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Abstract

The discovery of a hypergeometric function has provided an intrinsic
stimulation in the world of mathematics. It has also motivated the
development of several domains such as complex functions, Riemann
surfaces, differential equations, difference equations, arithmetic theory and so
forth. The global structure of the Gauss hypergeometric function as a complex
function, i.e., the properties of its monodromy and the analytic continuation,
has been extensively studied by Riemann. His method is based on complex
integrals. Modified Bessel Function and Hypergeometric functions are very
important functions in the history of Special functions. These functions has
many applications in Engineering and Sciences. Many researchers are
involved in this area of classical Mathematics. They have developed so many
formulae by using these functions. We have also involved in this area of
classical Mathematics. We have also established so many formulae by using
these formulae. In this we have developed some formulae and their
Generalized formulae. These formulae are associated to Hypergeometric
function and Modified Bessel function.
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1. Introduction
Yurry A. Brychkov[ Brychkov p.211(4.9.5)] has derived the following formulae

f; x°cos™x Iy(ax)dx = = Shi(a).(1.1)
J; xcos™x Iy(ax)dx = = I,(DL(5).(1.2)

fﬁl x?cos™ x Iy(ax)dx = % [a cosh a — 2sinh a + Shi(a)].(1.3)
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The first kind of modified Bessel function is defined as

L (2) = % () = Ziico sy G770 (14)

A generalized hypergeometric function ,F,(ay,...,a,;by,-..,b,;2) is a function

which can be defined in the form of a hypergeometric series, i.e., a series for which

the ratio of successive terms can be written
Cres _ PUK) _ I:k+r1._}|:k+r15}...(k+rzp}
ey QUk)  (k+b,)(k#by) (kby)(k+1)

z.(1.5)

Where k + 1 in the denominator is present for historical reasons of notation| Koepf

p.12(2.9)], and the resulting generalized hypergeometric function is written
ﬂ-lyﬂ-z_,"'_,ﬂ-,p H .

- I:E._:I-I:E :'""':En};‘_,s'f
F z| =D, SRR (1.6
oo by, by, -, b e "b‘—}k'~b5}k""~bq}kk’[ )

q ;
where the parameters by, b, ***, b, are positive integers.

The ,F, series converges for all finite z if » = g, converges for |z| <1ifp =g + 1,
divergesforall z,z = 0 if p = g + 1[Luke p.156(3)].

The function ,F (a, b;c;z) corresponding to p=2,g=1, is the first
hypergeometric function to be studied (and, in general, arises the most frequently in
physical problems), and so is frequently known as "the™ hypergeometric equation or,
more explicitly, Gauss’s hypergeometric function [Gauss p.123-162]. To confuse
matters even more, the term "hypergeometric function” is less commonly used to
mean closed form, and "hypergeometric series" is sometimes used to mean
hypergeometric function.

In  mathematics, Pochhammer symbol (sometimes called the descending
factorial,falling sequential product, or lower factorial) is defined as the polynomial[
Steffensen p.8]

(1) = x(x — )(x—2)....... (x—B+1) =115, (x—k+1) =I5} (x — k)(1L.7)
The basic operations of Boolean algebra are as follows:

AND (conjunction), denoted ¢ A v, satisfies cAv=1if¢c=v =1 and ¢cAv =0
otherwise.

OR (disjunction), denoted ¢V v, satisfies ¢vv =0 if c=v =0, and ¢vv=1
otherwise.

NOT (negation), denoted —¢ , satisfies =¢ =0if¢ =1land —¢=1if¢ = 0.
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2. MAIN FORMULAE OF THE INTEGRATION
J}eeheD gy = pgm2 11— m) (R 01,20, 20

0 =" 2°3% 2 7 2 2
for Re(a) = 0 ARe(n) < 1A (Im(a) = 0V Re(a) = 0).(2.1)

[l et b gy — ra 2t r(2—m) A (B0, 02,10 100

o xn

for Re(a) = 0ARe(n) < 1A (Im(a) = 0V Re(a) = 0).(2.2)

1 cos *x1,(ax) _ 7 - 4—n 5—:*: 5—n a°
url} xi"l. dx - 2% 3 5 *oa :3’ _j

for Re(a) = 0 ARe(n) < 1A (Im(a) = 0V Re(a) = 0).(2.3)

