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Abstract

In this paper, we investigate the onset of effect of gravity variation with conducting
permeable boundaries in a horizontal layer fluid, using the classical linear stability
analysis. The eigenvalue problem is solved by using the Chandrasekhar method.
Results are obtained and discussed for a wide range of values of the boundary
parameters characterising the permeable nature of boundaries.

1. INTRODUCTION

The problems of fluid mechanics involving the appearance of convection have been
at great interest for some time. Theoretical treatments generally invoke the so-called
Principle of Stability Exchange (PES), which is physically demonstrated as convection
initially occurring as a stationary convection. It was declared ”all non-decreasing
disturbances are non-oscillating over time” [1], [2], [3] Alternatively, we can say that
”the first unstable eigenvalue of the linearized values the system has an imaginary part
equal to zero ”[4], [5]. For the Rayleigh-Benard’s problem, the principle has been
proved for the first time by Pellew and Southwell [6].

The case they envisioned concerned a fluid in the Boussinesq approximation, with
uniform heating from below, where it turns out that the instability that governs the
equations have a particular symmetry which determines that all the eigenvalues of
the linearized problem is real. This result also plays an important role in theory of
the bifurcation of instability [7]. In 1969, Davis proved that eigenvalues linearized
stability equations will continue to be real once considered as an appropriately small
disruption of a selfadjoint problem, as it was considered by Pellew and Southwell.

server
Text Box



2 Tiebekabe Pagdame

As one of the many applications of his theorem,he studied Rayleigh-Bénard’s
convection with constant internal heatsource.

In this paper, we study the appearance of convection in a horizontal fluid layer with
a case of thermal conductivity. permeable boundaries more relevant and physically
significant. We assumed that the principle of exchange of stability is valid for the
current problem. The single-term Chandrasekhar method is used to solve the eigenvalue
problem. We focus our attention on a situation where the Rayleigh critical number
is less than where all the limits are rigid or free and convection is not maintained in
general. We discover that when the permeability parameter of the two limits varies
inversely with that of the other the value of the critical Rayleigh number decreases from
a minimum to a certain value of permeability parameter, and this situation concerns the
zero critical wave number (formation of individual cells) at the beginning of convection.
In addition, we found that the existing results were the borderline cases of permeability
parameters, namely: both surfaces are free or rigid.

2. THE EIGENVALUE PROBLEM IN NON DIMENSIONAL FORM

We consider an infinite horizontal layer of viscous Boussinesq fluid of uniform
thickness d heated from below, both boundary surfaces are thermally conducting and
permeable to the boundaries of the proposed type of Beavers and Joseph [8] are
applicable. We choose a Cartesian coordinate system with the x and y axes in the
plane of the upper limit and the positive direction of the axis of the upward vertical
direction so that the fluid layer is confined between the planes at z = 0 and z = d. A
uniform temperature gradient is maintained across the layer by keeping the surface of
the lower limit at a uniform temperature T0 and greater than T1. We wish to Examine the
hydrodynamic stability of the system using the theory of linear stability in the gravity
field.

Following the usual procedure to obtain linearized perturbation
equations (Chandrasekhar [2]), the non-dimensional form of the governing equations
are given as

(D2 − a2)(D2 − a2 − p)W = Θ (1)

(D2 − a2 − pPr)Θ = −Ra2γ(z)W (2)

whereW is the z−component of the perturbation velocity, Θ is the temperature, a is the
horizontal wave number, Pr = ν/κ is the Prandtl number, R = gαβd4

κν
is the Rayleigh

number, α is the volume coefficient of thermal expansion, β = (T0−T1)
d

is the maintained
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temperature gradient, g is the gravitational acceleration, ν is the kinetic viscosity, κ
is the thermal diffusivity, p = pr + ipi represents the growth rate of perturbation (a
complex constant in general), as pr and pi are real constants,γ(z) = 1+Gz andD = d

dz
.

We have chosen d, d2/ν, ν/d, and βdν/κ as the units of length, time, velocity and
temperature respectively.

Since the lower and upper boundary planes are fixed and thermally conducting, the
associated boundary conditions are:

W (0) = 0 and W (1) = 0 (3)

Θ(0) = 0 and Θ(1) = 0 (4)

in addition, Beavers and Joseph [8] proposed that at a permitted limit, the normal
derivative of the tangential velocity be directly proportional to this velocity and if the
normal is introduced into the fluid, the proportionality constant is positive. As described
by Gupta et al. [9], the appropriate boundary conditions at the lower permeability limit
and the upper permeable limit are respectively given by

D2W (0)−KDW (0) = 0 (5)

and
D2W (1)−KDW (1) = 0 (6)

where K is non-negative dimensionless parameters, characterizing the permeable
nature of the lower and upper boundary.

