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Abstract

Chemotherapy is the most wellknown and effective cancer treatment for many
types of cancer. Tumor response after chemotherapy was evaluated using the
criteria for response evaluation for solid tumors (RECIST). These responses are
represented in a system of differential equations based on changes in cancer
stage. The discussion includes model construction, search for equilibrium
point, analysis of existence and stability, and a numerical simulation. The
dynamic analysis carried out in this study resulted in a point of equilibrium.
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The equilibrium point obtained is called endemic, this condition exists and will
be stable if the basic reproduction number is more than one. However, if the
basic reproduction number is less than one, then the endemic condition will not
be achieved. This study can be used as an early prediction of the course of
cancer in a population with cancer in a hospital, where the patient is treated with

chemotherapy.

Keywords: = Chemotherapy, Breast Cancer, Cancer Response, Stages,
Mathematical Model.

AMS Subject Classification: 92-10, 99A00

1. INTRODUCTION

Breast Cancer (Breast Cancer) is a malignant tumor that attacks the breast tissue.
Breast cancer causes cells and tissue to change shape to become abnormal and multiply
uncontrollably. Breast cancer is one type of carcinoma with a high prevalence. It can
occur in men and women, where the prevalence is higher in women. Data World Health
Organization (WHO) in 2018, out of approximately 8.6 million women diagnosed with
cancer, as many as 2,088,849 or 11.6% of the total number of world cancer cases from
developing countries. This number is only different from 5,027 lung cancer cases,
which occupies the first position. Based on this number, 626,679 of them are cases of
death, majority of which were from sub-Saharan African countries [1, 2, 3, 4].

The main types of cancer treatment include surgery, radiotherapy, chemotherapy,
hormone therapy, immunotherapy, and gene therapy, either in isolation or a
combination of two or more [5]. Chemotherapy is a breast cancer treatment that
uses cancer-killing drugs given intravenously (injected into a vein) or by mouth [6].
Chemotherapy is given in cycles, with each treatment period followed by a recovery
period. Treatment usually lasts for several months. Although chemotherapy has
a positive impact on curing cancer, it also has side effects detrimental to health.
Chemotherapy side effects arise because chemotherapy drugs destroy cancer cells and
attack healthy cells. However, chemotherapy is the most well-known and effective
cancer treatment for many types of cancer [7].

Chemotherapy 1is usually given to patients with early-stage breast cancer.
Chemotherapy reduces recurrence and mortality rates and improves survival rates
in patients with early-stage breast cancer [9]. Tumor response after chemotherapy
was evaluated using the criteria for response evaluation for solid tumors (RECIST),
namely complete response, partial response, incomplete response/stable disease, and
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progressive disease [8]. Cancer stage also affects cancer response after chemotherapy.
Women with small tumor size (early-stage breast cancers) have excellent survival, with
a high probability of experiencing a complete response after chemotherapy [10].

Patients with a complete response diagnosis are not necessarily free from cancer
forever. Breast cancer survivors remain at high risk of a second breast cancer for
many years after initial diagnosis [11, 12]. Breast cancer survivors are at increased
future risk of developing locoregional recurrences and contralateral breast cancers
(CBCs) [12, 13, 14]. Progressive disease is also experienced by many patients after
chemotherapy, some studies related to progressive disease are: [15, 16, 17]. Some
chemotherapy patients do not experience significant changes, so the cancer does not
appear to be reduced (Stable disease) [18, 19, 20]

Research on biological and health phenomena can be done with mathematics. The role
of mathematics in biology and health is to form a mathematical model of a disease. The
existence of a mathematical model can be used as a prediction of the best and worst
possibilities of disease. Mathematical predictions of the development of a disease can
be made using dynamic analysis. Mathematical modeling of breast cancer has been
developed over the years, both at the enzyme and cellular level, such as [22, 23, 24].
In recent years, research on mathematical models of breast cancer related to cancer
treatment has been carried out by several researchers, including: [21, 25, 26, 27].

