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Abstract 

 

For a connected graph G = (V, E)  of order at least two,a total restrained edge 

monophonic set M of a graph G is a restrained edge monophonic set M such 

that the subgarph induced by M has no isolated vertices.The minimum 

cardinality of a total restrained edge monophonic set of G is the total 

restrained edge monophonic number of G and is denoted by metr(G). A total 

restrained edge monophonic set of cardinality metr(G) is called a metr - set of G. 

We determine bounds for it and characterize graphs which realize these 

bounds. It is shown that if p,d and k are positive integers such that   2  d   p -

2, 3  k  p and p - d –k +2  0,there exists a connected graph G of order p, 

monophonic diameter d and metr(G) = k. 

 

Keywords: Restrained edge monophonic set, restrained edge monophonic 

number,  total restrained edge monophonic set,  restrained edge monophonic 

number. 
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1. INTRODUCTION 

By a graph G = (V, E) we mean a finite undirected graph without loops or multiple 

edges.  The order and size of G are denoted by p and q, respectively.  For basic graph 

theoretic terminology, we refer to Harary [1,2]. The neighborhood of a vertex v is the 

set N(v) consisting of all vertices u which are adjacent with v. A vertex v is an extreme 

vertex if the subgraph induced by its neighbourhood is complete. A vertex v of a 

connected graph G is called a support vertex of G if it is adjacent to an end vertex of G. 

A vertex v of a connected graph G is  a cut vertex of G, if G – v is disconnected. A 

vertex v in a connected graph is said to be semi-extreme vertex of G if 

. A graph G is said to be semi-extreme graph  if every 

vertex of G is a semi - extreme vertex. 

A chord of a path u1, u2, …, uk in G is an edge ui uj with  j  i + 2.  A  path           P is 

called a monophonic path if it is a chordless path.  A set M of vertices of G is an edge 

monophonic set of G if each vertex v of G lies on a u-v monophonic path for some u 

and v in M.  The minimum cardinality of an edge monophonic set of G is the  edge  

monophonic number of G and is denoted by me(G). A  restrained edge monophonic set 

M of a graph G is an  edge monophonic set such that either M = V or the subgraph 

induced by V – M has no isolated vertices. The minimum cardinality a restrained edge 

monophonic set of G is the  restrained edge monophonic number of G and is denoted by 

mer(G). A set M of vertices of a graph G is a restrained edge geodetic set of G if M is an 

edge geodetic set ,and if either M = V or the subgraph  G[V - M] induced by V – M has 

no isolated vertices. The minimum cardinality a restrained edge geodetic set of G is the  

restrained edge geodetic number , and is denoted by egr(G). The restrained edge 

geodetic number of a graph was introduced and studied in [1] .   

A connected restrained edge monophonic set of G, is a restrained edge monophonic set 

M such that the graph G[M] induced by M is  connected. The minimum cardinality of a 

connected  restrained edge monophonic set of G is the connected restrained edge 

monophonic number of G and is denoted by mecr(G).   

The following theorems will be used in the sequel.     

Theorem 1.1 [5] : Each extreme vertex of a connected graph G belongs to every                   

restrained geodetic set of G.  

 

Theorem 1.2 [8] : Let G be a connected graph with cut vertices and let M be a 

restrained edge monophonic set of G.  If v is a cut vertex of G, then every component of 

G - v contain an element of M. 

 

Theorem 1.3 [8] : Every cutvertex of a  connected graph G belongs to every connected                    

restrained  edge monophonic set of G.  
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Theorem 1.4 [8] : Let G be a connected graph of order  then   if and only 

if  mcr(G) = 2. 

 

Theorem 1.5 [8] :  For the  complete graph Kp (p  2), mcr(Kp) = p. 

Theorem 1.6 [3] : Every cut vertex of a connected graph G belongs to every minimum 

connected  edge monophonic set of G. 

 

Theorem 1.7 [3] : No cut vertex of a connected graph G belongs to every minimum   

edge monophonic set of G. 

Throughout this paper G denotes a connected graph with atleast two vertices. 

 

 

2. TOTAL RESTRAINED EDGE MONOPHONIC NUMBER 

Definition 2.1 : A total restrained edge monophonic set M of a graph G  is a restrained 

edge monophonic set such that the graph G[M] induced by M has no isolated vertices.  

The minimum cardinality of a total  restrained edge monophonic set of G is the  total 

restrained edge monophonic number of G and is denoted by metr(G). A total restrained 

edge monophonic set of cardinality metr(G) is called a metr - set of G. 

 

Example 2.2 : For the graph G given in Figure 1, we have M = {v1, v7} is a minimum 

edge monophonic set of G  so that me(G) = 2. Also  M1 = {v1, v7} is a restrained edge 

monophonic set of  G  so that mer(G) = 2, and M2 = {v1, v2, v6, v7} is a total restrained 

edge monophonic set of G and so that metr(G) = 4. 

