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Abstract

This work investigates Hyers-Ulam stability, and Hyers-Ulam-Rassias stability
results for a coupled system of a nonlinear delay Volterra integro-differential
equation NDVIDE of the form

Z(t) =My <t, %), 2:(Bi(1)), [y 9i(t, s, 2i(s), zi(ﬁi(s)))ds>, Vield,
zi(t) = vi(t), forte[—p,0],i=1,2.

Our approach is based on Pachpatte’s inequality and Picard’s operator. Besides,
we extend and develop some well-known results, then give an illustrative example

for our main results.
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1. INTRODUCTION

Hyers-Ulam (HU) and Hyers-Ulam-Rassias (HUR) stabilities have received immense
consideration in recent times. To some extent, this is due to their likely application
in model situations where we cannot assume to get the exact solution of the problem
simply. We can suppose to get an approximate solution, which must be constant at
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a specific point. This has been done for an enormous number of diverse types of
equations. Among those, we identify differential equations, functional equations and
integral equations, see [1]. The main Ulam stability problem of functional equations
has been developed into various kinds of equations. It has been noted that the Ulam
stability theory is found to be useful in the study of differential equations, integral
equations, difference equations, fractional differential equations, and other similar
problems. Ulam-type stability problem was formulated by Ulam in 1941 [10], then
later developed and improved by many researchers, see [4, 12]. When should the
solutions of an equation that differ somewhat from the given one be close to the given
equation’s solution. A considerable number of research papers dealing with the UH
and UHR stabilities of various kinds of differential and integral equations can be found
in the literature. One can refer to for basic results and recent developments on Ulam
stabilities of differential and integral equations in [2, 12, 13, 14, 15, 16, 17]. Besides,
several research papers have been carried out on Ulam-Hyers stability for NDVIDEs
and Volterra integral equations recently [18, 19]. In [20], UH and UHR stabilities have
been investigated for the class of the following NVIDE

20 = {1400, /t:gu,s,z(s), “(s(o)ds),
z(tg) = e, e € (—oo,00).

In [21], Pachpatte’s inequality and Picard operator have been applied to study existence
and uniqueness and Ulam type stabilities for the NDVIDE, i.e.,

2 (t) = H(t 2(t ), Jo glt, s, 2(s z(g(s)))ds) t € 0,b],
2(t) =0(t), for te[-r0].

(D

Motivated by above works, we consider the following NDVIDE

Zi(t) = H,; (t,zi(t),zi(ﬁi(t)),/o gi(t,s,zi(s),zi(ﬂi(s)))ds), Vte, (2)
zi(t) = vi(t), for t €[—p,0],i=1,2, (3)

where J = [to,T], vi € C([—0,0],R), H; : [to,T] x Rx R xR — R, g; :
[to, T] X [to, T] x R x R — Rand §; : [to,T] — [—p,0] are continuous functions
with f;(t) < t, foralli =1,2.

Observe that the single problem (1) has been studied by Kucche and Shikhare [21],
using Pickard’s method. Here we will study a coupled system of NDVIDE (2) with a
finite delay. Our approach is smooth and depends on Pachpatte’s inequality and Picard’s



Ulam-Hyers-Rassias Stability for a Coupled System of Nonlinear... 35

operator. Moreover, our analysis costs the minimum conditions sufficient to discuss the
stability analysis in the sense of UH and UHR.

The structure of this article is as follows: In section 2, we mention some concepts and
principles. Section 3 discusses UH and UHR stabilities for NDVIDE (2). An example
to illustrative the obtained results is given in section 4. At the end, the last section deals
with the conclusion.

2. PRELIMINARIES

Here we will go to call back some principal definitions and conditions to discuss the
Ulam type stabilities for NDVIDEs (2)
For every € > 0 and a nonnegative increasing continuous function ® € C'([—po, T], R, ).
We consider the following inequalities:

1DU(t) — Gi(t)| <€, i=1,2, teJ, (4)
D5(t) = Gi(t)| < B(t), i =1,2, t € J, (5)
DL(t) — Gi(t)| < €®(t), i =1,2, t € J, (6)

where

G(t) = H, (t,©i<t>,@i<@<t>>, / gz-<t,s,©i<s>,©i<ﬁ,~<s>>>ds), =12

Definition 2.1. Equation (2) is called UH stable if there is a constant K > 0 such that
for every € > 0 and for every solution ®; € C'([—o,T],R) of (4) there is a solution
2z € C'([—o, T],R), i = 1,2 of (2) satisfying

|D,(t) — 2zi(t)| < Ke, forte[—o,T].

