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Abstract

The authors obtained some geometric results on certain new classes of analytic
functions involving sigmoid function defined by Fadipe-Joseph et. al. 2016 as
T, (A, B, «, ). Extreme point property, radius of starlikeness and convexity, con-
volution property and Fekete-Szego inequality for the class were proved.
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1. INTRODUCTION

The study of subclasses of analytic and univalent functions in geometric theory and ap-
plications is a link between geometry and analysis with wide range of interest among
function theorists in recent time. Subclasses of analytic and univalent functions can
be as many as researchers who are of interest in the area (see [1], [2], [3] and [4]).
In this paper however, using Sdldgean differential operator involving modified sigmoid
function 7(s), we investigate some geometric properties of the class 7', (X, 3, c, i) in-
troduced in [1].

Let 7', denote the class of functions of the form

2
14+es

F(2) =2 = ()" a, >0, y(s) = (1.1)
k=2
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and

gy(2) = 2 — Zv(s)bkzk; b, >0 (1.2)
k=2

which are analytic and univalent in the unit disk U = {|z| : 2 < 1}.

Then f,(2) and g, (2) belong to class T’,.

If for convenience, we set 7., = 17 we see that 77 = T, is the usual class of the form
f(z) =2 —=>2, arz"; a; > 0 which is analytic in the open unit disk U.

We define an identity function as

er(2)=2;a,=0 forall k> 2 but v #0 (1.3)

1.1. Convolution or Hardamard Product:

Given two analytic function f,(z) and g,(2) in T, where f,(z) and g () are given by
(1.1) and (1.2) respectively.
Convolution of f,(z) and g,(z) are defined as

Y(s)arbrz® = (g4 * f1); axbp =0 (1.4)
2

(fyxgy) =2~
k=
1.2. Starlikeness, Convexity and Close-to-convexity:

A function f(z) defined by (1.1) is said to be starlike of order ¢ if

RG{Z]{;,(ZZ))} > 0; zeU (1.5)

forsome o (0 <4d <1).

In the same way, a function f(z) defined by (1.1) is said to be convex of order ¢ if and
only if z f'(z) is starlike of order J. In other words, if

2f"(2)
f'(2)

Re{1+ }>5; zeU (1.6)

for some 0 (0 <0 < 1).

Furthermore, a function f(z) defined by (1.1) is said to be close-to-convex of order ¢ if
Re{zf'(z)} >0; z€U (1.7)

forsome o (0 <4d <1).
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2. PRELIMINARY RESULTS
2.1. Salagean Differential Operator Involving Modified Sigmoid Function

Definition 2.1 Sdldgean Differential Operator Involving Modified Sigmoid Function

D"f.(z2) z+27 khapz®; m=n+1 (2.1)

for details see [1].

Definition 2.2 A function f., € T, defined by (1.1) belongs to the class T,(\, 3, v, j1) if

Drtlf ()
D"waz) K

DL (s D (2)

( D77, () +A> - 20‘( 577, (2) _“)
Jor|z] <1, 0 <A< 1,9(s) = 2= (e #0),0< <L, 3<a<1lpu>1,
n e Nog=NU{0} Seell].

>0 (z€U)

Lemma 2.1 [1]

Let f.,(z) € T, defined as f,(z) = z — > o v(s)axz® (a, > 0 and v # 0). I
fy € Ty(\, B,a, ), then

1
Zv { Bl - B(1 - 20)] - B <A+2au+ E)] ol
<(5)(1 — B) + B2a(x(s) — 1) — A — .
3. MAIN RESULTS

Theorem 3.1 Extreme points for class T.,(\, (3, &, ).
If a function f.(z) defined by (1.1) belongs to the class T, (X, B, ., ).
Let fi1(z) = z and