Equations (1) and (2) as well as boundary conditions (3) - (5) pose a dual eigenvalue
problem for p, for values of a, Pr, R, and K. The given normal mode is stable, neutral
or unstable according to the real part pr of p is negative, zero or positive respectively.
In addition, the marginal state of the system is defined by pr = 0, and if pr = 0 implies
that pi = 0 for each wave number a, the resulting thermal convection is neutral and
the ”principle of the exchange of stability ”is valid. Otherwise, we will have excessive
stability at least when instability starts in a certain mode.

Since in this paper we have supposed that the principle of exchange of stability is valid,
then p = 0. The governing equations (1) - (2) become

(D2 − a2)2W = Θ (7)

(D2 − a2)Θ = −Ra2γ(z)W (8)

Equation (6)-(7) together with boundary condition (3)-(5) can now be treated as
eigenvalue problem of order six in R for prescribed values of a, and K
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3. SOLUTION OF THE EIGENVALUE PROBLEM

The Chandrasekhar method as described by Chandrasekhar [2] is convenient for solving
the present problem.

In this section, we shall obtain the analytical solution of the characteristic value
problem for the onset of stationary convection in the following theorem by using the
Chandrasekhar [2] technique which essentially consists of Fourier series expansion
of the field (usually the temperature perturbation), on which its vanishing is the only
requirement at the boundary surfaces and truncating the expansion at a finite number of
terms. The method yields accurate results in the lowest order truncation. The accuracy
can be further improved by considering higher order terms of the expansion.

Since Θ vanishes at the boundary surfaces z = 0 and z = 1,[cf (3)] we expand Θ in
Fourier sine series [Chandrasekhar [2] method] of the form

Θ =
∞∑
m=1

Cm sinmπz. (9)

Having chosen Θ, we solve the equation

(D2 − a2)2W =
∞∑
m=1

Cm sinmπz. (10)

obtained by putting equation (9) in equation (7) .

The general solution of (10) can be written in the form

W =
∞∑
m=1

Cm
(m2 + a2)2

[Am1 Caz +Bm
1 Saz+

Am2 zCaz +Bm
2 zSaz + sinmπz] (11)

where Saz = sinh az and Caz = cosh az. The constants Am1 Bm
1 Am2 and Bm

2

are to be determined by using boundary conditions (3)-(5).

Let now differentiate (11) successively.

DW =
∞∑
m=1

Cm
(m2 + a2)2

[Am1 aSaz +Bm
1 aCaz+

Am2 (zaSaz + Caz) +Bm
2 (zaCaz + Saz) +mπ cosmπz] (12)
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D2W =
∞∑
m=1

Cm
(m2 + a2)2

[
Am1 a

2Caz +Bm
1 a

2Saz+

Am2 (za2Caz + 2aSaz) +Bm
2 (za2Saz + 2aCaz)−m2π2 sinmπz

]
(13)

Substituting W , DW , D2W from (11)-(13) in the boundary conditions (3)-(5), we
obtain

Am1 = 0 (14)

Am1 Ca +Bm
1 Sa + Am2 Ca +Bm

2 Sa = 0 (15)

−Am1 a2 +B1Ka+ Am2 K − 2Bm
2 = −mπK (16)

Am1
(
a2Ca + aKSa

)
+Bm

1

(
a2Sa + aKCa

)
+ Am2

[
a2Ca + 2aSa +K(Ca + aSa)

]
+Bm

2

[
a2Sa + 2aCa +K(Sa + aCa)

]
= (−1)m+1mπK (17)

On solving equation (14)-(17), we get

Am1 = 0 , Bm
1 =

∆B1

∆
, Am2 =

∆A2

∆
, Bm

2 =
∆B2

∆
. (18)

where

∆ = K2(S2
a − a2) + 4Ka(CaSa − a) + 4a2S2

a,

∆B1 = mπ [Ka(2 +K) + (−1)mK(KSa + 2aCa)] ,

∆A2 = −mπSaK [2aCa +K(Sa + (−1)ma) + 2a(−1)m] ,

∆B2 = −mπK
[
K {a− CaSa + (−1)m(Sa − aCa)} − 2aS2

a

]