Definition 2.2. Equation (2) is called generalized UH stable if there is 0y, €
C(Ry,Ry), 03,(0) = 0 such that for every solution ®; € C'([—o,T],R) of (4) there
is a solution z; € C'([—o, T],R), i = 1,2 of (2) satisfying

1D,(t) — z;(t)] < Oy,e, forte[—o, T, i=1,2.

Definition 2.3. Equation (2) is called the UHR stable concerning continuous function
NS C(j, R, ) if there is a constant K¢ > 0 such that for every ¢ > 0 and for every
solution ®; € C'([—o, T],R) of (6) there is a solution z; € C' ([0, T],R), i = 1,2 of
(2) satisfying

Di(t) — zi(1)] < Koe®(t), forte[-e,T], i=1,2,
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Definition 2.4. Equation (2) is called the generalized UHR stable concerning
continuous function ® € C(J,Ry) if there is a constant K¢ > 0 such that for
every € > 0 and for every solution ®; € C'([—o,T],R) of (5) there is a solution
2z € C' ([0, T],R), i = 1,2 of (2) satisfying

|©l(t) - Zl(t)’ < Ké(b(t)v fOT te [_Qa R]? 1= 1727

Remark 2.1. Note that a function ®; € C'(J,R) is a solution of the estimate (4) if
there is a pp, € C (j ,R) (which depends on ©;) such that

(1) po, ()| <€ t e J,
@ olt) = H, (t,®i<t>,@i<ﬁi<t>>,fngt, s,®i<s>,@i<@<s>>>ds) Fopo(t), i =
1,2, teJ.

Similar arguments hold for the inequalities (5) and (6).

Remark 2.2. If ©; € C”(JA ,R) fulfills the estimate (4), then ®; is a solution of the
following integral inequality:

'@@-a)—mm— / , (520 D560, [ a5, 09.(0). 2,501 ) s

A @
<et,i=12teJ.

Indeed, if ©; € C /(j ,R) fulfills the estimate (4), by Remark 2.1, we would have
t
Di(t) = Hi (t,@z'(t%@i(ﬁi(t)%/ gi(t,S,@z‘(S),@i(ﬁi(s)))ds) +po,(t), i=1,2, teJ.
0

This yields that

2. -2.0)- [ H, (s 20260,

s

gi(s5,0,9;(0), Qi(ﬂi(a)))da) ds

t
S/ Ipo, (t)| < et, i=1,2.
0

Similar estimates can also be obtained for the inequalities (5) and (6). We use the
following inequality to obtain our main results.

Theorem 2.1. (Pachpatte’s inequality (see [22], p. 39)). Let v(¢), h(t) and p(t) be
nonnegative continuous functions defined on R, for which the inequality

v(t) < mf(t) + /Ot h(s) lv(s) + /Osp(a)v(a)dal ds, forte Ry,
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holds, where m(t) is nonnegative and continuous increasing function defined on R, .
Then

(t) < mft) {1 + /0 th(s)exp( /0 h(o) —l—p(a)da)ds}, fort e R,

Now we give the definition of the Picard operator and state the abstract Gronwall lemma
(see Rus [23]), which are used in our subsequent analysis.

Definition 2.5. (Picard operator [23]). Let (),d) be a metric space. An operator
B : Y x YV is called the Picard operator if there is y* € ) such that:

(1) Hs = {y*}, wher He{y € YV : B(y) = y} is the fixed point set of B,

(2) the sequence (B"(xo))nen converges to y* for each yo € Y.

Lemma 2.1. (Gronwall lemma [23]). Let (), d, <) be an ordered metric space and let
B : Y x Y be an nondecreasing Picard operator (Hy = yg). Thenfory € Y,y < B(y)
implies y < yg, while y > B(y) implies y > yg.

3. ULAM STABILITY FOR NVIDE ON J = [Ty, T

First, we list the following assumptions for our convenience.

