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Abstract 

In this paper, we prove the Hyers–Ulam – Rassias stability of generalized n-

variable mixed type of additive and quadratic functional equations in Banach 

spaces by direct method. 
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1. INTRODUCTION 

In 1940, Ulam asked the following stability problem: “Let G be a group and H be a 

group with metric d(., .). Given ε > 0, does there exists δ > 0 such that if a mapping f : 

G → H satisfies d(f(xy), f(x)f(y)) < ε for all x, y ∈ G, then there exists a 

homomorphism a: G → H with d(f(x), a(x)) < ε for all x ∈G?” 

In 1941, Hyers [6] answered it. Later, it was developed as Hyers – Ulam stability by 

Rassias [11], Rassias [10] and Gavruta [5]. 

M. Ramdoss, D. Pachaiyappan, C. Park and J. R. Lee [13] introduced a new 

generalized n-variable mixed type functional equation of the form  
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∑ (𝑓(𝑘𝑥𝑖  +  𝑥𝑗))

𝑛−1

𝑖=1,𝑗=𝑖+1 

+ 𝑓(𝑘𝑥𝑛  +  𝑥1)

− 𝑘 [ ∑ (𝑓(𝑥𝑖  +  𝑥𝑗))

𝑛−1

𝑖=1,𝑗=𝑖+1 

 + 𝑓(𝑥𝑛  +  𝑥1)] 

                          

 =  
(1 − 𝑘)2

2
∑(𝑓(𝑥𝑖) + 𝑓(−𝑥𝑖))

𝑛

𝑖=1

 

− 
1 − 𝑘

𝑘2– 𝑘
∑(𝑘2 𝑓(𝑥𝑖

𝑛

𝑖=1

) – 𝑓(𝑘𝑥𝑖))                                         (1.1) 

for positive integer n, k ≥ 2 and proved its Hyers – Ulam stability in Fuzzy Modular 

spaces. 

The functional equations  

 𝑓(𝑥 + 𝑦) = 𝑓(𝑥) + 𝑓(𝑦) and  𝑓(𝑥 + 𝑦) + 𝑓(𝑥 − 𝑦) = 2𝑓(𝑥) + 2𝑓(𝑦) 

are called the additive and quadratic functional equations respectively. Every solution 

of additive and quadratic functional equations is said to be additive mapping and 

quadratic mapping respectively. In this paper, we will obtain Hyers–Ulam – Rassias 

stability of generalized n-variable mixed type of additive and quadratic functional 

equations in Banach spaces. 

 

2. MAIN RESULTS 

Lemma 2.1[13]. Let a mapping f : U → V satisfy functional equation  (1.1). If f is an 

even mapping, then f is quadratic and if f is an odd mapping, then f is additive. 

Denote by  

S(𝑓(𝑥1,𝑥2……….,𝑥𝑛
)) = ∑ (𝑓(𝑘𝑥𝑖  + 𝑥𝑗))𝑛−1

𝑖=1,𝑗=𝑖+1  + 𝑓(𝑘𝑥𝑛  +  𝑥1) 

                                   −𝑘 [∑ (𝑓(𝑥𝑖  +  𝑥𝑗))𝑛−1
𝑖=1,𝑗=𝑖+1  +  𝑓(𝑥𝑛  +  𝑥1)] 

                                   −
(1−𝑘)2

2
∑ (𝑓(𝑥𝑖) + 𝑓(−𝑥𝑖)

𝑛
𝑖=1  )   

− 
1−𝑘

𝑘2–𝑘
∑ (𝑘2 𝑓(𝑥𝑖

𝑛
𝑖=1 ) – 𝑓(𝑘𝑥𝑖)),                                     (2.1) 

for all 𝑛 ∈ 𝑁, 𝑘 ≥ 2. 

Theorem 2.2. Let X be a vector space and Y be a Banach space and ϕ: 𝑋𝑛→ ℝ+ be a 

function such that 

∑
1

𝑘2𝑖
∞
𝑖=0 ϕ(𝑘𝑖x, 0, 0, . . . ,0) converges           (2.2) 
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and lim
𝑚→∞

1

𝑘2𝑚 ϕ(𝑘𝑚𝑥1, 𝑘𝑚𝑥2,....𝑘
𝑚𝑥𝑛) = 0,                           (2.3) 

for all 𝑥𝑖∈ X, i = 1, 2, . . ., n. 

