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Abstract

In this study, we introduce a Distributed delay to the model to describe the time delays
between infection of a C' D4™ T-cells, and the emission of viral particles on a cellular
level. We begin by determining the existence and stability of the equilibrium. Further
We investigate the global stability of the infection-free equilibrium and give sufficient
condition for the local stability of the infected steady state is asymptotically stable for
all delays. Finally, the numerical simulations are presented to illustrate the analytical
results.
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1. INTRODUCTION

In recent years, there has been a lot of interest in mathematical modelling of HIV/AIDS
infection, in order to predict the evolution of this modern plague. Since the discovery of the
human immunodeficiency virus type 1 (HIV-1) in the early 1980s, the disease has spread
in successive waves to most regions around the globe. It is reported that HIV has infected
more than 60 million people, and over a third of them subsequently died [1]. Considerable
scientific effort has been devoted to the understanding of viral pathogenesis, host/virus
interactions, immune response to infection, and antiretroviral therapy [2]. HIV primarily
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attacks a host’s C'D47T— cells (the main driver of the immune response). The amount
of viruses in the blood is a good predictor of the stage of the disease. The amount of
CDA4TT— cells in a typical healthy person’s peripheral blood ranges between 800/mm3
and 1200/mm3. When this value falls below 200, an HIV-positive patient is diagnosed with
Acquired Immune Deficiency Syndrome (AIDS). HIV differs from most viruses in that it
is a retrovirus: Viruses do not have the ability to reproduce independently, and they must
be rely on a host to aid reproduction. Most viruses carry copies of their DNA and insert
this into the host cell’s DNA. Thus, when the host cell is stimulated for reproduction, it
reproduces copies of the virus. T cells divide and increase in population once stimulated by
antigen or mitogen. Chronic HIV infection causes gradual depletion of the C' D477 — cell
pool, and thus progressively compromises the host’s immune response, leading to humoral
and cellular immune function loss (the marker of the onset of AIDS), making the host
susceptible to opportunistic infections.

In 1993, Perelson, Krischner and De Boer [3] proposed an ODE model of cell-free viral
spread of human immunodeficiency virus (HIV) in a well-mixed compartment such as the
bloodstream. Their model consists of four components: uninfected healthy C'D4"T—
cells, latently infected C' D4+ T — cells, actively infected C' D4+ T — cells and free virus [4].
This model has been important in the field of mathematical modelling of HIV infection and
many other models have been proposed which take the model of Perelson, Krischner and
De Boer [3].

In [5] Liming Cai and Xuezhi Li have been simplify their model into one consisting of
only three components: the healthy C'D4+T— cells, infected CD4TT— cells and free
virus and introduce a discrete time delay to the model to describe the times between
infection of a C'D4"T — cells and the emission of viral particles on a cellular level. Many
Mathematical model, used the proliferation process of T-cells have been received in the
literature. In addition researchers extend the basic models by adding CD4" T- cells
simples logistic proliferation term 77’ (1 — %) C D41 T-cells, full logisitic proliferation

term 1’ <1 — %) , where r is the maximum proliferation rate of C'D41 T-cells, T,
I respectively represent the concentration of susceptible C' D4 T-cells, infected C' D4 T-
cells, and T,,,, is the maximum level of C'D4"T-cells concentration of the body, and
injected T-cells at time t. Inspired by their work, in many authors have studied stability
properties for delay differential equations and applied the results obtained to analyze the
stability of the equilibria for the model of HIV-1 infection. To our knowledge, no works

are contributed to the analysis for HIV infection of C'D4"T— cells with two independent



A. Anu Priyadharshini, R. Rohini and K.Krishnan 139

delays or two proportional delay terms. Motivated by this situation, we introduce a HIV
infection model with independent time delays proposed by Culshaw and Ruan [6]. Here
71 and 75 are two time delays were included in our model. The first delay 7, is the
time between viral entry latent infection. The second delay ”7,” is the time between cell
infection and viral production. So, we assume that CD4+ T cells (healthy and infected)
are governed by a full Logistic growth term. Therefore, we shall establish a mathematical
model as follows

In this paper, we consider the effect of disturbed delays on the global dynamics of
model 1.

T(9> - ¢1(8) > 07[(9) = ¢2(0) >0, V(Q) = ¢3(6) >0, (_T <6< 0) (D

To this end, we consider the following more general delay differential equation model.

T+ 1 )

T/(t):S—leT%—rT(l— )—KTV

max

T+I>

max

I'(t) = / f1(S)e ™ KT (t — S)V(t — S)dS — pol +rT (1 — 2
0

o0

V(1) = N,u2/f2(5)@5251(t —8)dS — usV
0

Vs

When T(t), I(t) represent, respectively, the concentration of healthy C'D4" T cells and
infected C'D4™ T cells at time t; V(t) represents the concentration of free HIV at time t.
Parameters s,r, 7, k, N, u;; (11; = 1,2, 3) are positive constants. s is the growth rate of T-
cells and 7,,,, is their carrying capacity.;;(i = 1,2,3) are the nature death rates of the
uninfected T-cells, infected T-cells and the virus particles, respectively.

It is reasonable to assume that p; < po, i.e., the infected T cells have a relatively shorter
life than the uninfected T cells due to an HIV viral burden. k is the constant rate between
virus and uninfected T cells. N is number of virus produced by infected CD4" T cells
during its lifetime . 7T}, is the maximum level of C'D4" T-cells concentration in the body.