There are no existing studies that discuss the mathematical model of chemotherapy
at the cancer population level. Based on these considerations, this study discusses
the phenomenon of the journey of breast cancer patients, which is influenced by the
response to chemotherapy and the second recurrence. The grouping of patients is based
on the stage of cancer detected first. Cancer can increase and decrease to another stage
as the tumor progresses and the treatment is given. The discussion includes model
construction, search for equilibrium point, analysis of existence and stability, and a
numerical simulation.

2. MATERIALS AND METHODS

The model is constructed with four compartments describing the subpopulations of the
cancer patients studied: patients at stages 0 and 1, dormancy, stage 2 and 3, and stage
4. Each subpopulation is represented by the variables A, B, C' and D. Dormancy is
the period of (inactive) cancer cells that can last for several years. During the period of
dormancy, cancer cells reshape their genetic makeup and get ready for the next stage
of development. The compartment diagram is shown in Figure (1). The compartment
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diagram Figure (1) assumes that stage 0 and 1 cancer patients can recover, but stage 2
and 3, and 4 patients are less likely to recover, 80 0 < ups < § < pca < e < 1.

People affected by cancer are assumed to occur when the person comes for the first
visit to the hospital. At that time, the patient data begins to be taken. Patients were
classified into subpopulations of stages 0 and 1, stages 2 and 3, or stage 4. The
assumption used in this study is that the patient’s stage is always checked so that that
stage changes can be known at any time. Over time, patients will experience changes
in the severity of cancer so that each subpopulation will experience changes in the
number of individuals. The rate of change of each subpopulation is described in The
Model Construction.

3. MODEL CONSTRUCTION
3.1 The rate of change of subpopulation A (stages 0 and 1)

The number of individuals was relatively smaller than the other subpopulations.
Therefore, the Stage 0 and 1 cancer patients were placed in one subpopulation (A).
Most cancer patients who have undergone treatment already have advanced-stage
cancer. Individuals who came for treatment for the first time diagnosed with stage
0 and 1 cancer were included in subpopulation A with a rate of #;. While still in stage
1 or 2, cancer patients can recover from cancer at a rate of h. In the event of death,
patients with stage 1 or 2 are assumed to have natural death at a rate of d;. Patients can
also move from stages 0 and 1 to dormancy, or vice versa at the rate of g4 and pap,
respectively. Stage changes of cancer stage can occur over time from stages 0 and 1 to
stages 2 and 3, and vice versa with the rates p14¢ and jic 4, respectively. Patients from
stage 4 can also experience recovery although the probability is minimal, so there is a
rate of change from stage 4 back to stages 0 and 1, namely p1p4. Thus, a model for the
rate of change of stage 0 and 1 subpopulations per unit time can be made, namely:

dA
il 0y — hA —diA — papA+ ppaB + p1caC — pacC + ppaD  (3.1)

3.2 The rate of change of subpopulation B (Dormancy)

As previously explained, dormancy is a period of (inactive) cancer cells that can last
for several years. The subpopulations that can be in this phase are assumed to be
subpopulations from stages 0 and 1, so there is a rate A to B, namely p45. Patients
who are in the dormancy phase if they die are assumed to experience natural death
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with a rate of d;. After experiencing a dormancy period, cancer cells will reactivate
so that there is a phase shift from dormancy to stage 0 and 1, stage 2 and 3, or stage 4
with each rate g4, e , and ppp. Thus, a model of the rate of change of dormancy
subpopulations per unit time can be made, namely :

dB
i paBA — ppaB — pupeB — pppB — di B (3.2)

3.3 The rate of change of subpopulation C (stages 2 and 3)

Individuals who came for treatment for the first time diagnosed with stage 2 and 3
cancer were included in subpopulation C with a rate of #;. Subpopulation C can
increase with changes from stage O and 1 by pac and from dormancy by pupgc.
Subpopulation C can also move to subpopulation A as the patient’s condition improves
at a rate of pc4. Subpopulation C can move to subpopulation D as the patient’s
condition worsens at a rate of ycp. Patients in stage 2 and 3 subpopulations can
die from cancer at a rate of d,. Thus, it is possible to model the rate of change of stage
2 and 3 subpopulations per unit time, namely:

dC
i 0s + pracA — peaC — doC + pipe — pepC (3.3)