(19)

substituting for Θ and W from equation (9) and (11 ) in equation (8),we obtain
∞∑
m=1

ϕm(m2π2 + a2)3 sinmπz

= Ra2γ(z)
∞∑
m=1

ϕm [Bm
1 Saz

+Am2 zCaz +Bm
2 zSaz + sinmπz] (20)
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where ϕm =
Cm

(m2π2 + a2)2

Multiplying both sides of equation (20) by sinnπz (n = 1, 2, 3, 4, .......) and integrating
with respect to z from 0 to 1,we get

∞∑
m=1

ϕm
(m2π2 + a2)3

Ra2

1∫
0

sinmπz sinnπzdz

=
∞∑
m=1

ϕm

1∫
0

γ(z) [Bm
1 Saz

+Am2 zCaz +Bm
2 zSaz

+ sinmπz] sinnπzdz (21)

Taking n = m = 1 and γ(z) = 1 + zG in equation (21), we obtain

H3

Ra2
=

B1

1∫
0

Saz sin πzdz + A2

1∫
0

zCaz sinπzdz

+B2

1∫
0

zSaz sinπzdz

+G

B1

1∫
0

zSaz sinπzdz

+A2

1∫
0

z2Caz sin πzdz +B2

1∫
0

z2Saz sin πzdz+


+

1

2
+
G

4
(22)

where H = (π2 + a2), B1 = ∆B1

∆
, A2 = ∆A2

∆
, B2 = ∆B2

∆

∆ = K2(S2
a − a2) + 4Ka(CaSa − a) + 4a2S2

a,

∆B1 = πK [a(2 +K)− (KSa + 2aCa)] ,

∆A2 = −πSaK [2aCa +K(Sa − a)− 2a] ,

∆B2 = −πK
[
K {a− CaSa − Sa + aCa} − 2aS2

a

]


(23)
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But

1∫
0

Saz sin πzdz =
π

H
Sa (24)

1∫
0

zCaz sin πzdz =
π

H

[
Ca −

2a

H
Sa

]
(25)

1∫
0

zSaz sin πzdz =
π

H

[
Sa −

2a

H
(1 + Ca)

]
(26)

1∫
0

z2Caz sin πzdz =
π

H

[
Sa −

4a

H
Sa +

2(3a2 − π2)

H2
(1 + Ca)

]
(27)

1∫
0

z2Saz sin πzdz =
π

H

[
Sa −

4a

H
Ca +

2(3a2 − π2)

H2
Sa

]
(28)

so from equations (23)-(28), equation (22) becomes

H3

2Ra2
=

1

2
+
G

4
+

π

∆H
[(∆B1Sa + ∆A2Ca + ∆B2Sa

−2a

H
(∆A2Sa + (1 + Ca)∆B2)

]
+G [(∆B1Sa + ∆A2Ca + ∆B2Sa)

−2a

H
(∆B1(1 + Ca) + 2∆A2Sa + 2∆B2Ca)

+
2(3a2 − π2)

H2
(∆A2(1 + Ca)) + ∆B2Sa)

]
(29)

But

(∆B1Sa + ∆A2Ca + ∆B2Sa) = 0 (30)

(∆A2Sa + (1 + Ca)∆B2) = 2(1 + Ca)πK[K(Sa − a) + 2a(Ca − 1)] (31)
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(∆B1(1 + Ca) + 2∆A2Sa + 2∆B2Ca)

= πK(1 + Ca)[K(Sa − a) + 2a(Ca − a)] (32)

(∆A2(1 + Ca)) + ∆B2Sa) = 0 (33)

so replace equations (30)-(33) in (29), we obtain

R =
H3

a2

[(
1 +

G

2

)
−8aπ2

H2
(1 + Ca)

{
[K2(Sa − a) + 2aK(Ca − 1)](1 + G

2
)

K2(S2
a − a2) + 4aK(CaSa − a) + 4a2S2

a

}]−1

(34)

For given values of K , equation (34) gives R as a function of the wave number a. The
minimum of R as a varies is the critical Rayleigh numberRc and the value of a at which
R attains its minimum is the critical wave number ac.