 Suppose that f is an even mapping and satisfies  

║ S𝑓(𝑥1,𝑥2 , . . . , 𝑥𝑛) ║ ≤ ϕ(𝑥1,𝑥2 , . . . , 𝑥𝑛)                                                           (2.4) 

for all 𝑥𝑖∈ X, i = 1, 2, . . ., n.  

Then there exists a unique quadratic mapping Q : X → Y satisfying (1.1) and the 

inequality 

║𝑓(𝑥) − 𝑄(𝑥)║ ≤
1

𝑘2–𝑘
∑

1

𝑘2𝑖
∞
𝑖=0 ϕ(𝑘𝑖𝑥, 0, 0, . . . ,0)              (2.5) 

and function Q is given by  

Q(𝑥) = lim
𝑚→∞

𝑘−2𝑚 𝑓(𝑘𝑚𝑥)  for all 𝑥∈ X.                           (2.6) 

Proof: Letting(𝑥1,𝑥2,. . . , 𝑥𝑛 ) by (𝑥, 0, . . . ,0) in (2.4).  

⇒║𝑓(𝑘𝑥) + 𝑓(𝑥) − 𝑘[2𝑓(𝑥)] −
(1−𝑘)2

2
(2𝑓(𝑥)) −

1−𝑘

𝑘2–𝑘
[𝑘2𝑓(𝑥) − 𝑓(𝑘𝑥)]║ ≤ ϕ(𝑥, 0, 0, . . . ,0) 

⇒║𝑓(𝑘𝑥) + 𝑓(𝑥) − 2𝑘𝑓(𝑥) − (1 − 𝑘)2(𝑓(𝑥))−
1−𝑘

𝑘2–𝑘
𝑘2𝑓(𝑥) +

1−𝑘

𝑘2–𝑘
𝑓(𝑘𝑥)║ 

     ≤ ϕ(𝑥, 0, 0, . . . ,0) 

⇒║ (1 +  
1−𝑘

𝑘2–𝑘
)𝑓(𝑘𝑥) + (1 − 2𝑘 − (1 − 𝑘)2−

1−𝑘

𝑘2–𝑘
𝑘2)𝑓(𝑥)║ ≤  ϕ(𝑥, 0, 0, . . . ,0) 

⇒║(
𝑘2−2𝑘 +1

𝑘2−𝑘
)𝑓(𝑘𝑥) +

1

𝑘2−𝑘
(𝑘2 − 𝑘 − 2𝑘(𝑘2 − 𝑘) − (𝑘2 − 𝑘)(1 − 𝑘)2 − (1 − 𝑘)𝑘2)𝑓(𝑥)║ 

≤ ϕ(𝑥, 0, 0, . . . , 0) 

⇒║(
𝑘2−2𝑘 +1

𝑘2−𝑘
)𝑓(𝑘𝑥) + (

2𝑘3−𝑘2 −𝑘4

𝑘2 −𝑘
)𝑓(𝑥) ║≤ ϕ(𝑥, 0, 0, . . . , 0) 

⇒║(
𝑘2−2𝑘 +1

𝑘2−𝑘
)[𝑓(𝑘𝑥) − 𝑘2 𝑓(𝑥)] ║≤ ϕ(𝑥, 0, 0, . . . ,0) 

⇒║(
(𝑘−1)2

𝑘(𝑘−1)
)[𝑓(𝑘𝑥) − 𝑘2 𝑓(𝑥)] ║≤ ϕ(𝑥, 0, 0, . . . ,0) 

⇒║𝑓(𝑘𝑥) − 𝑘2 𝑓(𝑥)║ ≤ 
𝑘

𝑘−1
ϕ(𝑥, 0, 0, . . . ,0) 

⇒║𝑓(𝑥) − 𝑘−2 𝑓(𝑘𝑥)║ ≤ (
𝑘

𝑘−1
)

1

𝑘2
ϕ(𝑥, 0, 0, . . . ,0) 