(A1) (1) The functions 3 : [ty, T| — [—p, 0], is a continuous with 3;(t) < t, forall i =
1,2,

(2) There exists real number Ly, , Ly, > 0 such that

[ Hi(t, 51, 500, 583) — Hi(l, 501, 300, 563)| < Loy, (|61 — 31| + [302 — 30| + [ 503 — 323]),
|gl(t7 S, 1, %2> - gz(ta S, ffla 22)| S Lgi(‘%l - %l| + |%2 - 22')

for each (¢, s) € J x J and 5,2, € R(i=1,2and j =1,2,3).

(A2) Let ® € ([—p,T],R,) is nonnegative, increasing and continuous and there is
a constant 1 > 0 such that

/tq)(s)ds < nd(t), forteJ.
0

Theorem 3.1. Let H,; and g; in (2) satisfy the hypothesis (A1) and suppose that (A2)
holds. If T'Ly;,[2 + L, T] < 1,i = 1, 2, then the following assertions hold.

(1) Equation (3) with initial value (2) has a unique solution z; € C([—p, T],R) N
C'(J,R),
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(2) Equation (2) is UHR stable concerning the function ®.
Proof. (1) Observe first that in view of assumption (A1)(1), the equation (3) with initial
value (2) is equivalent to the following integral equations:

zi(t) = v;(0) +/0 H,; (t,zi(t),zi(ﬁi(t)),/os gi(s, 0, zi(a),zi(ﬁi(a)))do>ds, Vited,
Z,L(t) = ’Ui(t), t e [—Q, 0], 1= 1,2

Let the Banach space = C([—o,T],R)
operator By, : YV — ) by

By, (2:)(t) = v;(0) +/O H, (t,zi(t), zi(Bi(t)), /OS 9i(s,0,zi(0), zi(ﬂi(a)))da) ds, VtelJ,
BH1<ZZ)(t) = ’Ui(t), t e [—Q, 0]7 1= 1,2

We can now show that By, has a fixed point using the contraction principle. Observe
that

By, (2i)(t) — By, (D) ()] = 0, 2z,0: € C([=0, TI,R), t € [-0, T],i = 1,2. (8)

Next, for any ¢ € .J, we can write
Bro(0)(t) — B (02)(0)
< [ 2 flats) - D + 136D - D39
[ a2 = D100+ 13(0)) = D50 s

g/Lm max [z(m) = Di(m)| + max [5(6(n)) — Dul(Bi(n))
0 ST

0<T1 <o

+/0$ { max Ly, {|zi(r2) = Di(72)| + max |z(8i(r2)) — i((ﬁi(72)>:| do}ds

0<m <o 0<m <o

g/OLHi{ max_|z(1) — D;(m1)| + max ’Zi(gl)_gi(‘jl)‘

—o<m <T —0<01<

+/O [ max Ly, {|z(m) — @i(72)|+Oglma%gr|zi(02)—@i(ag)qda}ds

7Q<T2<T

t s
0 0
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From (8) and (9), it follows that
B, (i) (1) =B, (i) (V) |lc < TLy,(2+Lg, T)|2i—Dillc, 2:,Di € C([—0, T, R),i = 1,2.

Since T Ly, (2+ L, T) < 1, i = 1,2. On the complete space ), the operator By, is a
contraction. Also the operator By, has a fixed point z} : [0, 7| — R, i = 1,2, which
provides a solution of the problem (2), (3), by Banach contraction principle

(2) Let ®; € C(|—o,T],R) N C'(J,R), be a solution of the estimate (6). Denote
by z € C([—o, T],R) N C’(J,R), the unique solution of the problem:

2i(t) = H,; (t, zi(t),zi(ﬁi(t)),/o Hi(t,s,zi(s),zi(ﬁi(s)))ds), Vited,
zi(t) = D,(t), forte[—p,0], 1=1,2.

Then assumption (A1)(i) allows to write the following (equivalent to the above problem)
integral equation:

zi(t) = 9;(0) —I—/O H,; (t, zi(t), z(Bi(t)), /OS gi(s,0,z(0), zi(ﬁi(a)))da> ds, (10)
Vted,
Z(t) = Di(t), t € [~0,0], i = 1,2, (11)

If D, € C([—o, T],R) N C'(J,R), fulfills the estimate (6), then using assumption(A2)
and Remarks 2.1 and (3), we obtain