W) A= B) +BRa(y(s) =) =N —p oy
)k [()k[L = 81— 20)] = B (A +2ap + 1) |

The function f., € T.(\, 5, a, ) if and only if it can be expressed in the form

f(z) =

= Ui filz) 3.1)
k=1

where U, >0 and > ), U, =1



84 Olubunmi A. Fadipe-Joseph, M. O. Oluwayemi, E. O. Titiloye

Proof. Let fw(z) = 220:1 \I/kfk(z), \I/k >0, k= 1, 2, ... with

k=1

2) =) Wifiu(2)

=W, f1(2) + Z Wy fi(2)
00 (s)(1 = B) + BRa(y(s) —p) = Al — b
=Wi(2)+ > Pplz— E ‘
2 { Yok (b1 = B(1 = 20)] = 5 (A + 2ap+ ) }
that is
> (s)(1 = B) + BRal(y(s) —p) = A] —n K
fw(z) =z Wy . o
2™k [R50 —20] 3 (3 + 200+ 1]
Then

= (5)(1 = B) + Bl2a(y(s) =) = A —
f(z) = Vi -
2 )k YR = B0~ 20)] = B (A+ 200 + 5 )

v(s)k" [v(s)kz[ B(1—2a)] — B (A + 2au+ )]
Y(s)(1 = B) + B2a(v(s) — p) — Al —

So that .

Y Up=1-7,<1.

k=2
In other words,

HE) =0+ T =1=1-T<1.
k=2

So by Lemma 2.1, f,(2) € T, (\, 5, a, ).
Conversely, assume that the function f,(z) defined by (1.1) belongs to the class
T, (X, B, v, t), then by Lemma 2.1,

() (1= B) + B2a(y(s) = p) = Al —
Ak [1()k{L = B(1 = 20)] = 8 (A+ 20+ 5]
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Setting
U, < Y(s$)E™ |v(s)k[l — B(1 —2a)] — B <,\ + 2ap + %)] ar
a v(s)(1 = B) + BRa(v(s) — p) — N —
and )
¥y =1- Z .

k=2
So that
Sy = ()1~ B) + Bl2a((s) — ) — X = u} {()k" [y(k(1 — B(1 —20)] — 8 (A + 200+ 1) ]} |
st {kn [1()kl1L = 81 = 20)] = B (A + 200+ 3) |} {(5)(1 = B) + BI2a(r(s) = 1) = A] = i}

We thus notice that we can express fi(z) in the form (3.1).
Therefore, f,(z) = > ro, ¥ [ which completes the proof.

Fekete-Szego inequality for the class 7., (), 3, a, 1)

In this section, we use the values of a; and a3 given by Lemma 2.1 to establish the
Fekete-Szego inequality for functions f.(z) belonging to the class 77, (A, 5, a, ).

Theorem 3.2 Fekete-Szego inequality for class T.,(X\, B, «, ).
If a function f(z) € T, defined by (1.1) belongs to the class T.,(\, 3, a, i) and v € R.

Then,
Bg [Bg — O'BgBl]

B, B2

las — 0a§| <

Proof: From Lemma 2.1,
Y(s)(1 = B) + BR2a(y(s) —p) — Al —p

7(s)2 [27(3)[1 — B(1—2a)] - 3 (A o %3)] and

a2

V(s)(1 = B) + Bl2a(y(s) —p) — A —p

mE e [3y(s)1 — B0 —20)] = B (A + 200+ )|

So that
as — oat = v(s)(1 = B) + Bl2a(v(s) — ) — Al —
(93 [0~ 500 ~200) = 3 (A + 200+ )]

Y v(s)(1 = B) + BRa(y(s) — u) — N — p |
Y()2° [2y(5)[1 = B(1 = 20)] = B (A + 20+ 3 )|
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Set
B, = {7(5)3" {37(5)[1 —B(1—2a)] - 8 <)\ 4 2au+ %)} } . and
5= {592 [0l - 51— 2] - 5 (A4 200+ 5 ) |
By = {(4(9)(1 — B) + B2a(x(s) — 1) — Al — )}
Thus,

BgB% - O'BgBl . .83[322 — O'BgBl]
B, B2 B B, B?

las — aa§| <

which completes the proof.