If the population ever reaches 7,,,,., it should be decrease, thus we impose the constraint
111 mae. The terms rT7 <1 - %)and rl (1 — %) are the logistic functions represents
the proliferation of healthy and infected C' D4 T-cells respectively. 7 denotes the time
delays between the viral entry into target cell and the production of new virus particles.
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In this paper, our primary goal is to carry out a complete mathematical analysis of
system (2) and establish its global dynamics. It is well known by the fundamental theory of
functional differential equations [Y kuang, 1993] [8] system (2) admits a unique solution
(T(t),I(t), V(1)) satisfying the initial condition (3). It is easy to show that all solutions of

system (2) with initial condition (3) are defined on [0, +00) and remain positive for all
t>0.

Let us assume that the probability distribution function f;(s) satisfy f(s) > 0, and

/fi(S)dS =1, /f(u)el"du <oo, i=1,2.
0 0

where [ > 0.

The initial conditions of system (2) are

T(@) = ¢1(9) > O’ ](0) = ¢2(0> > O’ V(@) = ¢3(9) > Oa (T < 0 < O) ) (3)

where ¢ = (¢1,02,03) € C([—7,0],R%, ), the Banach space of continuous functions
mapping the interval [—7, 0] into R3 . Where ®3 = {(T,1,V) : T, 1,V > 0}.

By a biological meaning, we further assume that ¢;(0) > 0 for : = 1,2, 3, with standard
argument given [9]. It is easy to show the solution 7'(¢), I(t), V' (¢) with initial condition
(3) exists and is unique for all ¢ > 0.

Denote 11 = [ f1(S)e™9dS, then 0 < ny < 1,
0

= [ fa(S)e=%5dS, then 0 < 1y < 1.
0

Lemma 1: All the solution of system (2) with initial condition (3) are positive and
ultimately bounded for all large t [3].

Let Q={(I,I,V)€R} :0<T <Ty,,0<I<M,0<V <M}

then (2 is the positive invariant set of system (2).
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Next,we shall investigate the existence of equilibrium, of system (2).
The equilibrium of system (2) satisfy the following equation

T+1

max

\

S—,u1T+rT<1— )—KTV:O

/ F(S)ePSKT(t — S)V(t — S)dS — ol + T (1 I ) -0
0

maz “4)
N/,LQ / f2(5)6_628.[(t — S)dS - ,U3V =0
0 J
Clearly, the system (2) has always the infection free equilibrium Fy (7}, 0, 0), where
Ty = i
(=) + 5]
From the third equation of (4), we have
I — psV
N pone
Substituting this expression into the second equation of (4) and solving for T results in,
T — 2
T:{ p3Tn ((p2 — 1) 4 " H3 }V (5)
NpomnekTo — rps N pane(Npamnek Ty — ris)

Rewriting the first equation of (4) as
T+1
s:T[ul—r(l—T—i_ >+/€V1 (6)

max

substituting and after straight forward computation, we obtain

s=(A+ BV)(C+ DV)

where
_ H3Tm(ﬂ2 — T)
B N ppomnek Ty — 73
a i
B Nnapip(N pomnek Ty — 7113)
C=(u—r)+ pr(pe — )

N pomne kL, — 13
_ N psmmak® Ty + k(N pod — p13)

D
N pommak Ty, — s
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The critical number N,,.;; is defined by,

3 S
Nerit = = - >0
' T (To + 2 Ml)

It is easy to verify that the equation s = (A + BV')(C + DV') has a unique positive root if
and if only if N > N ;.
Thus we also obtain

T*:A+BV*>0andI*:N“—:’L2V*.

2. STABILITY ANALYSIS

2.1. Local Stability
In this section, we study the local stability of the infection - free equilibrium and the
infected equilibrium points.

Theorem 1:[10] If N < N, then system (2) has only the uninfected equilibrium
Eo(T0,0,0); if N > Nepit, the system (2) has the two equilibria; the infected free equilibria
Ey and the chronic infection equilibrium E*(T™*, I*, V*).

Theorem 2:[11] If N < N ,then system (2) has only the uninfected equilibrium
Ey(Th,0,0) is asymptotically stable; if N = N, then Ey is locally stable; if N > N,
then Ey is unstable.

In the following, we shall investigate the geometric properties of the equilibra of (2). Let
E*(T*,I*,V*) be an arbitrary equilibrium. Thus, linerarizing the system(2)
at the equilibrium E*(7™*, I*, V*). We obtain the charateristic equation about E*,

A+ kT
—kV*e iy 4 A+ M, —kT*e | =0 (7
0 —Npoe™™n, X+ pu

where

Ml — (,ul + rl;jrniv;T* L kEV — T) 7 ]\4’2 — (NQ 4 2rl*4rT* 7’)

Tmaz
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The characteristic equation (7) reduces to
AN T, 7)) = N 4+ a A% 4 agh + ase ™™ + aghe Ny (8)

—I—a5e_’\(“+72) — (J/GAG_)\(TIJFTQ) — a7 4 ag=0

where

<s r(T*+1*)  kT*V*
ap =

,_ZT*‘F Tm + I +,U3) >0

agz% (kT]V +TT{H +u3) +(T*+I*);—f
rkT*v* g
az = Tﬁl
rkT*v*
a4 = T, m
[K2T*(V*) s s rT*\ KT*V*u;3
e[ (2
KTV s
w= | ]
[ KTV s
a7 = _—I* :|
srugl* s T\ KT*V*us
I (FJF Tm) i }

where i = [ fi(s)e ***ds
0

when 71 = 75 = 0 in (8), we can write as \> + a1\ + @3\ + a3 = 0

since Gy = as + a4 — ag

s (kKT*V* rI* rus  rkT v ET*V* g
_ 2 * I* o
= ( T +u3) + (T + )—Tm t—m {—I*
s (KT*VForl” « ey TH3 w7 ,ug}
_T*( I +Tm+u3>+(T +I)Tm+kTV<Tmm [I* > 0

sincea_3:a3+a5—a7+a8
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_ rkT*v*pg N K2T*(V*) s s rT*\ kT*V*us rkT*V* s
az = T, n T* M T+ T, T* T*
srusl* s rT*\ ET*V*us
[T*Tm N (T* i Tm> Iz
K2T*(V*)2 3 srusl* rkT*V* s
S L A 1
{ I m} + {T*Tm + 7 (m—1)

