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Abstract

In this paper, we prove the Hyers—-Ulam — Rassias stability of generalized n-
variable mixed type of additive and quadratic functional equations in Banach
spaces by direct method.
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1. INTRODUCTION

In 1940, Ulam asked the following stability problem: “Let G be a group and H be a
group with metric d(., .). Given & > 0, does there exists 6 > 0 such that if a mapping f :
G — H satisfies d(f(xy), f(X)f(y)) < ¢ for all x, y € G, then there exists a
homomorphism a: G — H with d(f(x), a(x)) < € for all x €G?”

In 1941, Hyers [6] answered it. Later, it was developed as Hyers — Ulam stability by
Rassias [11], Rassias [10] and Gavruta [5].

M. Ramdoss, D. Pachaiyappan, C. Park and J. R. Lee [13] introduced a new
generalized n-variable mixed type functional equation of the form
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n—-1

Z (f(kxi + xj)) + f(kx, + x1)
i=1,j=i+1
-k Z (f(xl- + xj)) + f(x, + x1)
i=1,j=i+1

1- k)Y
= S e + )

1-kC
— e ) U ) = £ (kx) (1.1)
i=1
for positive integer n, k > 2 and proved its Hyers — Ulam stability in Fuzzy Modular
spaces.
The functional equations

f+y)=f)+fad fx+y) + fx—y) =2f(x) + 2f (¥)

are called the additive and quadratic functional equations respectively. Every solution
of additive and quadratic functional equations is said to be additive mapping and
quadratic mapping respectively. In this paper, we will obtain Hyers—Ulam — Rassias
stability of generalized n-variable mixed type of additive and quadratic functional
equations in Banach spaces.

2. MAIN RESULTS

Lemma 2.1[13]. Let a mapping f : U — V satisfy functional equation (1.1). If f is an
even mapping, then f is quadratic and if f is an odd mapping, then f is additive.

Denote by
S(F (1 %a...... o)) = Ziijmian (Flexi + %)) + flhxy + 21)
—k[ it (f(xi + xj)) + [, + xl)]
~E e () + f(-x)
e 21 (k2 () - f (kxy)), (2.1)

foralln e N, k = 2.

Theorem 2.2. Let X be a vector space and Y be a Banach space and ¢: X™*— R* be a
function such that

il Okmq)(klx 0,0,...,0) converges (2.2)



Stability of Additive - Quadratic Functional Equations in Several Variables 23

and 11m —c|>(kmx1,kmx2 k™x,) =0, (2.3)

forall x;e X,i=1,2,...,n

Suppose that f is an even mapping and satisfies

|| Sf(x1x3 ..., xp) || <SPy xy e, Xp) (2.4)
forall x,e X,i=1,2,...,n

Then there exists a unique quadratic mapping Q : X — Y satisfying (1.1) and the
inequality

I — Q) | <= B0z (K%, 0,0,...,0) (2.5)
and function Q is given by
Q(x) = rlllin k=2™ f(k™x) forall xe X. (2.6)

Proof: Letting(xy x,...,x, ) by (x,0,... 0) in (2.4).

S || £ k) + £ ) — k[2f ()] - S22 ") S (2f () = o (kP () = F (R0 < (6,0,0,....,0)
= Flke) + £(x) = 2kf () = (1 = k)2 (f () e k2F () + o f ()|

< 6(%,0,0,...,0)

21k

=@+ —)f(kx) +(1-2k = (1 -k k )| < ¢(x,0,0,...,0)

| D ) + 5= (kF — k= 2k(k2 — k) = (k2 = )1 = b = (1~ DkDF ) |
< $(x,0,0,...,0)
S| EES ) + A1) [<406,0,0.,...,0)

" k2-2k +1

— O k0) = k2 f(0)] [|< 6(x,0,0,....,0)

S ED k) - k2 £()] )< $(x,0,0,....,0)

k(k 1)
5| fUx) = k2 F®) || <= 0(x,0,0,...,0)

k-1

[0 - k2 flen) | < () 5 6(6,0,0,...,0)
5[0 - 5 fkn) | < (=) 5 6(6,0,0,....0) 2.7)
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Replacing x by kx, we obtain

[l f k) - % FO20) | < (L) 5 0k, 0,0,....,0)

= || fle) = 2 f 020 | < () Z 0 (kx,0,0,....,0)

Again replacing x with k?x in (2.7), we obtain
S|f(k?0) - S f(R 0| < (L) S0k %,0,0,...,0)
S|l k20 - S 0| < (5) 2w 96 %,0,0,....,0)

Generalizing the above inequality, we obtain

" kzlf(kl )_ kzm (kmx) ||<2 ( )k21+2 (k x,0,0,. O) (2'8)

for all non-negative integers m and [ with m > [ and for all x € X. It follows from
(2.8) that the sequence {f(:zmx)} is a Cauchy sequence for all x € X. Since Y is

complete, the sequence {f (:zmx)} converges.

So define a function Q : X — Y by
() = lim (K20}, (29)
and forall x € X.
100k 2o, ) 1= i (@ + %)) + QU + 1)
k|2 e (Q(x + 7)) + Qe + x1)]
- Q) + Q(-1)) SR B[k Qx) - Qe |

= [P i £ (™ s + 1)+ f (™ (et + 1)

m-oo

K EI i o F O G+ 7)o (™ (it + 6,))]

_(1-K?