210120~ [ (52,2056, [ 05,2040 2.6l ) s

¢ ¢
< / Ipo, (t)] < / ed(s)ds < en®(t), t € j, 1=1,2. (12)
0 0

Observe that |D;(t) — z;(t)| = 0 for ¢t € [—p, 0]. Next, using assumption (A2)(2), the
equation(11) and the estimate in (12), for any ¢ € J, we can write

9050 = | 2u(0)-2:(0)- [ 74 (s,zi<s>,zz~<ﬁi<s>>7 / " gi(s,o, zi<o>7zi<ﬂi<a>>>do) ds

< ‘@i(t)_@i(o)_/ot Hi (3;©i<8>v®i(5i(s))a/os 9i(s, 0, @z‘(U)’@i(ﬁz‘(U)))d0>ds
<
-,

s (526 D056, [ a0 Dilo). D1l () ) s

to

Hi (s,zi(s),zi(ﬁi(s))v/os gi(s, 0, zi(o),zi(ﬂi(a)))da> ds
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< en®(t) +/ Lm{lgi(b’) — zi(s)| + [Di(Bi(s)) — 2:(Bi(s))]

0
+/0 Ly, [|9i(0) = zi(0)| + [Di(Bi()) Zi(/)’i(a))]dff}ds, i=12.(13)
According to (13), let the operator B : C'([—o, T],R;) = C([—o, T], R, ) defined by

B(0) (1) = n®(0)+ L, [ t {ar-ulao)+L, [ wio)-wipion}, vied.

Next, we show that ‘B is a Picard operator (see Definition 2.5). To this end, observe
first that for any v;, w; € C([—o,T],R;) we have |B(v;)(t) — B(w;)(t)] = 0, t €
[—0,0],i=1,2.

Using hypothesis (A1)(ii), for all ¢ € [—p,0],7 = 1,2, we can write

(00) (1) — B ) 1)
<L, {|vi<s> ()] + Ju(Bi(s)) — wn(Bi(s))

Ly, [ [18(0) = w0)| + o)~ wi( o)) do b

g/o Lm{ max !vi(ﬁ)—wi(ﬁ)l+021T?§0_|w(5i(71))—wi((ﬁz’(ﬁm

0<m <o

- /Os { max Ly, {[vi(2) — wi(m)| + Jnax vi(Bi(72)) — wi((ﬁi(ﬁ))]da}ds

0<m2<o <m<o

t
g/LHi{ max _|v;(1) —w;(m)| + max
0

—o<n<T _max Jui(o1) = wi()]

| s, Lo floi) = )l + s, o) o) | o s

t s
S/ L'HZ{2||U’5_wZ||C+2/ Lgl||vz—wz||cda}ds§7'LH1(2+LgZT)||Ul—wZ||C
0 0
Therefore,
||%(UZ) - SB(wl)HC’ < TLHz(Q + ngT)Hvz - wiHC’v Vi, Wi € C([_Qvﬂ’R)’i =1,2.
Since T Ly, (2 + L, T) < 1, B is a contraction on C([—p,7],R;) by Banach

contraction principle, we conclude that 95 is a Picard operator and Hg = {v;} Then,
fort € j, 1 = 1,2, we have.

00 = (o) + L, [ {4506 =i (660 + Ly [ [(0) =i (00 .
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Note that v is increasing and (v) > 0 on J. Therefore v*(5;(t)) < wi(t) for

)

t e j, t = 1,2, and hence

t s
vi(t) < en®d(t) +/ 2L, (uj(s) +/ 2L, [vf(a)}da) ds.
0 0
Next, using Pachpatte’s inequality given in Theorem 2.1, we obtain

t s
vf < en®(t) [1 + / 2LHiexp(/ [2L4, + Lgi]da) ds]
0 0

exp(2Ly, + Lg,)T — 1
L + L, ds (14)

< enq>(t){1 4 2Ly, (

Taking K¢ = n {1 + 2Ly, (wp(zi’::%’;ﬁ_l) ds} from inequality (14), we get

v; (1) < Koe®(t), t € [=0,T]

For v;(t) = |D;(t) — z(t)| the inequality (13) gives that v;(t) < B(v;)(t). So, we have
proved that B : C([—o, T|,Ry) — C([—p,T],R;) is an increasing Picard operator
such that for v; € C([—p, T],Ry), v;(t) € Bu;(t) and Hy = {v]}.