1 cos_“xfslirzx} _ 3 An—2 ~ A4—-n 5-n f—n 6—n &
J, == —dx=nad® 2" T (¢ —n) B(. 4 )

for Re(a) = 0ARe(n) < 1A (Im(a) = 0V Re(a) = 0).(2.4)

1 cos “xl,(ax) _ —27 11-n 12-n 13-n 13 n a®
fﬂx—ndx ma'® 2" E M(11-n) oFf (.= 1L, 7

for Re(a) = 0ARe(n) < 1A (Im(a) = 0V Re(a) = 0).(2.5)

[ 2he (89 gy — 7 1% 270 (20 —n) ,Ff (=, ==;20,—=, == 5%]

0 a" < : 2 2 2
for Re(a) = 0 ARe(n) < 1A (Im(a) > 0V Re(a) = 0).(2.6)

(ax n n 2-n 32-n a®
fimdx—ﬁatg‘ 2?‘1 =1 1_'(3'] n:] .Fé(al} -'31 43':',3_" ;3,1 :4:]

o X 2 2 & &

for Re(a) = 0 ARe(n) < 1A (Im(a) = 0V Re(a) = 0).(2.7)
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101-n 102-n 103-n 103-n a°

1 cos tx (ax) —202

for Re(a) = 0ARe(n) < 1A (Im(a) = 0V Re(a) = 0).(2.8)

_a_ | 7= —_ 2
Jrl cos .} g1 E:::}dx — 7 151 gn—304 1_,(152 ﬂ] B (15 n 153 n . 152, 154—n 154 n :E_j
o x' 2 4

for Re(a) = 0 ARe(n) < 1A (Im(a) = 0V Re(a) = 0).(2.9)

1 cos tx (zx) _ 751 co4 252 —n ;53 n 154—n 254—:*: a
Iy x—?fdx ma®®t 277504 1(252 —n) LF( ;252, — i)

for Re(a) = 0 ARe(n) < 1A (Im(a) = 0V Re(a) = 0).(2.10)

_rl Cﬂf_ixf'_zs-_':ﬂ-"}dx —
V] xt

1252—n 1253-—n 1254—n 1.:.54 ?’E E
. ; 252, —_—

Ta 1;51 2?! 2504 1—|(1252 nj -F;g(

<)

for Re(a) = 0 ARe(n) < 1A (Im(a) = 0V Re(a) = 0).(2.11)

n+2 nt3d ntd4 nts oo

1 _ e i
fﬁ x™ cos x I (ax)dx =mwa2™" 41"[’r1—|-2]21’:'3(2 " : 2, T ,4]

for Re(a) = OA (Im(a) = 0V Re(a) = 0) ARe(n) = —1.(2.12)

1 - T q—n— = mdd nid +5 n+5 a®
fﬂ x™ cos x L(ax)dx =mw a* 27" I'(n+ 3) :FE(: ,: ;3,° ,nz :ET]

-
r

for Re(a) = OA (Im(a) = 0V Re(a) = 0) ARe(n) = —1.(2.13)

nt4 n+s nt+6 n+6 a®
_:4’_

_r x" cos T x j(ax)dx =ma® 27" I(n+4) F( 7

for Re(a) = OA (Im(a) = 0V Re(a) = 0) ARe(n) = —1.(2.14)
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n+5 n+6 nt7?7 n+7 a®
J5!,.| o :T]

f x™ cos 'x I(ax)dx =mwa®* 27" I'(n+ 5) F(

for Re(a) = O A (Im(a) = 0V Re(a) = 0) A Re(n) = —1.(2.15)

nth nto nt+7 n+'.'-’ rz

f x® cos T x I(ax)dx =ma* 27" [(n+ 5) F( L et

%)

for Re(a) = 0 A (Im(a) = 0V Re(a) = 0) A Re(n) = —1.(2.16)

nt+7 ntd n+s n+5 g°

f x® cos T x I(ax)dx =ma® 27" ¥ T(n+ 7) F( i)

for Re(a) = O A (Im(a) = 0V Re(a) = 0) ARe(n) = —1.(2.17)

1 _ —— ~ ntd ntd +10 nt+i10 =2
fﬁ x" cos x I(ax)dx =ma’ 27" ¥ I'(n+ 8) Q.F'H[nz ,nz :S,H2 ,HT:ET]

&

for Re(a) = 0 A (Im(a) = 0V Re(a) = 0) A Re(n) = —1.(2.18)