Radius Properties for class 7', (\, 5, o, it ).
We now obtain the radii of starlikeness, convexity and close to convexity in this section
as follows:

Theorem 3.3 (Starlikeness): Let the function f.(z) defined by (1.1) be in the class
T, (N, B, a, ), then f.(2) is starlike of order 0 (0 < 6 < 1) in |z| < ry, where

(1 =0)y(s)k™ |v(s)k[l — (1 —2a)] = f ()\ + 201 + %)]

T TREA = 8) T AR () — 1) — A~ uh () (k) b=z
(3.2)
The result is sharp for
F(2) =2 — V()1 = B) + BR2a(y(s) —p) = A —p FE>o

sk [7(s)k{L = B(1 = 20)] = B (A+ 200+ §)|

Proof: It suffices to show that
That is,

@) _
f8 -1l <1-s

Z= 0, ky(s)apz® — 2 + Y ores v(s)agz"
Z = ZZOZQ 7(3)ak2k

ZZO:Q 7(3)(76 — 1)ak’z|k—1 -
< (1 — ZZO:Q 7(5)&]{‘2|k71) <1 )

2f(z) ’ _

A

’ — > ey V(8)(k = D)ag2*
1= 2 v(s)apzk"
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ZV k= Dagl2[* < (1=0)(1=>_ y(s)axl2[*)
k=2
Z’V k= Dag|21 < (1=0) = Y v(s)(1 = x|z
k=2

> () (k=141 = aglz[" < (1-0)

k=2

Zy (k + &)ag|z|F < (1 -9)

iy(s)lf — gak|2‘k_1 <1
k=2
It follows that o k 8)]2|F1 1
,; ﬁ = w
Ak =)= K" [1()K11 = B~ 20)] = 5 (A +2a“+6)}; (k=2,3,..))
(1-90) ()( )+5[204( (s) —p) = A —

By multiplying both sides by the inverse of 7((8%(’“5)6) we have that

=0k [y()k( — 80— 2a)] - 8 (A + 200+ L)
|Z|k 1~
= ()1 =B) + BRaly(s) = u) = Al — uly(s)(k =)
We find the (k — 1)th root of both sides, so that

1— 8)3(s)k™ [ (s)k[L — B(1 —2a)] — B (A + 2au + } =
Z<{{v( Py [(s)k[L — B~ 20)] — 8 (A + 200 + 3] )} were 1ol

2(5)(1 = B) +(s)B2a(v(s) — p) = Al = ~(s)u}v(s)(k =0

Thus,

. { (1= sk [(k[1 - B(1 —20)] = (A + 205+ 1)] } e

[V(s)(1 = B) + B2a(v(s) — ) = Al — p]v(s)(k = )

which completes the proof.
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Theorem 3.4 (Convexity): Let the function f.(z) defined by (1.1) be in the class
T, (N, B, a, ), then f.(2) is convex of order § (0 < 6 < 1) in |z| < ry, where

_1
k—1

[a=ankn [y()k{L = 50— 20)] = 5 (A + 200+ 1 )]
Ty = infy k> 2
k(k —0)v(s)[v(s)(1 = B) + B2a(v(s) — ) — Al — ]
(3.3)
The result is sharp for
F(2) =2 V()L = B) + BR2a(v(s) —p) — Al —p Sk

o)k [y (o)LL~ 01— 200] = 5 (A + 205+ )]

21 ()
e

Proof: It suffices to show that

1 -9, |z] <.

2f(2)
71(2)

| Ry (s)k(k — Dagzt!