⇒║𝑓(𝑥) −
1

𝑘2 𝑓(𝑘𝑥)║ ≤ (
𝑘

𝑘−1
)

1

𝑘2 ϕ(𝑥, 0, 0, . . . ,0)                                                           (2.7) 
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Replacing x by kx, we obtain 

⇒║𝑓(𝑘𝑥) −
1

𝑘2 𝑓(𝑘2 𝑥)║ ≤ (
𝑘

𝑘−1
)

1

𝑘2 ϕ(𝑘𝑥, 0, 0, . . . ,0) 

⇒║
1

𝑘2
𝑓(𝑘𝑥) −

1

𝑘4
𝑓(𝑘2 𝑥)║ ≤ (

𝑘

𝑘−1
)

1

𝑘2+2
ϕ(𝑘𝑥, 0, 0, . . . ,0) 

 

Again replacing x with k2x in (2.7), we obtain 

⇒║𝑓(𝑘2 𝑥) −
1

𝑘2 𝑓(𝑘3 𝑥)║ ≤ (
𝑘

𝑘−1
)

1

𝑘2 ϕ(𝑘2 𝑥, 0, 0, . . . ,0) 

⇒║
1

𝑘4 𝑓(𝑘2 𝑥) −
1

𝑘6 𝑓(𝑘3 𝑥)║ ≤ (
𝑘

𝑘−1
)

1

𝑘2+4 ϕ(𝑘2 𝑥, 0, 0, . . . ,0) 

Generalizing the above inequality, we obtain 

║
1

𝑘2𝑙 𝑓(𝑘𝑙𝑥) −
1

𝑘2𝑚 𝑓(𝑘𝑚𝑥)║≤ ∑ (
𝑘

𝑘−1
)

1

𝑘2𝑗+2
𝑚
𝑗=𝑙 ϕ(𝑘𝑗𝑥, 0, 0, . . . ,0),                     (2.8) 

for all non-negative integers 𝑚 and 𝑙 with 𝑚 >  𝑙 and for all 𝑥 ∈  𝑋. It follows from 

(2.8) that the sequence {
𝑓(𝑘𝑚𝑥)

𝑘2𝑚
} is a Cauchy sequence for all x ∈ X. Since Y is 

complete, the sequence {
𝑓(𝑘𝑚𝑥)

𝑘2𝑚 } converges.  

So define a function 𝑄 ∶  𝑋 →  𝑌 by 

𝑄(𝑥) = lim
𝑚→∞

{
𝑓(𝑘𝑚𝑥)

𝑘2𝑚 } ,                      (2.9)  

and for all 𝑥 ∈  𝑋. 

║S𝑄(𝑥1,𝑥2, . . . , 𝑥𝑛)║=║ ∑ (𝑄(𝑘𝑥𝑖  +  𝑥𝑗))𝑛−1
𝑖=1,𝑗=𝑖+1  + 𝑄(𝑘𝑥𝑛  +  𝑥1) 

                                    −𝑘 [∑ (𝑄(𝑥𝑖  +  𝑥𝑗))𝑛−1
𝑖=1,𝑗=𝑖+1  + 𝑄(𝑥𝑛  +  𝑥1)] 

                                    −
(1−𝑘)2

2
∑ (𝑄(𝑥𝑖) + 𝑄(−𝑥𝑖)𝑛

𝑖=1  ) −
1−𝑘

𝑘2–𝑘
∑ [𝑘2 𝑄(𝑥𝑖

𝑛
𝑖=1 ) – 𝑄(𝑘𝑥𝑖)]║ 

                                =║lim
𝑚→∞

[∑
1

𝑘2𝑚 𝑓(𝑘𝑚(𝑘𝑥𝑖 + 𝑥𝑗
𝑛−1
𝑖=1,𝑗=𝑖+1 ) + 

1

𝑘2𝑚 𝑓(𝑘𝑚(𝑘𝑥𝑛 + 𝑥1)] 

                                     − k[∑
1

𝑘2𝑚
𝑓(𝑘𝑚(𝑥𝑖 + 𝑥𝑗

𝑛−1
𝑖=1,𝑗=𝑖+1 ) + 

1

𝑘2𝑚
𝑓(𝑘𝑚(𝑘𝑥𝑛 + 𝑥1))] 