Hence a; > 0, a3y > 0, az > 0, by directly calculating, we obtain

b=aja; —as

(s +T(T*+[*)+/€T*V*+ s kT*V*+TI*+
“\=T 7T, o) \Te T, e
i r 13 KT (V*)? s srigl*
T+ 1) ey (L —[—] I NP P
rkT*V*u
- [TS (m — 1)]

T3 . s s (s T KTV ET*V* rl*
= (£ T + T i

*Y 7k r . K3 - k2T*(V*>2M3 i STMSI*
TRV (Tmm [ID { r "\,

rkT*V* s rl*\ s (KT*V* rI*
—{—]* (m_l)}_(Tm)ﬁ( i +Tm+,u3>

T3 . . s (s rT*  KET*V* KTV rI*
= =2 T+ T S

*Y r H3 kQT*(V*)QM?) TkT*V*/,I/g STM3I*
Tl (SR R [ ¥ Y L S A0 A A (Y G ()
RV (Tm?71 [ID { TG r m-U| -

n rl*\ s (kKT*V* n s |rl* 2+ srgl™
T, ) T* I* T | T T,
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( S ri*  kT*V* ) (/{:T*V* rl* >
— + + + U3 + + U3

T, T+

(T ey gy S
_( )al(THH T, T T,

*Y 7* r M3 kQT* (V*)Q/,Lg Tk'T*V*,U{;
kv (o= [1]) - |2 ] - | )

. rskV* _|_i rI*1?
T, T | T,

T3 . . s (s rT* KTV KTV rl*
= L2 T+ T S

kQT* v* 2 I* 2
_ [Mm} L {kT*V* + (TT—>} + KTV (TLm _ [/ﬁ} + %771 _ s

I* T, 1% ™ I T,
If m; = 7 = 0,by Routh-Hurwitz criterion, we have following theorem.

Theorem 3: For non-delay case, the unqgiue non-trivial infection steady state E* of system
(2) is locally asymptotically stable, when N..;; > N.

2.2. Sufficient Conditions for Non Existence of Delay Induced Instability
To find the conditions for non existence of delay induced instability, we now use the
following theorem.

Theorem 4: A set of necessary and sufficient conditions for the equilibrium E to be

asymptotically stable for all T, 7 > 0 is the following.

(i) The real parts of all the roots of A(\,0) = 0 are negative.

(ii) For all real w and 11,7 > 0, A(iw, 71, 72) # 0, where i = /—1
Proof:
Here A(\,0) = 0 has roots whose real parts are negative.

Therefore, the condition (i) is easily satisifed.

we now verify the condition(ii) of theorem (5).
Firstly, when wy = 0, we have A(0,7) = a3 + a5 +a; # 0
Secondly, when wy # 0, we have

AN T, 72) = A+ a ) + ag) + aze M + aghe ©)

t+age M) g deAET2) e e =

T,

)
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where
s+r(T*+I*)+kT*V*+ -0
ap = | —
LT 7 T, GRS
s (kKT*V* rI* e
-5 T4 ) B
az T*( T+ +Tm+:u3)+( + )Tm
_ rkT* v g
as = T, m
rkT*v*
Ay = T, m
R (V) s s +rT* KT*V* g
“=1Tr "\, iz
o KTV s
6 = _—I*
[rET*V* s
ay=|——
7 T
[ srusI* s rT*\ kT*V*us
I (T* * Tm) I
where

= / Fi(S)e9ds
0

Case1:

Substuite the delay value in (9), the charactersitic equation becomes,

A4 a2\ + ag) + aze N 4 ag e N+ a56_)‘(71+72) — aﬁ)\e_”\(TlJ’T?) —ae " 4 ag =0

)\3+a1)\2+(a2+a4—a6)>\+(a3—i—a5—a7+a8):O

By Routh-Hurwitz Criterian,that all the eigen values of the characteristic equation (6) has
negative real part < a; > 0, (ay + aq — ag) > 0, (ag + a5 — ay + ag) > 0.

Therefore, E* is locally asymptotically stable.
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Case 2:

T1 7&0,7'2 = 0(7'1 > 0)

The charactersitic equation becomes,

N a A% 4 agh + (a3 + a5) e 4 (a4 — ag) Ae N + (ag — ay) =0 (10)

Let A = W (wl > O)

From the equation (10), becomes
— W — aywi +dagwy + (as + as) e ™ +dwi T (ag — ag) e +ag —ar; =0

—lWw1 T —lWw1TL

. 3 2 . .
iwy + agwi — iasw; — (a3 +as) e —iwiTy (ag — ag) e —ag+a; =0

Separate the real and imaginary parts, we get

2 .
a1wi + a7 — ag = (ag + as) coswi T + (ag — ag) wy Sinwy Ty

W} — aswy = (ag + as) sinw T + (a4 — ag) wy coswiTy
Squaring and adding both equation, we obtain