3.4 The Rate of change of subpopulation D (Stage 4)

Individuals who came for treatment for the first time diagnosed with stage 2 and 3
cancer were included in subpopulation C with a rate of #,. Subpopulation D can grow
by moving from stages 2 and 3 by pcp and from a dormancy period of ppp. On
the other hand, the stage 4 subpopulation may also be reduced by ds cancer deaths
and d3 neutropenia deaths. Patients in subpopulation D can also recover, although the
probability is minimal, namely a change from stage 4 to stage 0 and 1 with a rate of
upa. Thus, it is possible to model the rate of change of the stage 4 subpopulation per
unit time, namely:

dD

o 05 + uecpC + puppB — pipaD — dzD — dy D

Based on the rate of change of stages 0 and 1, dormancy, stage 2 and 3 subpopulations,
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and stage 4 subpopulations, a system of differential equations is formed.

dA
dt
dB
dt
ac
dt
dD
dt

paBA — pipaB — ppeB — pppB — di B
0o + pracA — peaC — doC + ppe B — pepC

03 + nepC + pppB — ppaD — d3D — dy D

01 — hA —diA — papA+ ppaB + poaC — pacC + ppaD

(3.4)

with the compartment model shown in Figure 1. The parameters used in the system of

equations are as follows in Table 1.

e

Hap 0:)))
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- >
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Figure 1: Compartment Diagram
Table 1: Parameters
Parameters Description

fij Rate i to j

h Recovery rate

dy Natural death rate

do Cancer death rate

ds Death rate from other diseases

0123 Number of people with cancer
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4. DYNAMICAL ANALYSIS
4.1 Equilibrium Point

The equilibrium point obtained from the system of equations (3.4) is equal to zero.

th —hA —diA— papA+ ppaB 4 peaC — pacC + ppaD =
papA — pupaB — pupeB — pppB —diB =

0y + pracA — pcaC — doC + ppeB — pepC - =

03 + pepC + pppB — pupaD — d3D — dy D =

4.5)

o o o O

By using elimination and substitution in the four equations, we get one point of
equilibrium, namely P* = (A*, B*,C*, D*) with a value of A* is translated into
equation (4.6), B* is translated into equation (4.7), C* is translated into equation (4.8),
and D* is translated into equation (4.9). The equilibrium point P* = (A*, B*, C*, D*)
is an endemic equilibrium point, because in that condition all subpopulations have a
number of individuals.

(Ba + pBe + pep + di) B*

A = (4.6)
HAB

A

B* = 5 “4.7)
C

o = 4.8

(ca + da + pep) fran (48)
D
D = 4.9)

(pa + ds + da) (pea + da + piep) pan
with

A=(
(tca +do+ pep) ppapasts + ppapepitapts

B = (pupa + ds + ds) (pca + do + pep) (b4 di + pas) (pa + e + piep + di) —
(pa +ds + dy) (s + da + piep) papitpa — (pa + ds + da) (pea — pac)
(ttac (pBa + ppo + ppp + di)) — (pa + d3 + d2) (poa — frac) pappipo—
peppactpa (pa + ppe + ppp + di) + peppasipoppat
(ttoa +dz2 + pep) faBiBDIDA

ppa + ds+ds) (pea + do + pep) prapbs + (pa + ds + da) (poa — trac) papbat+
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C =papbs + (pac (pa + ppe + pp + di)) B* + (paspsc) B
D = (uca + do + pep) papts + peppiapbs + (Leptiac (a + ipe + ppp +di)) B*+
(tepptapppe + (floa + do + piep) pasiep) B*

4.2 Existence and Stability Analysis

If observed from the equilibrium point, the values of A*, C*, and D* are all positive,
and contain the value of B* in them. While the value of B* itself is not necessarily
positive. Therefore, the equilibrium point exists if the value B* > 0. So the existence
of the equilibrium point P* can be obtained with the condition

D
92 (,UDA + dg -+ dg)

Hac (4.10)

with

D =dy (d28; + d301 + ppaby + ppabs) + pca
(dafy + daby + d30y + dsbs + ppaby + ppabs + fipa)
+ piep (daby + dsby + pipaby + ppabs + ppabs)

Based on the equation (4.10) we get the basic reproduction number R.