                                     −
(1−𝑘)2

2
[∑

2

𝑘2𝑚 𝑓(𝑘𝑚(𝑥𝑖)]𝑛−1
𝑖=1 

1

𝑘2𝑚(
1−𝑘

𝑘2–𝑘
)[∑ (𝑓(𝑘𝑚𝑥𝑖) − 𝑓(𝑘𝑚𝑥1

𝑛−1
𝑖=1 ))] 

                               =  lim
𝑚→∞

1

𝑘2𝑚 ║𝑆𝑓(𝑘𝑚𝑥1, 𝑘𝑚𝑥2,....𝑘
𝑚𝑥𝑛)║ 

                                  ≤ lim
𝑚→∞

1

𝑘2𝑚
║ϕ(𝑘𝑚𝑥1, 𝑘𝑚𝑥2,....𝑘

𝑚𝑥𝑛)║ = 0, 

for all 𝑥𝑖 ∈  𝑋, 𝑖 =  1, 2, . . . , 𝑛.  

So 𝑆𝑄(𝑥1,𝑥2, . . . , 𝑥𝑛) =  0.  
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Hence the mapping 𝑄 ∶  𝑋 →  𝑌 is quadratic. 

Moreover, letting 𝑙 =  0 and limit as 𝑚 →  ∞ in (2.8), we have (2.5). 

Now, let 𝑇 ∶  𝑋 →  𝑌 another quadratic mapping satisfying (2.4) and (1.1).  

      ║𝑄(𝑥) – 𝑇(𝑥)║= 
1

𝑘2𝑚 ║𝑄(𝑘𝑚x) – 𝑇(𝑘𝑚x)║. 

⇒      ║𝑄(𝑥) – 𝑇(𝑥)║ ≤ 
1

𝑘2𝑚 [║Q(𝑘𝑚x) –  f(𝑘𝑚x)║ +  ║T(𝑘𝑚x) –  f(𝑘𝑚x)║], 

which tends to zero as 𝑚 →  ∞ for all 𝑥 ∈  𝑋. This proves uniqueness of 𝑄. So there 

exists a unique quadratic mapping 𝑄 ∶  𝑋 →  𝑌 satisfying (2.5). 

Corollary 2.3. Let 𝑝 <  2 and 𝜃 be positive real numbers and let 𝑓 ∶  𝑋 →  𝑌 be a 

mapping such that        

                 ║S𝑓(𝑥1,𝑥2, . . . , 𝑥𝑛)║≤ θ (║𝑥1║
𝑝
+║𝑥2║

𝑝
+ ⋯ ║𝑥𝑛║

𝑝
) 

for all 𝑥𝑖∈ 𝑋, 𝑖 =  1, 2, . . . , 𝑛. Then there exists a unique quadratic mapping 𝑄 ∶  𝑋 →
 𝑌 such that 

                          ║𝑓(𝑥) – 𝑄(𝑥) ║ ≤ ( 
𝑘

(𝑘−1)(𝑘2−𝑘𝑝 )
 ) θ (║𝑥║

𝑝
) 

Theorem 2.4. Let 𝑋 be a vector space and 𝑌 be a Banach space and 𝜙 ∶ 𝑋𝑛 → ℝ+ be 

a function such that 

∑
1

𝑘𝑖
∞
𝑖=0 ϕ(𝑘𝑖𝑥, 0, 0, . . . ,0) converges                         (2.10) 

and lim
𝑚→∞

1

𝑘2𝑚 ϕ(𝑘𝑚𝑥1, 𝑘𝑚𝑥2,....𝑘
𝑚𝑥𝑛) = 0,                                                              (2.11) 

for all 𝑥𝑖 ∈ 𝑋, 𝑖 =  1, 2, . . . , 𝑛. Suppose that 𝑓 is an odd function and satisfies  

 ║S𝑓(𝑥1,𝑥2 , . . . , 𝑥𝑛)║ ≤ 𝜙(𝑥1,𝑥2, . . . , 𝑥𝑛),                                                               (2.12) 

for all 𝑥𝑖∈𝑋, i = 1, 2, . . ., n. Then there exists a unique additive mapping 𝑄 ∶  𝑋 →  𝑌 

satisfying 

∑ (𝑓(𝑘𝑥𝑖  +  𝑥𝑗))