2
(a1wi + a7 — as)® + (W} — asw)
= (az + a5)2 [0052 wi Ty + sin? wlﬁ] + (a4 — a6)2 w? [Cos2 wiTi + sin? wlﬁ}

2
(a1w] + a7 — ag)* + (w§ — asw1)” = (a3 + as)” + (a1 — ag)” wi

2 4 2 9 2 2 6, 2 2 3 2
ajwy + az + ag — 2a1a7wi — 2a1azwy + wi + ajwi — 2aswiwy — (as + as)
2
— (a4 —ag)” wi =0

6 (2 4 (2 2 2 2\ 2. (2 2 2 9y _
wy+(af—2a9)wi +(a3—2a1a7—ag—ag—2asa6—2a1as—ay)wi+(az—2azas—a5;—az+ag) = 0

(1)
Let

p=u’,

b1 :CL% — 2@2,

ba :ag — 2a1a7 — aé — ai — 2a4a6 — 2a;ag,
bs =a2 + 2azas — a2 + a3 — 2a4a6 — a3

Then equation (11) becomes,

G(p) = p* + bip* + byp + b3 = 0. (12)
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We claim Equation (12) has no any positive roots for by, bs > 0. In fact, we notice that,

d
%ﬁ) = 3p2 + 2blp + bg.

Let,

dg(p)
dt
Then the root of equation (13) are given by,

p(1,2) = {M}

=0=3p>+2b1p+b,=0. (13)

3

If by > 0, then (b1 — 3by) < b3 (i.€) /(b — 3by) < by.
Hence p, po are both negative, equation (13) has no positive root.

Therefore, if G(0) = b3 > 0, then equation (13) has no positive root. For any
time delay 71, 75 > 0, the infected equilibrium, E* = (T, I'*, V*) is locally asymptotically
stable for7; >0, =0

Case 3:

T1:O, 7—2#0 (7'2>0)

The charactersitic equation becomes,
N ai N+ (ag + ag) A+ (a5 — ay) e — gghe ™2 4 (ag 4+ az) =0 (14)

Let A\ = iwq(we > 0)
From the equation (14), becomes

3

= —iwh — aywaiwy + (as + az) e~ 2™ + dwgage” V2™

—ag — ag = 0
Separate the real and imaginary parts, we get

ayws — (a3 + ag) = (a5 — ay) cos wyTy + agws Sin WaTy

wiy — (ag + ay) wo = — (a5 — ay) sin wyTy + agw; cos wyTy
Squaring and adding both equation, we obtain

4, 2, 2 2 2 2 2 3
a1wsy + a3 + ag — 2a1a3w; — 2a1aswy + (g + a4)” wy — 2w; (a2 + aq) we

2 2 2 2 6 __
— (a2 + a? — 2azar) — agw; +w§ =0
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ws + (a% — 2a9 — 2a4) wy + [a% — 2ayag + a3 — 2a1a3 — ai — 2a2a4} w3 (15)

+ [a3 + 2azar + af + a2 — aZ] =0
Let

2
p_w27

2
b1 =a; — 2@2,
by = ag + 2a9a4 + ai — 2a1a3 — 2aqag,

2 2 2 2

Then equation (15) becomes,
G(p) = p* +b1p” + bap + by = 0. (16)

We claim Equation (16) has no any positive roots for by, b3 > 0. In fact, we notice that
Now,

d‘(;—ip) = 3p° 4 2b1p + by.

Let,

dg(p)

7:0:>3p2+2b1,0+6220. (17)

Then the root of equation (17) are given by,

_ 2 _
p(1,2)={ by + 3b1 3b2}.

If b, > 0, then <b21 — 3b2) < b% (i.e) v/ (b% — 3b2) < by.

Hence pq, p2 are both negative, equation (14) has no positive root.

Therefore, if G(0) = b3 > 0, then equation (14) has no positive root. For any
time delay 71, 7o > 0, the infected equilibrium, F* = (T*, I*, V*) is locally asymptotically
stable for;, =0, 7 >0

Case 4:

’ 7’17407727&0‘
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The charactersitic equation becomes,
A+ a A2 4 ag) + aze M 4 aghe N+ a5e_A(T1+72) + ag)\e_”\(”m) +are ™ +ag =0
letry=m=7>0
N A + a0\ + aze ™ + aghe ™ + aze M) 4+ aghe™CT) 4 e 4+ ag =0

Let A = iw(w > 0)

iw? + ajw? — agiw — ase”

T

— agiwe™ T — qze T 4 qgiwe @) 4 greT T — gg = ()

Separate the real and imaginary parts, we have

a1w? — ag = a3 coswT + as sinw(27) + auw sinwT — agw sinw(27) — a7 coswT

w3 — Aow = —azsinwT — a5 cos w(27) — aqw coswWT + agw sin w(27) + ar cos wT

Squaring and adding both equation, we obtain

2 2 3 2 2 2 2 2 2 2 2
(alw +a8) +(w —azw) = a3 + ayw” + a5 + agw” + a;

Wb+ (a% — 2@2) wt+ (ag — 2a1a8 — %21 - aé) w? + (a§ - ag - a? - ag) (18)

Let p = w3,

blza%—QCLz,

— 2 2 _ 2
by = a5 — 2a,a3 — aj — ag,
2.2 2 2
bs = ag — a5 — a7 — a;

Then the equation (18) becomes,
G(p) = p3 + b1p2 + pr + b3 = 0.

by case(i), we get A (iws, 7) # 0,for any 7 > 0.
Therefore E* = (T, I*, V*) is locally asymptotically stable for 7, > 0, 73 =0

Hence the condition (i) and (ii) of theorem (3) are satisfied if the system (2) holds.  [J

3. GLOBAL STABILITY ANALYSIS

In this section, we construct a suitable Liapunov function to study the global dynamics of
the infection - free equilibrium and chronic infection equilibrium for system (2).
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Theorem 5: [f N < N..;;, then the infection - free equilibrium, Ey(Tp,0,0) of system (2)
is globally asymptotically stable in ().