4. RESULT AND DISCUSSION

Numerical calculations are performed using the relation (34) using symbols
Mathematica algebraic package, as follows. For the given values of K parameters we
are looking for the lowest value of R as a function of the waves number a to get the
critical Rayleigh Number Rc. The value of a for which R reaches the minimum is the
critical wave number ac. The validation of the computer program is under way after
verification of the existing results

In Table 1 we have listed the numerical values of Rc .
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Table 1: Values of Rc and ac for various values of G when K = 0, 10, 100, 106

K = 0 K = 10 K = 100 K = 106

G Rc Rc Rc Rc

ac = 2.221 ac = 2.824 ac = 3.074 ac = 3.114

0 657.511 1187.1 1614.96 1715.07
0.01 654.24 1181.19 1606.93 1706.53
0.1 626.201 1130.57 1538.06 1633.40
1 438.341 791.398 1076.64 1143.38
2 328.756 593.549 807.481 857.534
3 263.005 474.839 645.985 686.027
4 219.17 395.699 538.321 571.689
5 187.86 339.171 461.418 490.019
10 109.585 197.85 269.16 285.845
50 25.2889 45.657 62.113 65.964
100 12.8924 23.276 31.665 33.628
103 1.3124 2.369 3.223 3.423
104 0.131476 0.237 0.322 0.342

The numerical values of Rc and ac for various values of K and G are computed by
using equation (34) and listed in TABLE 1.

From TABLE 1, we observed that, when G = 0 and K = 0 (both the boundaries
are free), then Rc = 657.511 and ac = 2.221. Those values are closed agreement to
Nield[10]. Further when K −→ ∞ (both the boundaries are rigid), Rc = 1715.07 and
ac = 3.114 which is again closed agreement to Nield [10].

The TABLE 1 shows that for any fixed values of K and increasing values of G, the
values of Rc decreases and ac remains unchanged ( cell size remains unchanged). That
is increasing values of G has destabilizing effect on the onset of convection.

On the other hand, if we fixed the value of G and increase the value of K, both Rc and
ac increase, this indicate that the increasing value of K has destabilizing effect on the
onset of convection and the cell size decreases.

Fig 1 illustrate the variation of Rc for various values of gravity G when K = 0.

we find that equations (7) - (8) and boundary conditions (3) - (5) coincide with Rayleigh
Benard’s problem except the effect of γ(z) = 1+Gz in equation (8) with the permeable
boundaries and the values of Rc and ac for various values of G correspond exactly to
those obtained by Nield [10] for this case (see Table 1). In Figure 1, marginal stability
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curves describing the destabilizing effect on the onset of convection of the increasing
values of parameter G.
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Figure 1: Variation of Rc with ac when K = 0
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Figure 2: Variation of Rc with ac when K = 10

From 1,2,3 and 4, we observed that Neutral stability curves are moving downward
direction showing the destabilizing effect for the increasing values of G.

In Table V, we have listed numerical values of Rc and ac for various values of K. Table
V shows that as K increases from 0 to∞, Rc increases from 657.511 to 1715.07 and ac
also increases from 2.22144 to 3.1142.
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Figure 3: Variation of Rc with ac when K = 100
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Figure 4: Variation of Rc with ac when K = 106
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Figure 5: Variation of Rc with ac when G = 0 for various values of K
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Table 2: Values of Rc and ac for various values of K when G = 0

K Rc ac

0 657.511 2.22144
10 1187.1 2.82428

100 1614.96 3.07414
106 1715.07 3.1142

For fixed value G and increasing values of K, the value of Rc and ac increases.

Fig. 5 is plotted using the relation (34) when G = 0 and illustrates the variation of Rc

with ac. It clearly shows that increasing values of K from 0 to 106 has the destabilizing
effect on the onset of convection.
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Figure 6: Variation of ac with G for various values of K

In this figure, the red line corresponds to K = 0, the black line to K = 10, the pink line
to K = 100 and the yellow line to k = 106. It can be seen through this figure that for a
fixed value of k, ac does not change, but on the other hand, for increasing values of K,
ac also increases until it stabilizes for values of K tending towards infinity.

5. CONCLUSION

The linear stability analysis of the Rayleigh BÃ c©rnard convection problem with
conducting permeable boundaries has been studied theoretically and the following
result are obtained.

1. When both the boundaries are dynamically free (K = 0) or when both the
boundaries are rigid (K −→ ∞), increasing values of the parameters K and
G has destabilizing effect on the onset of convection.
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2. For fixed values of K, ac remains unchanged (cell size remains same), but for
increasing values of K, ac also increases (cell size increases).
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