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Abstract

In this paper, We establish a new modular equations of ratios of Ramanujan

Quantities R(1,2,4;q) := ll[_lo?:0((11__;2‘1;8))((11__(1;2‘1;8)) (established by Nikos Bagis) of
n=0

degree 5 forn = 2,3,5 and 7 and their explicit evaluations.
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1. INTRODUCTION

In Chapter 16 of his second notebook [1], Ramanujan develops the theory of
theta-function and is defined by

flab):= 3" ™ Jab < 1, (1.1)
= (—a; ab) s (—b; ab)(ab; ab)
where (a;q)o = 1 and (¢;q)oo = (1 —a)(1 — aq)(1 — ag?) - --.

Following Ramanujan, we defined

o0

._ _ w2 (=)o
olq):=flg.q) = Y ¢ = R (1.2)

n=—0o0
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YN W S (/)
U(g) = fla,¢") = nzzoq SR (1.3)
f(=q) = f(=q.—*) = > (-1 = (4:9) (1.4)
and
X(0) = (=4 ¢*)oo- (1.5)

In [6],[7] Nikos Bagis define Ramanujan Quantities R(a, b, p; q) as

R(a,b, p; q) = g~ (@~1/2+(@=%)/(p) IT—o(1 — ¢*g™)(1 — qp_aqnp), (1.6)
[[o(l = ¢*q7)(1 — q7~bq7)
where a, b,and p are positive rationales such that a + b < p. General Theorem such
g (a1 = b1g1)(b1 — a1qn) (a1 = big?) (b1 — arq?) L
1— a1b1 + (1 — albl)(q% + 1) + (]. - albl)(qf + ].) +
_ (I — %) (1 — ¢* ™)
[no(t = a*q)(1 = ¢~*q7)
where a; = ¢, by = ¢%, ¢ = ¢*B,a = 24 +3p/4, 2B + p/4, and p = 4(A + B),
lq| < 1, are proved.

1.7

Now we define a modular equation in brief. The ordinary hypergeometric series
o F1(a, b; ¢; x) is defined by

oFi(a,b;cx) - Za)

(cn.

n=0

where (a)o = 1, (a), = a(a+ 1)(a+2)---(a +n — 1) for any positive integer n, and
|z |< 1.

Let -
= = o F | =, = 1: 1.
z Z(ﬂf) 2 1(2727 73:) ( 8)
and e o)
1;1 —
241 2727 )
=q(x) ==exp | — 5 (1.9)
I q< ) p( 2F1(2,2,1,1') )

where 0 < x < 1.
Let r denote a fixed natural number and assume that the following relation holds:

7,12-F11(2727]-7]- )_QFI(_ 11— B)
1 .

- 5)

11,
2727
2F1 (2,2,1704) 2F1 (% %

(1.10)
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Then a modular equation of degree r in the classical theory is a relation between « and

z(a)
()

the multiplier. We also use the notations z; := z(«) and z, := z(/3) to indicate that 3

B induced by (1.10). We often say that 3 is of degree r over a and m := is called

has degree r over «.

2. PRELIMINARY RESULTS

Definition 2.1. [7]
[a,p3a] = (""" ) oo (0% ¢") o 2.1)
where ¢ = e~ ™" and a,p,r > 0.

Definition 2.2. [7]

R(a,b,p;q) := q—(a—b)/2+(a2—b2)/(2p) la, p; q] 2.2)
o [0, p; q]
Lemma 2.1. [I, Ch. 16, Entry 25, p.40]
(@) (—q) = ¥(¢*)(—¢*) (2.3)
Lemma 2.2. [I, Ch. 17, Entry 10-11, p.122-123]
o(=¢) = V2(1 =)'/ (2.4)
1
¥(=q) =/ 52{a(l —a)g ' }'* (2.5)
where ¢ = e™Y
¥(q) U(g®)
Lemma 2.3. [4] If P := W(QS) and @) = 20(q) then
P\* [(Q\* , ., 5
(@) i (ﬁ) va=piy 2.6)
¥(q) U(g’)
Lemma 2.4. [2, Ch. 25, Entry 66, p233]1f P = W@ and Q = W,
then ) o ) PO
5 P
PQ—F%:—(@) +<F) +3(a+ﬁ). 2.7
) (!
Lemma 2.5. [5]If P .= q%¢(q5) and Q = W’ then
4 4 2 2
%+%+24 (%+%> +8(P2Q2+ Pzi?) —20 (Q2+%) +120