Proof:
Define a Liapunov functional

T(t)

W(O) = T() - Toln 12 + 1(0) - /f1 51%/ (t— W)V (t — w)dwds

T2

NuskTy [
+w/f2(s)e_52s/l(t—w)dw
3 J

0

Here W(t) is well-defined, continuous and positive defined for all (7,7,V) > 0 and
6 € [0, p]. Also, the global minimum W (= 0) occurs at the infection free steady state
Ejy. Thus every solutions tends to the viral free steady state Iy. Further, a function W(t)
along the trajectories of (2) satisfies.

aw T+1
ﬁ = (T — TO) [; +r <1 — > H1 — kV] /f1 518]{}T t— Tl)V(t — Tl)ds — MQI

T+1 _
+rl (1 — T) — N,ug/ f2(8)e™ 2 I(t — 1) ds — usV+
0

m

nll / Fu(8)e=5 [—RT(t — 7V (L — 1) + KTV] + N’“‘:fTO / Fa(8)e=525 [I(t — ) — I(1)]

Tm m
N2k Tons
M3

(T —T) [;4—7" <1— T”) s —kV] bl (1 _ TTH> kT — )Vt —s) — pol
— NponelI(t —s) — usV + [—kT(t — s)V(t — s) + kKTV] + [I(t—s)—I(t)]

Since

m = / f1(8)e 9ds
0

Ny = / f2(8)e™%2%dSs
0
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s T+ 1 T+1
+mkT(t —s)V(t—s) — pol — NugnolI(t —s) — usV —kT(t —s)V(t —s) + kTV
N kT N kT
4 Npakdonz g, oy - Npaklons o
"3 "3

T+1 T+ 1
= (T'—To) [S+T<1—+> _Ml] + KToV +rl (1—;> +mkT(t —s)V(t—s) — pl

T T m
N kTt N kTt
— NpompI(t— ) — psV — kT(t — $)V(t — s) + ~L220 R pq gy ZH2E20T2 1y
3 M3
Using this equation,
1o s

M, g

aw
dt

T-T, T-T, I T,

= (T -Tp) s e o) _ 7l - ) —;] +kT0V+rI(1—TO) — uol
12

—L(T—TO)I—;——,u3V+771k:T(t—s)V(t—s)

m m

- Nl (1= 5) = KT(0 = )V (¢ - )+ TR gy M2t

s(T-Tp)? r(T-Tp)° 2r(T-TyI

To rI?
kT, I(1—22 ) — el — — —
+ 0V+T < T > 2 Tm ,U’3V

m

|\ T, T, T,

N po kT N po KT
+ H2 oﬁzl(t_s)_ H2 0772[(t—s)

—kT(t—s)V(t—s)[1 —m] — Nuan2I(t — s) ” o

| s 1) r 2 T,
N uskT, N sk T,
KTt — $)V(t— $)[L — ] — NuompI(t — s) + %I(t — ) - %I(t — %)
3 3

Using this equation,
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s(T —Tp)? r 2 s N pokTon
S A VAN N L AN W A el U R Y
T, T ( o) +I| + |m T, i
kT,

—kT(t—s)V(t —s)[1 —m] — Nuan2I(t —s) [1 - MBO]

[ s(T —Ty)*] r > pokTons 3 s
S AS LA e A A ~N|I

I TTy | T ( o) + 3 pekTone \ To HLT 2

kT,

—kT(t—s)V(t—s)[1 —m] — Npan2I(t — s) [1 - M?,O]

s @] T gy g ek - v s -]
TT() Tm 0 113 crit m
kT
— NponpI(t — s) [1 - 0]
H3
Since
ks S
crit — ,U/QkTOUQ <T0 M1 + N2>
Rewritten % interms of the critical number,we get
dw s(T —Tp)? r 2 kT
o |V Ty 1| - YR N, - NI
kT,
< RT( = V(= 8L ]~ N (e 5) [ 1= 50

If N < N, then %—Vf < 0, from corollary [12], Ej is asymptotically stable. Also,
N = Ny, @F = 0 implies that 7'(t) = Tj and I(t) = 0. While in the case N < N,
4L — 0 if and only if T(t) = Ty and I(t) = 0. It is easy to show that Ey(Tp,0,0)
is the largest invariant set {(7'(t),1(t),V(t)) : % = 0}. By the classical Liapunov -
Lasalle invariance principle [13], Ej is globally asymptotically stable. This complete the
proof. U

In the following, we consider the global asymptotic stability of chronic infection
equilibrium E*(7*,I*,V*). We construct an Liapunov functional for chronic infection
equilibrium using suitable combinations of the Liapunov functions given in [14].

glx)y:=r—1—-Inz

Thus, the function g has a global minimum at 1 and satisfies g(1) = 0.
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Theorem 6: If N > Ny and r < py + 7~ [T* + I*],then the unique chronic infection
equilibrium Fy = (1o, 0,0) of system(2) is globally asymptotically stable in T > 0.

Proof:

We define a Lyapunav functional as follows.