S R )] ) [N (k™) = £ (k™))

= hm — ||Sf(kmx1, k™x,, k™ xy) "

kZm .....

< lim — [|dE™xy, k™xy, k™x,) || = 0,
m-

kZm .....
forallx; € X,i = 1,2,...,n
SOSQ(xl'xz,...,xn)= 0.
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Hence the mapping Q : X — Y is quadratic.
Moreover, letting I = 0 and limitasm — oo in (2.8), we have (2.5).
Now, let T : X — Y another quadratic mapping satisfying (2.4) and (1.1).

lee) -T@) [I= 1 letk™) - (™).
= Jle@-T@ | <gzlletem™ - (e || + [ TG™x) - ™) |[],

which tends to zero as m — oo for all x € X. This proves uniqueness of Q. So there
exists a unique quadratic mapping Q : X — Y satisfying (2.5).

Corollary 2.3. Let p < 2 and 6 be positive real numbers and let f: X — Y be a
mapping such that

IGO0 lxa |7+ ez |7 4+ ] )

forall x;€ X,i = 1,2,...,n. Then there exists a unique quadratic mapping Q : X —
Y such that

176 -0 || < (G 0 =D

Theorem 2.4. Let X be a vector space and Y be a Banach space and ¢ : X™ - R* be
a function such that

il okl¢(klx 0,0,...,0) converges (2.10)
and lim —q)(kmx1, k™x, k™x,) =0, (2.11)
forall x; € X,i = 1,2,...,n. Suppose that f is an odd function and satisfies

|| Sf(x1x2 ..., xp) || SP(xyxz ., Xy), (2.12)
forall x;€X,1=1,2,..., n. Then there exists a unique additive mappingQ : X = Y
satisfying

n-—1
Z (f(kxl- + xj)) + f(kx, + x1)
i=1,j=i+1
n-—1
—k Z (f(xl- + xj)) + f(x, + x1)
i=1,j=i+1
n
i) —f(kXi),
i 2.13)

for n € N and the inequality

| F(0) — Q(x) ||s—21 o= d(kix,0,0,...,0). (2.14)
k—1 k
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The function Q is given by
Q(x) = lim k™™ f(k™x) forall x € X.
m —o

Proof: Replacing (x; x,..., xn)by(x 0,...,0) in (2.12), we obtain
I £ Cx) + £ () - = (2 F () = f(kn)]]|< (x,0,0,...,0)
> || flkx) + £ () = 2kf (x) — zf( %)+ f(k0)[|< $(x,0,0,....,0)

> |I( < $x,0,0,...,0)

)f(kx) +(1-2k -

> ¢ kf",j’ — k= 2k(k? — k) — (1 = )kDF () |
<¢ (x,0,0,...,0)
" (k k22kk+1)f(k ) — (k(kkz 21;+1) £ ”§¢ (,0,0,....0)

= | 2 [ (ex) — kf ]| < (x,0,0,....,0)

k(k— 1)

S| fkx) - kf @) || <= ¢ (x,0,0,...,0)

k-1
>1£60) -1 fED] < ()5 (,0,0,...,0)

Replacing x by kx, we obtain
£y = LU0 | < (5) 19 (x,0,0,....0)
> [Lftn - 50| <(5) 7 6 0kx, 0,0,....,0).

Again replacing x with k?x, we obtain
I ) = F k0] < (5) 5 96 x,0,0,...,0)
= I 020 =5 00| < (55) o 6K 2,0,0,....0).

Generalizing the above inequality, we obtain

|3 £ Ue) = S k™) | <27 (5) T & (K, 0,0,....,0), (2.15)
for all non- negatlve mtegers mand [ withm > [andforall x € X. It follows (2.15)
that the sequence { } is a Cauchy sequence for all x € X. Since Y is complete,
the sequence { } converges.

So define afunctlon Q: X - Yhy
Q0 = lim {£22), (2.16)
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for all x € X.
IsQCx, x5 .., x) =] TP/ =1,j = l+1( (kx; + Xj)) + Qkx, + x;)
_k[ i= 1] i QG + %) + QG + x7)]
— = X (k7 Q(x) - QUkex) |
-|| lim (S0 F O™ (s + 357) + 25 £ (3 + )]
RIS et oo £ O™ (o 27) + i f (K™ (R + 1)

e [Z R F(kmx) = £ (e )]

= lim — ”Sf(kmxpkmxz K™ x) |

mooo KM 12 A A s

.....

forallx; €eX,i = 1,2,...,n

S0 SQ(x;x5,...,x,) = 0.

Hence the mapping Q : X — Y is additive.

Moreover, letting ! = 0 and limitasm — oo in (2.15), we have (2.14).
Now, let T : X — Y another additive mapping satisfying (2.14) and (2.13)

ot -1 1= 1@ emx) — T (k™|
le@) -T(x) =g [lQUe™) - tkemx) | + [ T(k™x) - k™ ]],

which tends to zeroasm — oo forall x € X. This proves uniqueness of Q.
So there exists a unique additive mapping Q : X — Y satisfying (2.14).

Corollary 2.5. Let p < 1 and 8 be positive real numbers and let f : X — Y be a
mapping such that

ISf G xll<0 Qs |7+l I+ + [l
forall x,e X,i = 1,2,...,n

Then there exists a unique additive mapping Q : X — Y such that

l7@ - 0@ < (G 0 D).
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