(2.8)
25 5 3 5 25
+3(P4+ﬁ> — 32 <P2+ﬁ) = P* <Q2+@) T B (3Q2+@>~
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_ 5
Lemma 2.6. [5]If P := 1/15;(3)(]5) d Q.= % then
Q*  5Q? 15Q 5 5
7= p (P pg) -5 (@4 ) ,
212 5° &2
P%Q +P2Q2—15:0
_Y(=g)(=q") (= U(—¢*)
Lemma 2.7. [5]If P := (=) (=) nd () : ) =)’ then
1 1 1 1 53
Q4——+14KQ3+—) + Qz——) +10(Q+—)} + PP+ =
Q* Q? Q? Q P? (2.10)

) (o) (ren) (e ) ) -

3. NEW MODULAR RELATIONS OF RATION OF RAMANUJAN

R(1,2,4,Q)
UANTITIES OF ————~
Q R(1,2,4,Q0)
R(1,2.4:
In this section, we obtain certain modular relations between U := M and
R(1,2,4;¢°)
R(l, 2,4, q")
Vi=——"""""°2Hf =2,3,5and 7.
R(L2.4.07) orn =2,3,5an

Theorem 3.1. If U = 2% and V = 541, then

2 i 2_i l — l i
Q{U +U2}+{U U2}{V+V}—{V+V}. (3.1)

Proof. Employing the definition (2.1) and (2.2) witha = 1,0 = 2 and p = 4, we get

(4000 (03 4" oo
(7% q*) 00 (7% ¢*) o

R(q) == R(1,2,4;q) = ¢"/® (3.2)

Using the equations (1.1), (1.2) and (1.3), then the above equation can be written as

_ st =) s v(=a)
R(q) =q - o) (3.3)

by using lemma(2.1), the equation (3.3) can be expressed as,

R(q) = q" 8% (3.4)
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by substituting the above equation (3.4) in the lemma (2.3), we get

(U —V —U? +2V2 - VU + 2U'V? - 2V2U? — VP 4 V3U?)
4 2 2 4772 47,2 2772 4 (3-5)
(U =V +U? = 2V2 + VU? = 2U*V2 +2V2U2 - V3 4+ V3UY) =0

On observing the behavior of the above factor near ¢ = 0 and we can find a
neighborhood about the origin in which the first factor is zero and the other is non-zero.
And the first factor vanishes identically by the Identity theorem. This proves the
theorem. []

Theorem 3.2. IfU = R<q s and V = 1%, then

v Vv U V 1

Proof. Employing the above equation (3.4) in the lemma (2.4), we get (3.6). [l
Theorem 3.3. If U = R<q s and V = 23), then

+20{U4+%}—32{U2+%} {V4+%}
vt [l oo
o) Ve gt eofr )
Pl

Proof. Employing the above equation (3.4) in the lemma (2.5), we get
(=V —15V° = VT —15V3 + 6V + U* +20V* + 6V + VUS + VTU® + VEU*
—4VTU? +20V3U% —4AVU? + 4V US + 15V3U° — 20V3U° 4-4VTU°® — 20V°U°
+15V°U% — 16VOU* — 16U*V? + 30VAU* + 20U%V* — 320°V* — 32V40U*
+ 6UBVE + 6UBV2 + 20V5U)(=V — 15V — V7 — 15V — 6V — U* — 20V
— VBU* +20V°U? — 4VTU? 4+ 20V3U?% —4VU? 4+ 4VUS + 15V3U° — 20V3U°
+4VTUS — 20V°US + 15V°U° + 16VOU* + 16U*V? — 30V*U* — 20U V*
+ 320°V* + 32V4U? — 6UBVE — 6V2 — 6UBV2 + VU +VU®) =0

(3.7

(3.8)

On observing the behavior of the above factor near ¢ = 0 and we can find a
neighborhood about the origin in which the first factor is zero and the other is non-zero.
And the first factor vanishes identically by the Identity theorem. This proves the
theorem. O]
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Theorem 3.4. If U = Rf;gg) andV = %;g)%), then

4 i . 3 L _ 2 i +i
{V +V4} 14{V +V3} 4{V —|—V2}+{V V}
1 s, b o, Ll o)+ L
+5{U+U} [{V +V3}—|—2{V —|—v2} Z{V v+3H 3.9
2, 1 2, b 1 _
cosfoe Y e e o b)) v

Proof. Employing the above equation (3.4) in the lemma (2.6), we get (3.9). [l

Theorem 3.5. If U = 1 4M0) and V = LML then

1 1 1
i R QR 24— —42 —
{r g bam{es - e{oe g
Ay Dlagle LUty 1 (3.10)
V3 V2 V '
1 v Vv 1 1
:2 — — —_— —_— 2 — .
s{ove g b {T e g} r{ve g e )
Proof. Employing the above equation (3.4) in the lemma (2.7), we get (3.10). U
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