Sk = Dals
= S k(]

1= 30 (s)ka|z[

Since

To prove the Theorem, we must show that

S )k — Dagle
L= S Gkl

Z’y E(k —&)ag)z|/"™t <1 -4

And by Lemma 2.1, we obtain

- (1= 0)y(s)k™ [V(S)k’[l — Bl —2a)] -5 (/\+2a“+ ﬂ
A = ORI =5 + ARat) — W) — N =

or

[k [k - 50— 20 = 5 (3 + 20+ )]
ro = infy k(k — 6)v(s)[y(s)v(s)(1 = B) + B2a(y(s) — u) — A] — p]

which completes the proof.
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Theorem 3.5 (Close-to-convex): Let the function f.,(z) defined by (1.1) be in the class
T, (XN, B, a, p). Then f.(2) is closed-to-convex of order § (0 < § < 1) in |z| < r3, where

vy < {(1 —0)y(s)k" [’Y(S)k[l — (1 =2a)] = ()\+20zu+ %ﬂ }kll; k> 2.

ky(s)[v(s)(1 = B) + Bl2a(y(s) —p) = Al — 4]
(3.4)

The result is sharp
Y(s)(1 = B) + Bl2a(y(s) —p) = A —p K

PO = e M- 50 —20] 5 (A 2ap s )]

Proof: It suffices to show that [ f/(2) — 1| =1-4, (0 <0 < 1) for |2] < 3.

Thus,
£ (2)—=1] = |1 - Z ky(s)apz"' — 1] = ‘— Z ky(s)apz""1| < Z ky(s)apz""1| .
f—2 k=2 k=2
Since |f(z) —1] < Z (s)kay|2" 1| < 1= if we divide both by (1 —0), then,
k=2
k _
ny(s (1_5>ak}zk 1‘ <1
k=2
e k k—l
Z 7 | <L (3.5)
By coefficient estimates of f,(z ) ( ,B,a, p) given by Lemma 2.1 above, (3.5)
holds if
n 1
< o (s)]ett VR [k = A(1 = 20)] = B (A+ 200+ )]
Z < k> 2.
2 (1—9) (5} = B) + BRa(r(5) — 1) — N — 1

(1= 8)y(s)k™ [7(s)h[1 — B(1L = 20)] = B (A+ 20+ 1) |
2] < s k> 2.
ky(s)[v(s)(1 = B) + B2a(vy(s) — p) — Al — p

< (1= ()" [V(S)k[l —B(1 =2a)] - 6 ()‘ + 20+ %ﬂ : .y
T3 S E{~v2(s)(1 = B) + v(s)B[2a(y(s) — pu) — N — v(s)u} ;
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Neighbourhood Property for class 7', (A, 5, o, i1).
We define the (n, ¢)-neighborhood of a function f., € T, by

Ny (€) = {gw 19y €Ty, 6,(2) =2 = > A(s)bez® and Y y(s)k|by| < <}
k=t+1 k=2

(3.6)
And for the identity function e, (z) defined by (1.3), we have the following result.
Let 77, denotes the class of functions f,(z) defined by (1.1) which is analytic in the
open unit disk
U={|z|: z€C and |z| < 1}.

Theorem 3.6 Neighbourhood Property for class T, (), B, a, j1).
Let

: 1(5)(1 = §) + BRa(r(s) = 1) = N —
)k [1()k{1 = 51— 20)] = 5 (A + 200+ 1 )]
Then T.,(\, B, c, 1) C Ny oye(z).

3.7

g:

Proof: Suppose f, € T',(), 3, a, j1), then from Lemma 2.1, we have that

- 1
S (" [2(6)kl1 = 51~ 200] = 5 (Xt 20+ 5 )
k=2

<(s)(1 = B) + BlRa(y(s) —p) = Al — p

and thus for k = 2, we have that

(o2 ot = 01— 2] = 5 A+ 200+ 5 ) |l

<326k [kl - 501~ 200) = 8 (A 20+ 3 )