Hence, using the abstract Gronwall lemma (Lemma 2.1), we obtain v;(t) < vi(t), t €
[—o, T], implying that

Di(t) — 2(t)| < Koe®(t), Vt € [0, T], i =1,2. (15)

Thus, equation (2) is UHR stable concerning the function ®. Theorem 3.1 is proved.

Corollary 3.1. Let the functions H; and g; in (2) satisfy (A1) and assume that (A2)
holds. If T Ly, (2+ L, T) < 1, i = 1,2, then the problem (2), (3) has a unique solution
and the equation (2) is generalized UHR stable concerning the function .

Proof. In the proof of Theorem 3.1, if we take ¢ = 1, then, we get (cf. (15)):
Dit) = 5 ()] < Ko®(t), Vt € [~0,T], i = 1,2,

showing that the equation (2) is generalized UHR stable with concerning to the function
®. Using arguments similar to those applied in the proof of Theorem 3.1, one can prove
UH stability of equation (2). Observing that for & = 1, for all t € [—p,T], the
assumption (A2) holds, we can state the following corollary of Theorem 3.1.
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Corollary 3.2. Let the functions H; and g; in (2) satisfy the hypothesis (Al). If
TLy,(2+ L, T) <1, i = 1,2, then the problem (2), (3) has a unique solution and
the equation (2) is UH stable.

Proof. In the proof of Theorem 3.1, if we take ® = 1, V't € [—p, T| then, we get
(ct. (15)):

‘gl(t) - Zl(t)l < KG, Vie [_Qaﬂv t= 1727
and the result follows.
Corollary 3.3. Let 7, and g; in (2) satisfy the hypothesis (A1). If 7Ly, (2 + L, T) <

1, ¢ = 1,2, then the problem (2), (3) has a unique solution and the problem (2) is
generalized UHR stable.

Proof. The result follows from Corollary 3.2, by taking H;(¢) = Ke, i = 1, 2.

3.2. Applications. In this segment, we consider some important special cases of the
problem (2), (3)

Fix any o > 0, and define 3;(t) = t — o, t € [to,T], @ = 1,2. Then we obtain the
following special cases of the problem (2), (3):

¢

2i(t) = H,; (t,zi(t),zi(t — Q),/ gi(t, s, zi(s), zi(s — r)ds), Vite, (16)
0

zi(t) = vi(t), for t€[—p0], i=1,2. (17)

For an NVID difference equation, this is an initial value problem. Take the following
inequality into account:

DL(t)—H; (t, D;(t),Di(t—o), /0 gi(t,s,9;(s), ”}Di(s—g)ds)

< ed(t), t€[—0,0],i=1,2,

where ¢, ® and v; © = 1, 2, correspond to the values given in Section 2. (Preliminaries).
For the problem (16), (17), we have the following theorem as an application of Theorem
3.1.

Theorem 3.2. Under the assumptions (A1) - (A2) and T'Ly,[2 + L, T] < 1, i =1,2.
Then the problem (16), (17) has a unique solution z; € C([—p, T],R) N C'(J,R), i =
1, 2, and the equation (16) 1s UHR stable with concerning to the function .
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Another special case of the problem (2), (3) we obtain by taking the delay
Bi(t) =2, t € [to, T], i = 1,2. Then we have

¢

2i(t) = H; (t, zi(t),zi(tQ),/ gi(t,s,zi(s),zi(tQ)ds), Vied, (18)
0

zi(t) = v(t), fortel|—p,0],i=1,2, (19)

which is an initial value problem for NVIDE. Consider the following inequality:

<ed(t), t € [—0,0],i=1,2,

DL(t) — H,; (t,@i(t),’Di(tQ),/O g(t,s,@i(s),Di(SQ)ds)

where ¢, ® and v; © = 1, 2, correspond to the values given in Section 2. (Preliminaries).
For the problem (18), (19), we have the following theorem as an application of Theorem
3.1:

Theorem 3.3. Under the assumptions (Al) - (A3) and T'Ly[2 + L,T] < 1. Then the
problem (18), (19) has a unique solution z; € C([—o, T],R) N C'([0,T],R), i = 1,2
and equation (18) is UHR stable with concerning to the function .

Other Ulam type stability results for equations (16) and (18) can be obtained by using
the corresponding results from Section 3.1.

4. CONCLUSION

Using Pachpatte’s inequality and Picard’s operator method, we examined the stability
analysis in the sense of UH and UHR for NDVIDE (2).
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