 

 
 

Theorem 2.3 : Each extreme vertex and each support vertex of a connected graph G 

belongs to every total restrained edge monophonic set of G.  If the set M of all extreme 

vertices and support vertices form a total restrained edge monophonic set, then it is the 

unique minimum total restrained edge monophonic set of G. 
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Corollary 2.4 : For the complete graph, Kp (p  2), metr(Kp) = p. 

 

Theorem 2.5: Let G be a connected graph with cut vertices and let M be a total 

restrained edge monophonic set of G.  If v is a cut vertex of G, then every component of 

G-v contains an  element of M. 

Proof : Since every total restrained edge monophonic set of G is a restrained edge 

monophonic set of G, the result follows from theorem 1.2.  

 

Theorem 2.6 : For a connected graph G of order p, 2  mer(G)  metr(G)  mecr(G)  p , 

mer(G)  =  metr(G) =  mecr(G)   p -1. 

Proof : Any restrained edge monophonic set needs at least 2 vertices and so mer(G)  2.  

Since every total restrained edge monophonic set of G is also a restrained edge 

monophonic set of G, it follows that mer(G)  metr(G).  Also, since every  connected  

restrained edge monophonic set of G is total restrained edge monophonic set of G we 

have metr(G)  dmecr(G) . since V(G) is a  connected  restrained edge monophonic set of 

G, it  is clear that metr(G)   p .Hence 2  mer(G)  metr(G)  mecr(G)  p. From the 

definitions of restrained, connected restrained and total restrained edge monophonic 

number, we have  mer(G)  =  metr(G) =  mecr(G)   p -1. 

 

Corollary 2.7 : Let G be a connected graph. If metr(G) = 2, then mer(G) = 2. 

 

Theorem 2.8 : For any non-trivial tree T, the set of all end vertices and support vertices 

of T is the unique minimum total restrained edge monophonic set of G. 

Proof : Since the set of all end vertices and support vertices of T forms a total restrained 

edge monophonic set of G, the result follows from theorem 2.3. 

 

Theorem 2.9 : For any connected graph G, metr(G) = 2 if and only if G = K2. 

Proof : If G = K2, then metr(G) = 2. Conversely, let metr(G) = 2. Let M = {u,v} be a 

minimum total restrained edge monophonic set of G.  Then uv is an edge.  It is clear that 

a vertex different from u and v cannot lie on a u - v edge monophonic path and so         

G = K2. 

 

Theorem 2.10 : For any connected graph G, metr(G) = 3 if and only if mecr(G) = 3. 

Proof :  Suppose mecr(G) = 3. Let M = {x,y,z} be a minimum connected  restrained edge 

monophonic set of G. Therefore , M is a total restrained edge monophonic set of G. It 

follows from Theorem 2.9. that M is a minimum total restrained edge monophonic set 

of G and so metr(G) = 3. Conversely, let metr(G) = 3. By Theorem 1.4 and the argument 

similar to the first part, we have mecr(G) = 3. 
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Theorem 2.11 : If every  p,d and k are positive integers such that 2  d   p -2, 3  k  

p and p - d –k +2  0,there exists a connected graph G of order p, monophonic diameter 

d and . 

Proof : We prove this theorem by considering two cases.  

 

Case 1 : Let d = 2.First, let k = 3.Let   be a path of order 3. Now,add 

 new vertices w1, w2, … wp-3 to  Let G be the graph obtained from by joining  

each wi (1  i  p – 3) to v1 and  v3 .The graph G is shown in Figure 2. Then G has order 

  and monophonic diameter . Clearly   is a minimum total 

restrained edge monophonic set of G so that . 
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Now let   Let  be the non-planar graph of order  with the vertex set 

. Now, add two new vertices  and  to  and let 

G be the graph obtained from  by joining  and  with each vertex wi (1  i  k – 2), 

and joining the vertices  and  The graph G is shown in Figure 3. Then G has order   

and monophonic diameter . Let . Clearly ,  is a 

minimum total restrained edge monophonic set of G and so  

 

 Case 2 :  First, Let . Let  be the cycle of order 

. Add   new vertices  to C and join each vertex     

wi (1  i  p - d – 2) to both , thereby producing the graph of Figure 4.  Then 

G has order   and monophonic diameter .  is a minimum total 

restrained edge monophonic set of G and so  . 
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Now ,let . Let  be the path of length . Add   new 

vertices ,  to  and join  

 to both   and also join  to . There 

by producing the graph G of Figure 5. Then G has order   and monophonic diameter 

 Let  is a minimum total restrained edge 

monophonic set of G and so  
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Theorem 2.12 : For positive integer  such that  with , there exits a 

connected graph G such that  and  

Proof: We prove this theorem by considering two cases.  

Case 1: , the complete graph  has the desired properties. 

Case 2: . Let , where . Let   be  

copies of  . Let G be the graph obtained from K copies of cycle  and the 

complete graph , with the vertex set  by joining 

each vertex  to the vertex  of  where . 

 

 
 

The graph G is shown in Figure 6 . Let . 

Clearly M is a minimum  restrained edge monophonic set of G and so  

Now,  is a minimum total restrained edge monophonic set 

of G.  Therefore  
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