1.17) is less restrictive than (1.15).

For our next result we need the following hypothesis.

For every sequence {σi} ⊂ (0,∞) such that limi→∞ σi = ∞ and for everyγ > 0 such
that the intervvals (σi − γ, σi + γ), i = 1, 2, ..., are non overlapping, and

∞∑
i=1

∫ σi+γ

σi−γ
tn−2v(t) dt =∞ (4.27)

or
∞∑
i=1

∫ σi+γ

σi−γ
tn−1v(t) dt =∞ (4.28)
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Remark 4.17. Note that (4.27) impliies (1.11) and (1.11) implies (1.8) for n ≥ 2.
Further, (4.27) implies (4.28) for n ≥ 2.

Theorem 4.18. Suppose that n ≥ 2 and pj(t) satisfies the condition (1.17). Let
(1.2),(1.4)–(1.7),(1.10), (1.9),(1.11) and (4.28) hold. Then the following statements
hold.

(i)If y(t) is a non oscillatory solution of (1.1) and is bounded then it tends to zero as
t→∞.

(ii) If y(t) is a non oscillatory solution of (1.1) and is un bounded then limt→∞

|
∑k

j=1 y(rj(t))| = +∞.

Proof. Suppose y(t) be a positive solution of (1.1). we set z(t), c(t), and w(t)

as in (3.1), (3.7), and (3.9) respectively, to obtain (3.8) and (3.10). Hence
w(t), w′(t), ..., w(n−1)(t) are monotonic and of one sign for t ≥ t1 ≥ t0. From
lemma 4.15 it follows that, either limt→∞w(t) = −∞ or limt→∞w(t) = 0 and
(−1)(n+k)w(k)(t) < 0 for k = 0, 1, 2, ..., n− 1., for large t.

Let us prove (i) and assume y(t) be an eventually positive solution of (1.1) which is
bounded. Conseequently w(t) is bounded and limt→∞w(t) = −∞ is ruled out. Then
we have limt→∞w(t) = 0. Integrating (3.10) n times, we obtain (4.6) and consequently,
(4.7) and (4.8) holds for t ≥ t2 ≥ t1. If lim supt→∞ y(t) = α > 0 then there exists a
sequence {tn} such that y(tn) > M > 0 for n ≥ N1. From the continuity of y(t)

it follows that there exists µn > 0 with lim infn→∞ µn > 0 such that y(t) > M for
t ∈ (tn − µn, tn + µn). Then choosing n large enough such that µn > µ > 0 for
n ≥ N2 > N1, we obtain∫ ∞

t2

sn−1v(s)G(y(g(s))) ds ≥
∞∑

n=N2

∫ tn+µn+σ

tn−µn+σ
sn−1v(s)G(y(g(s))) ds

≥ δM

∞∑
n=N2

∫ tn+µ+σ

tn−µ+σ
sn−1v(s) ds (4.29)

Hence it follows from (4.28) that∫ ∞
t2

sn−1v(s)G(y(g(s))) ds =∞,

which contradicts (4.8). If y(t) is eventually negative and bounded, the the proof is
similar. Thus, (i) is proved. Next let us prove (ii) and assume y(t) be an eventually
positive solution of (1.1) which is unbounded.Then either limt→∞w(t) = −∞ or
limt→∞w(t) = 0 and (−1)(n+k)w(k)(t) < 0 for k = 0, 1, 2, ..., n − 1., for large t.
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If the latter holds then, we obtain (4.8) by integrating (3.10) n times. Since y(t) is
unbounded, then there exists a sequence {tn} such that y(tn) > M > 0 for n ≥ N1.
Proceeding as above, by using (4.27), we obtain (4.29) and this implies∫ ∞

t2

sn−1v(s)G(y(g(s))) ds =∞,

which contradicts (4.8). Hence the only possibility left is limt→∞w(t) = −∞. This
implies limt→∞ z(t) = −∞ by (3.8) and (1.5). From (3.1) and (1.17), it follows that

z(t) = y(t)−
k∑
j+1

pj(t)y(rj(t))

≥ −b
k∑
j=1

y(rj(t)).

This implies
∑k

j=1 y(rj(t)) ≥ z(t)
−b → +∞ as t→∞

The proof for the case, y(t) is eventually negative and unbounded for large t is similar.
Thus, limt→∞ |

∑k
j=1 y(rj(t))| = +∞.

Remark 4.19. As (4.27) impliies the conditions (1.11) and (4.28), hence the above
theorem holds if (4.27) is assumed in place of (1.11) and (4.28).

Remark 4.20. The above theorem 4.18 improves [12][Theorem 2.9] and generalize
[10][Theorem 2.2].

The following examples enhance the significance of our results.

Example 4.21. The neutral differential equation(
y(t)− 4y(t− π)− 2y(t− 2π)

)(3)
+ 2y(t− 3π/2)− y(t− π/2) = 0,

satisfies all the conditions of Theorem4.12 and 4.18, with pj(t) satisfying the condition
(1.15) and (1.17). As such, this neutral equation has a bounded oscillatory solution
y = sin(t).

Example 4.22. The neutral differential equation(
y(t)− 1

2e
y(t− 1)− 1

2e2
y(t− 2)

)(n)
+ y3(t− 3)− e−2t+6y(t− 3) = 0,

satisfies all the conditions of Theorem4.1, 4.4 and 4.18with pj(t) satisfying the
condition (1.12) and (1.17). As such, this neutral equation has an bounded solution
e−t, which→ 0 as t→∞.
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Example 4.23. The neutral differential equation(
y(t)−1

2
e−1y(t−1)−1

2
e−4y(t−4)

)(n)
+

1

tn−1
y(t−2)−e−tH(y(t−2)) =

e−t+2

tn−1
− e2

(e2t + e4)
,

n ≥ 2 and H(u) = u/(u2 + 1), satisfies all the conditions of Theorems 4.1, 4.4 and
4.18 for pj(t) satidfying (1.12) and (1.17). Hence by the theorem, all bounded solutions
oscillate or tend to zero as t → ∞, as such y(t) = e−t is a solution of the above
equation, which tends to zero as t → ∞. Comparing the above equation to (1.19), one
finds σ = α = 2, and so, neither ‘σ > α nor α > σ’holds. As such, the results of the
papers [6, 7, 8, 13] fail to be applied to this equation.

5. CONCLUSION

It is to be marked that none of the results available so far in literature could be applied
to the neutral equations given in the examples above.The theorems 4.7 and 4.18 of this
article, for the particular case k = 1 answer the open problem [1][problem 10.10.2,
page 287] which says “extend the results of section 10.4 to equations where p(t) does
not lie in any of the following ranges. ”

(B1) 1 ≤ p(t) ≤ p1, (B2) 0 ≤ p(t) ≤ p2 < 1, (B3)−1 < −p3 ≤ p(t) ≤ 0,

(B4) p(t) ≡ −1, (B5)0 < p(t) ≤ 1.

This is because the range of p(t) in the particular case of k = 1 for Theorem 4.7 and
that of Theorem 4.18 are found to be −b ≤ p(t) ≤ 0 and 0 ≤ p(t) ≤ b by (1.16) and
(1.17) respectively.
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