1 - —p— = ~ntle ntls nta I} nti I} a’
fﬂ x™ cos  x I;(ax)dx = mwa'” 2777¥ I(n+ 18) L5 ( S 18— )

r &

for Re(a) = O A (Im(a) = 0V Re(a) = 0) A Re(n) = —1.(2.19)

fl x™ cos 1x Iy (ax)dx =

n+108 rz+1l}'3- :'z+11II!I :~q+11[!I a®
mal® 277738 I(n+ 108) ,F(

; 108,

)
for Re(a) = O A (Im(a) = 0V Re(a) = 0) A Re(n) = —1.(2.20)

[y & cosTx [,()dx = w27 T(n+ 1) LB 5 L7 )

-
r

r

for (Im(a) < 0V (Re(a) = 0) ARe(a) = 0ARe(n) = —1.(2.21)
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2 et ) el ——2——i—)

1 - 3
fﬂ x™ cos 1x Ii(gjdx =

for (Im(a) < 0V (Re(a) = 0) ARe(a) = 0ARe(n) = —1.(2.22)

=& o MA+ET+S _TM+S A4S L
w2 Mn+d) A ——i3———
- - }55‘1’1 ’1’1451'*"}

z

1 n -1 = —
fﬂ x™ cos x[z(ﬂjdx -

for (Im(a) < 0V (Re(a) = 0) ARe(a) = 0ARe(n) = —1.(2.23)

—f—F o TAAT4E | 6 NHE L
w2 Fn+d) B ——id———
- - }55‘1’1 "2 "z 'an®

EE-

fﬁl x™ cos 1x I, (g]rix =

for (Im(a) < 0V (Re(a) = 0) ARe(a) = 0ARe(n) = —1.(2.24)

—A—1E - 49 M4AD | 74LL A4ai 2
w2 T(n+9)  F.(— 5, ;
- - JzFsl z " 2 "z "z 'am

z)

1 - 0
fu x™ cos tx IB[;:]dx = .

il

for (Im(a) < 0V (Re(a) = 0) ARe(a) = 0 ARe(n) = —1.(2.25)

—a L X & E-Tl4-71 _E-ME-M 1
1 ooz x (=) w2 ri3—-n)  F——3———%
J‘ @ Ay = 2 2 2 aa
o i o

for (Im(a) < 0V (Re(a) = 0) ARe(a) = 0 ARe(n) < 1.(2.26)

—1 - =12 ¢ JE=TLT—T _E-ME-T 1
cos x| 7 2 rie—n).F (——i6———=
1 S < N }55\241 N 4|15}

3
Iy —dx =

x o

=

for (Im(a) < 0V (Re(a) = 0) ARe(a) = 0ARe(n) < 1.(2.27)

-1 =22 s A1 4Z—T1 1E—TLAE—71 1
cos ~xl, w2 ri{il—-n) . F.i i1 H
1 i - - JaFs( 2 g g 4-15}

=
..rD ﬂDudx: io

X ra

for (Im(a) << 0V (Re(a) = 0) ARe(a) = 0 ARe(n) < 1.(2.28)
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Js

16—TL 17-T iE-TMiE-M 1

-1 X AL =BT mrg-_ : Tt
1 ros xl (=) w2 Ti{l6—n) o Fy( — 16,

z z " = '4-15}

a —
- dx = =

X r

for (Im(a) < 0V (Re(a) = 0) ARe(a) = 0 ARe(n) < 1.(2.29)

3. GENERALIZED FORMULA OF THE FORMULAE

0 =M

1 cos" x I, (nx) — =~ 1 a®
2 @ gy =n2 2 e AG Ln+1,355)

b3 | w
L]
ba | w

for Re(a) = 0ARe(n) < 1A (Im(a) = 0V Re(a) = 0).(3.1)

o~ EE
fo x" cosTx L (ax)dx =V a" 2P TG+ ) B (nt Sint n+ 55

for Re(a) = 0 A (Im(a) > 0V Re(a) > 0) ARe(n) > —.(3.2)

1 - x — —n—2 1, = 1 3 31
[} 2t cosx ,Ddx = VT 22 I+ ) B+ b+ La stk

Js

-1 o -2 A
1 ros “xl i) w2 5P5'~5*1'”+1J

for (Im(a) < 0V (Re(a) > 0) ARe(a) = 0 ARe(n) > —3.(3.3)

Em 1
z'z'aa?

m o
e dx = am

for (Im(a) < 0V (Re(a) = 0) ARe(a) = 0ARe(n) < 1.(34)
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