L(t) = Ly(t) + Lo(t) + La(t)

where
T(t) I(t) kKT*V* V(t)
Li(t)y=(Tt) —T"1 I(t)—1I"1 t)—V*1
0= (10 - w )+ (10 - rw )+ TR (v - v
(19)
KTV [ (T =)V (- w) T(t — )V (t —w)
Lo(t) = 1(s)e* ~1-1 dw d
o) = 2 [ e [ (FE 0 W=D s s
0 0
(20)
Ve | 7o I(t-
Ls(t) = MV /fZ(s)e_‘sQS/ (M—l—ln(t—w)> dw ds (1)
72 I* I
0 0
At infected steady state, we have
—5 r
T — i1 T+kV+Tm( +I7)
—kT*V*
_ M LT (22)
r—pp=—p m+Tm( +17)
Mgv* = T]QNILLQI*
The derivative of U, (t) with respect to t along the solution of (19), we get
dLy (T =T~ d_T+i -1 ﬂJr KT*Ve (V= Vx\ dV
dt T dt I dt  NpgI*n, 1% dt
5 -1
(T-T)=—=—T+1)—k —
)(T T( +1I)—kV 47 u1)+( o )
[ KT—m)V(t—7) 7 KTV v
818 ——(T+1 — — (1 - —
/ I IR B v s S
0

Ny / f2(8)e 2 I(t — 15) — psV'
0
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Using the equation (22) , we get

dstl (T — T*)[(T_;*(T—T*)—k(V—V*)>—ji;n[(T—T*)JF(I—I*)]]

I-1I*
L0 s

70 fils)e™ <kT(t - TlgV(t -7) kZFIV)

Tm N/LQ’I?QI*

kET*V* V* 5y
SNuol(t — —
T Nl < > (/f2 pol(t —72) M3V)

T -TY+ (I -+ kwv*( M/h ®thm>

- { (T_zf (T - T*)2> - ﬁ (T —T")+ (I - I*)]Z} Y {—KTV + KTV* + KTV — KT*V*}

v (£) - v (5)

KTV T KTV [V
+ kKT*V* + /f1(3)6_515[ (t —79)ds — () It — 7 /f1 e 15 ds
nel* ) nel*

« kT*V* V* N,LLQT]QI* % I
- kv — ———4m— | — — = | —kET*V + kT*V
Nz ( v ) { v ] *

+ nll L/ f1(s)e kT (t — 1)V (t — 11)ds

+ kT;lV* 701’1(8)6_515615
0

<1+T(t—7'1)V(t—71) I Tt—-m)V(t—m)I* T TV )

TV I* T+ I T+ T+
T* *
/f ) (¢ — ry)ds — LY < >/f2 )e I (t — 75) ds

nal*
0

kT*V*
nal*
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dL

We can rewritten b as,
dLl o —S5 %\ 2 r * *\12
i = { (- T7) - =)+ -1

ET*V* [
+ /fl(s)e_(sls
m

[<1+T(t0_ rV(t-n) I T@-m)V(-m)I* T TV >ds}

TV I TV [T TV

neI* nl*

+ "’T;V* /Oof1<s>e—518

[(3 T*O TV TEt-n)V(E-n) I _T(t—Tl)V(t—Tl)I*> ds}

T TV T*V* I* T*V* I

i T T KTV
—01s [ = - —5131- .
/fl e (T*+ T >] Tl /f t=m)ds

kT* * *
(5 -
nod

_%)\2
— (s — KT*V*) [(TTTQ,: )

KTVE T
+ /f1(8)6618
m

KS Ty Tt—m)V(t—m) I T(t—Tl)V(t—ﬁ)I*)dS}

ET*V*
+

]—Tm[(T—T*)HI—I*)]z

T TV T*V* I* T*V* I

kT*V*
nal*

0

T* * T* * * s
+ 1Y / A= myas = 7 () [ e tor@ - nds
0
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Using the equation,
s —kT*V* T ok
(SEEE) ==+ @)
We get,

<

dstl N ‘{<u1 —r) +zfm<T*+I*>} [@_TT)Z] — g (=T + (=1

KTV T
+ /fl(s)e‘;lS
m

(3 TV +T(t—n)V(t—ﬁ) T I Tt-7n)V(t-7n) [I;Dds

T+ TV T I T+
ST (t ds — — 5[ (t —719)d
- /f2 myas =D () [ e 1= mas
0
Since the Ly (t) equation,

Ly(t) = kT?;V* O/Oofl(s)MwZ ([T(t _;)“;(t —w) g T _;)“;(t - “)>] dw ds

It is easy to see that,the derivative of Lo

dLy KTV [ s (d /Tl T(t — )V (t —w) T(t — )V (t —w)

e 4 11 dwb d
i~ m /fl(s)e {dt 0 TV~ S e
0

CRTVE T s [T d (T —w)V(E—w) T(t — )V (i —w)
i O/fl(s)e {/0 o < ey —1—-In Ty >dw}ds
CRTVE T s T A [T —oVi—w) L T —w)V(E—w)

0
KTVE T s ([T —w) T(t— W)V (t—w)]™
— s 11 d
0

w=

+ In

LRV s [TV =) TV T—n)VE—r) | TV

Consider
In T(t—s)V(t—s) TV I <T(t—7‘1)V(t—7’1)I +IV T )

TV +n = V1 vV T
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dL KTV T
dtz _ V /f1(8)6—518