D
RO_

— 411
pacts (upa + ds + dy) ( :

Remark 4.1. If Ry > 1 then there is a stable endemic equilibrium point. This means
that in this condition there is only a population that has breast cancer.

Remark 4.2. If Ry < 1 then the endemic equilibrium point does not exist so that
its stability cannot be seen.

S. NUMERICAL SIMULATION

The simulation was carried out using MATLAB with the RK4 method. Numerical
simulation is displayed with two conditions, namely when Basic Reproductive Number

Rop > 1 and Ry < 1. The simulation results are shown in the following pictures
(Figure 2-4).

1. Basic Reproductive Number is greater than one, Ry > 1.
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Table 2: Parameter Values

Parameter | Values | Parameter | Values
HAB 0,2 ds 0,1
UBA 0,4 ds 0,1
HeA 0,7 01 1
HAC 0,9 0 6
HcD 0,4 03 4
UBC 0,4 h 0,05
UBD 0,4 dq 0,1
DA 0,01

Mathematical Model

Number of Breast Cancer Patients

o 5 10 15 20 25 30
Time {)

Figure 2: Population change based on time when Rg > 1

The simulation is carried out using (Ag, By, Co, Do) = (8, 30,6, 3) (the initial
conditions) and the parameter values are as follows in Table (2). Based on the
values in the Table (2) we get the Basic Reproductive Number Ry, = 1.045.
The simulation results are displayed on a population change graph as shown
in Figure (2). From the figure it can be seen that with the initial population
condition (Ag, By, Co, Do) = (8,30,6,3), the population has increased and
decreased over time. O to 27 as shown in the graph. After reaching time 27,
the population stabilizes at the endemic equilibrium point (A*, B*, C*, D*) =
(0.6636.0.1021, 5.5318, 29.7788). The phase portrait shown in Figure (3), it can
be seen that the solution goes to an endemic equilibrium point. The simulation
results are in accordance with the dynamic analysis that if Ry > 1, then the
endemic equilibrium point exists and is stable.
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Figure 3: Phase Portrait when Ry > 1

2. Basic Reproductive Number is less than one, Ry < 1.

The simulation is carried out using the parameter values and initial conditions
in the table (2) by changing ;14 = 1.5 to get the Basic Reproductive Number
Ry = 0.627 . The simulation results are displayed on a population change
graph as shown in Figure (4). From the figure it can be seen that with the initial
population condition (Ag, By, Co, Do) = (8,30, 6, 3), the population increased
and decreased to Finally, there is a negative value in the population of stages 0
and 1 and is dormancy. Because the population cannot be negative, it is proven
that if Ry < 1, then there is no equilibrium point.

6. CONCLUSIONS

Mathematical modeling in this study was used to predict the development of breast
cancer after chemotherapy over time. The cancer response after chemotherapy can be
in the form of a complete response, meaning that the cancer is no longer visible, but this
is considered a dormancy cancer condition. In dormancy conditions, cancer cells can
grow back, even to a more severe stage. Cancer response can also be more malignant,
so that the cancer increases after chemotherapy, this condition is called progressive
disease. Sometimes, the cancer response after chemotherapy does not appear to have
changed, this condition can be in the form of partial response or stable disease. These
responses are represented in a system of differential equations based on changes in
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Figure 4: Population change based on time when Ry < 1

cancer stage.

This study can be used as an early prediction of the course of cancer in a population
with cancer in a hospital, where the patient is treated with chemotherapy. The
dynamic analysis carried out in this study resulted in a point of equilibrium. This
happens because the system is formed without any interaction, only the movement of
the population from one status to another. The equilibrium point obtained is called
endemic, this condition exists and will be stable if the basic reproduction number is
more than one. If the basic reproduction number is less than one, then the endemic
condition will not be achieved and further analysis is needed regarding the population
dynamics that occur.
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