<(s)(1 = B) + BlRa(y(s) — p) = Al —

V(s)(1 = B) + BRa(v(s) —p) = A —p _
v(s)km [7(8)k‘[1 —B(1=2a)] -5 (A +2ap %ﬂ

But |z| < r which implies that

> (s)]a| < (3.8)
k=2

1F(2)] < 1= 2] ) ky(s)ar <1 —1 > ky(s)a (3.9)
k=2 k=2
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It thus follows that

15(2)] < 1—Tik7(s)ak <k v(s)(1 = B) + B2a(v(s) — ) — A —

)k [()k[L = 81— 20)] = B (A +2ap+ 3 ) | 7

V()X = B) + B2a(y(s) —p) = Al — p
Ys)ke [4(s)k[1 = B(1 = 20)] — B (A + 20p0+ 1) b
Thus, f,y € N(m)(e).

<

=¢ by equation (3.6)

Theorem 3.7 Convolution Property for class T.,(\, 3, c, ).

Let f.(z) and g.(%) defined by (1.1) and (1.2)) respectively be members of T,(\, 3, e, jt)
such that ho(z) = z — Y 1, v(s)arbiz" where aiby, > 0 as defined by (1.4).

Then, h.,(z) is in the subclass of T, (X, B, v, i) where

1(5)(1 = B) + B2a(y(s) = 1)
sk | (KL = B(L = 20)] = B (A + 200+ 5|

Proof: From Lemma 2.1,

> (s n[()k‘[l—ﬂ(l—Qa)]—ﬁ()\+2alu+%>}

; — B) + BRa(y(s) — ) — A — i ap <1 (3.10)
Similarly,

> y(s)k™ [7 6(1—2a)]—5<)\+2(w+%>]

Z Y($)(1 = B) + B2a(v(s) — u) — A] — i1 by <1 (3.11)

k=2

We however need to determine the largest yi such that

x (s ”[ < )k[1—5(1—2a)] — 8 (A+2ap+1)]
2 = B) + B2a(v(s) = p) = Al = po

k=2

akbk S 1.
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By Cauchy-Schwarz inequality,

D laxbel <\ | D laly | D10l
k=2 k=2 k=2
Using the Cauchy-Schwarz inequality, we obtain

k" [()k{1 = 51— 20)] = 5 (A + 200+ 5 )]
2 V()1 = B) + BRa(v(s) = p) = Al = m

k=2

It suffices to show what
AR [7(s)h1 = 80— 200] 5 (A + 200 + 3 )|
Y(s)(L = B) + Ba(v(s) — p) — Al — pa
fj sk [1(s)k[1 = B(1L = 20)] = B (A + 20p + 1]
Y(s)(L = B) + BRa(v(s) — p) = Al —

k=2

axby,

akbk S 1

equivalently,
agby <

YR [(s)k{L = AL~ 20)] = 5 (A+ 200+ 3 )|
A= B) + ARG (s) — ) = A~

v(s)(1 - ﬁ)+5[204( (s) =) = Al = o
s)kn [7 B(1 —2a)] ﬁ()\+2a,u+ >]
V(s)(1 = B) + BRa(y(s) =) = Al =

(
V()1 = B) + BRa(v(s) —p) = A — p2
But from (3.12) we have

Jarb, < (s)(d = ﬁ) +ARa(y(s) —p) = A~
) [4(5)k[1 = 81— 20)] = 5 (A + 20y + 1)
Consequently, we show that
V(s) (1 = B) + BRa(v(s) =) = Al —
oL [()[ B(1—20) = 8 (A+ 20+ § )]
1(s) (1 = B) + BRa(y(s) =) = Al =
7(s)(1 = B) + Bl2a(v( '

X

<

Equivalently,
((s)A = B) + BRa(v(s) =) = Al = mlv(s)(X = B) + B2a(v(s) — p) — A] — pa]

akbk S 1.

(3.12)

<1

A5k [(s)k(L — 51— 20)] = B (A+ 200+ 1) | 1(5)(1 = B) + Bl2a(3(s) — ) = ] = pu]
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