TV v T TV+I Ty T | ds

Since L3(t) the equation,

0
[T(t—Tl)V(t—Tl) N TV Tt—m)V(t—m)I* Iv* T*

T

Ls(t) =/1<I(tl_*‘”) ~1-In I(tl_*“)) dw

0

The dervative of L3 along solution of system (2), we get

kKT*V* /f2 525/ (I(tl_* w) _ 1—1In I(tl* )> dw] ds

XY/ * B T2 _ —
_ KTV /f2(5)6_52s d <I(t w) 1 —1In I(t —w)
2 Ldt Jo *

dLy _ d
dt dt

0

CRTVE L '/T2d [(t-w) | I(t-w)
= /fg(s)e s dt( I 1—In I

n2
0

0

_ ’“T;V* / fz(s)e‘528< [I ) 1 “I‘* “)LO) ds

0

KTVE T o [ I(t—m) I I(t—m) | I
_ | Azm) (1 I m) g T
n /fg(s)e [ I + I +1n I + o ds

0
Consider,

I(t — 1) I I(t — 7)V* v+
In— =1 —1
R C 372 YTV

dLs  KT*V® [ o T I(t-m) I I{t—m)V*  IV*

i 3 D R VTS | 1

7 n /f2(8)€ [ ot Tty n T ds
0

Since
dL dLi dLs dLs

dt_dt+dt+dt




A. Anu Priyadharshini, R. Rohini and K.Krishnan 159

‘We obtain,

L {wm-n+ @ [T - w1

Tn T T
KTV T
+ /f1(8)€_618
m
0
s TV T@-mV(t-m) T° I T-m)V(t-n)[I])
T*V* T*V* T I* T*V* I
kT*V* o s kT*V* [ V* 7 s
ST (t— — — 25T (¢ —
+ 772]’* /fQ(S)E (t 7-2) dS 772]'* < V ) f2(8)€ (t 7-2) dS
0 0
KTV T
+ /f1(8)6_515
m
0
T(t—7)V(t—m1) TV Tt —7m)V(t—m)I* v T*
— 1 1 In —
{ TV* Tt TV R

KTVE o [ I(t—m) T I(t—m)VE IV
S P Ul L ~1 d
+ 5 [ loge [ ) L eV IV,
0

—{w-n+ e [T Ly a -

T T T
KT*V* [
+ /fl(s)e‘Sls
m
0
3_ TV +T(t—7’2)V(t—7’2)_E_i_T(i—Tl)V(t—Tl) L* ds
TV T*V* T T TV 7
KT*V* [ s KT*V* [V /Oo y
ST(t—79)ds — A 25T (¢ — 19) d
el O (LR (v) fols)e 5251 (t = 73) ds
0 0
KT*V* [
+ /f1<3>6515
m J

TV Ty T T*V*I +in 7y + o) ds

|:_T(t7'1>V(t’7'1) + v T(t*Tl)V(t*Tl)I* v T*
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dL
dt

KTV [ I(t—
+ TV [ et |12 a
M2 ) I

+ MV /fg(S)e‘SQS [ln It _*Tz)v —1In
P I

- {(m —r)+é(T*+I*) [(T

KTVE
+ /fl(s)e_‘sls (3—
m
0
KTVE T
ST (t—
el WO
0
kT* * o r
- 4 /fl(s)e‘Sls In
m , L

KT*V* [ i
- / fals)e ™2 | -
2 J

KTV | It — )V

-4 e |55

. kT;lv* 7f1(s)e—518 (3 Tt T —m)V(i—T) [ID

kT*V*
nel*

KTV '
— /f1(8)€_615
m L
0
KTV T '
4 / fas)e s
2 ,

kT*V* 7 [
+ /f2(8)6_625
2 , L

/f2 _5251 (t — 7o) ds —

KTV [ I
4 /fg(s)e_‘S?s [} ds
2 /

[*
v
v I*V] ds

i T*)T - i (T —T%) + (I - I*)]Q}
: egre-ap),

kT*Vv*
nal*

)ds — 7o) ds

(VV) 7 Fa(8)e=21 (¢
0

Tt —7m)V(t—m)I v I T} s

T*V*1 1 v T

kT*V*/OO s [1]
s+ s)e 2% | —|ds
n fa(s) i

v
— ln W:| dS

=)

Vv

)2 r
4 -y v -}

T T*V* 1

o
KTV (V* s,
A ST (4 —
PWE <V>/f2(s)e (t — 7o) ds
0
Tt —7)V(t—m)I* v T*
. TV+I Tyt
I(t — 1) I
R S T* *
-1 }d KTV H
I(t — m)V* werna IV*
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d r — T%)2 r
R R Al e PP G S BN .
ETVE T s
= O/fl(s)e
™ THt—-—m)V(Et—m) [I7 Tt—m)V(t—n)I* T*
(3 ST TV M ey T T> s

KTV T I =)V (= )V

s 1

772 /fg(s)e [ % n % ds
0

:_{(M—THT;(TWI*) [(T_T*)Z]}—TKT—T*H(I—I*)JZ

kT* * s 'T* T*
- 4 /fl(s)e_‘sls — —1-1In ] ds
1
0 L

Ui

ki/:V* /fl(s)e‘sls [Tt —7m)V(t—7) [I*} 1 Tt —m)V(t—m)I* ds
1
0

kT*V /f2(8)€525 I(t — )V _1_lnl(t—Tg)V ]ds
T2 s

_ ’ﬂ;"* Z fi(s)e=01s [gjﬂ ds — M:lv* Zf1(5)€_518 {g <T(t - T})*I;Z(t — ﬁ)ﬂ ds

ET*V* i by I(t—’i’z)v*
[ e (M)

Notice that 7, I*, V* > 0, we have that % < 0. By theorem 5.3.1 in [15], solutions limit
to p, the largest invarient subset L'(¢) = 0. Using the similar argument as that in [15] and
by Lasealle’s on variable principle, the globl asymptotic stability of £* follows.

Therefore, E*(T*, I*,V*) is globally asymptotically stable for any 71, 75 > 0.This complte
the proof. U
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4. NUMERICAL RESULTS

In this section, to verify the validity of the theoretical result of this paper, we perform
numerical simulation for the model (2) with particular distribution function f(s) as

f(s) =0d(s — s1, $2),

where s is a positive constant and §(s — s1) is the dirac delta function. Then we can see
that

/f(s)ds = /5 s—s1)e Mds =e " g = /5(3 —sy)e” Mds = e "2
0 0

/5 s —51)e %t — s)ds = e 1t — 51),
0

[ 8(s = sa)e ot = s)ds = Pt - ),

0

for any function of ¢, with such choice, model (2) leads to:

T+1

T'(t)=S—mT +rT (1 —
t) = /fl(S)e—515KT(t — SV (t — 8)dS — pol +rT (1 —

0

)—KTV

max

T+I>

max

(23)

V(t) = N/J2/f2(5)6623](t —8)dS — usV

For the system (23), we define the critical number is as:

M3 S
Nt = > 0.
' kponaTh (To Tz Nl)

Here we note that, the derived N,.;; depends on time delay parameter s;. To conduct
numerical results for system (23), we use the data given in Table 1. These secondary
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Table 1: Variables and Parameters for viral spread

Parameter Expansion Values

T Uninfected C D4 " T cell population size 1000mm =3
I Infected C DA™ T cell density 0
\Y% Initial density of HIV RNA 1073 mm =3
1 Natural death rate of C D4"T cells 0.2 day~*
142 Blanket death rate of infected C' D4™ T cells 1 day~!
13 Death rate of free virus 2.4 day~!
k Rate C' D47 T cells become infected with virus 1 x 10~ *mm3day—!
r Growth rate of C D4™ T cell population 0.95day~*
N Number of virions produced by infected C' D4 T cells | Varies

Traz Maximal population level of CD4"T cells 1500mm =3
s Source term for uninfected C D4 T cells 0.1 day=' mm™3
Ty CDA4™T cell population for HIV-negative persons 1000 mm =3

parameter values were either determined experimentally or estimated from patient data.
The average C'D4™T cells count in healthy human is 1000/mm?, which is taken as its
initial value. Since there is no infected C'D41T cells immediately after first effective
contact between a healthy C'D4" T cell and a human immunodeficiency virus, so the initial
value of infected C'D4™T cells is taken to be zero. The initial viral load is considered as
1 x 1073 /mm?. We therefore fix the initial value for each iteration as (1000, 0, 1 x 107%).
Thus the parameter values and initial condition of the system relate to real world scenarios.

For the default parameter values, we can conclude the critical value N..; as

W (7% + po — ,ul). The model system (23) will be globally asymptotically stable.

In Figure 1 we choose s = 0.1, N = 2 and then choose 7 = 0.1. Then the system (23)
results as asymptotically stable. In Figure 2 by increase 2 exhibits the hopf bifurcation.
Similarly in Figure 4 by increasing the value of N as N = 10, and s as s = 0.5 and 7 as
7 = 0.7, then the system (23) again exhibits the hopf bifurcation. Finally Figure 5 shows
that the existence of the hopf bifurcation by choosing the values as N = 10, s = 0.9 and
T=0.2.



A. Anu Priyadharshini, R. Rohini and K.Krishnan

1000
£ 500
>
0
500
1000
500
0
It) 0 0)
1000
£ 500
>
0
500
1000
500
0
It) 0 t

164

1000
= 500
>
0
1000 1000
500 500
0
() 0 t
600
400
~ 200
0
1000 1000
500 500
0
() 0 t

Figure 1: Equilibrium E is asymptotically stable for 7 = 0.2, s = 0.1 and N = 2
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Figure 2: Equilibrium E is asymptotically stable for 7 = 0.2, s = 0.1 and N = 10
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Figure 3: Hopf bifurcation occurs for 7 = 0.7, s =0.5and N = 2
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Figure 4: Hopf bifurcation occurs for 7 = 0.7, s =0.5and N = 10
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Figure 5: Hopf bifurcation occurs for 7 = 0.2, s =0.9and N = 10

S. RESULTS AND DISCUSSION

In this paper we incorporate distributed delays to make the model more realistic and our
numerical simulation will explore the importance of discrete delay and distributed delay
in the model. Our goal is the construction of Liapunov functional is to prove the global
stability of the steady states of a virus dynamics model including distributed delays and
full logistic proliferation term of C'D4" T cells (healthy and infected).

We obtain a critical number N,,.;; on the number of viral particles released per infectious
cell in order for infection to be sustained. We obtained that if N < N,.;, we will have
only infection free equilibrium, which is globally asymptotically stable and the virus is
cleared of the cells population irrespective to the initial conditions. If N > N,.;, then
the infection free equilibrium becomes unstable and a unique chronic infection equilibrium
exists. We proved the global stability of the chronic infection equilibrium if the condition
r < py+="—[T+1] is satisfied. In this case viral infection is present in the cells population

Tmaz

and will become a persistent infection. The result show that for the viral infection model

with mitotic transmission the time delay has no effect on both global asymptotic properties
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of the infection free equilibrium and global asymptotic properties of the chronic infection
of the equilibrium. The graphs are plotted to show the comparison of our results with the
numerical approach.
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