𝑛−1

𝑖=1,𝑗=𝑖+1 

 + 𝑓(𝑘𝑥𝑛  +  𝑥1)

− 𝑘 [ ∑ (𝑓(𝑥𝑖  +  𝑥𝑗))

𝑛−1

𝑖=1,𝑗=𝑖+1 

 + 𝑓(𝑥𝑛  +  𝑥1)]  

                =
1 − 𝑘

𝑘2– 𝑘
∑ 𝑘2 𝑓(𝑥𝑖

𝑛

𝑖 = 1

) – 𝑓(𝑘𝑥𝑖), 

       (2.13) 

for 𝑛 ∈ 𝑁 and the inequality 

║𝑓(𝑥) − 𝑄(𝑥)║≤ 
𝑘

𝑘−1
∑

1

𝑘𝑖
∞
𝑖=0 ϕ(𝑘𝑖𝑥, 0, 0, . . . ,0).                                                   (2.14) 
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The function 𝑄 is given by  

𝑄(𝑥)  = lim
𝑚 →∞

𝑘−𝑚 𝑓(𝑘𝑚𝑥)  for all  𝑥 ∈ 𝑋. 

Proof: Replacing (𝑥1,𝑥2,. . . , 𝑥𝑛 ) by ( 𝑥, 0, . . . ,0) in (2.12), we obtain 

║ 𝑓(𝑘𝑥) + 𝑓(𝑥) − 𝑘(𝑓(𝑥) + 𝑓(𝑥)) −
1−𝑘

𝑘2–𝑘
[𝑘2𝑓(𝑥) − 𝑓(𝑘𝑥)]║≤  ϕ(𝑥, 0, 0, . . . ,0) 

⇒║ 𝑓(𝑘𝑥) + 𝑓(𝑥) − 2𝑘𝑓(𝑥) −
1−𝑘

𝑘2–𝑘
𝑘2𝑓(𝑥) +

1−𝑘

𝑘2–𝑘
𝑓(𝑘𝑥)║≤  ϕ(𝑥, 0, 0, . . . ,0) 

⇒║(1 +
1−𝑘

𝑘2–𝑘
) 𝑓(𝑘𝑥) + (1 − 2𝑘 −

1−𝑘

𝑘2–𝑘
𝑘2)𝑓(𝑥)║≤  ϕ(𝑥, 0, 0, . . . ,0) 

⇒║(
𝑘2  −2𝑘 +1

𝑘2  −𝑘
)𝑓(𝑘𝑥) +

1
𝑘2−𝑘

(𝑘2 − 𝑘 − 2𝑘(𝑘2 − 𝑘) − (1 − 𝑘)𝑘2)𝑓(𝑥)║ 

      ≤ ϕ (𝑥, 0, 0, . . . ,0) 

⇒║(
𝑘2−2𝑘 +1

𝑘2  −𝑘
)𝑓(𝑘𝑥) − (

𝑘(𝑘2 −2𝑘+1) 

𝑘2  −𝑘
𝑓(𝑥)║≤ ϕ (𝑥, 0, 0, . . . ,0) 

⇒║(
(𝑘−1)2

𝑘(𝑘−1)
)[𝑓(𝑘𝑥) − 𝑘𝑓(𝑥)]║≤ ϕ (𝑥, 0, 0, . . . ,0) 

⇒║𝑓(𝑘𝑥) − 𝑘𝑓(𝑥)║ ≤ 
𝑘

𝑘−1
ϕ (𝑥, 0, 0, . . . ,0) 

⇒║𝑓(𝑥) −
1
𝑘

𝑓(𝑘𝑥)║ ≤ (
𝑘

𝑘−1
)

1
𝑘
ϕ (𝑥, 0, 0, . . . ,0) 

Replacing 𝑥 by 𝑘𝑥, we obtain 

║𝑓(𝑘𝑥) −
1
𝑘

𝑓(𝑘2 𝑥)║ ≤ (
𝑘

𝑘−1
)

1
𝑘
ϕ (𝑘𝑥, 0, 0, . . . ,0) 

⇒       ║
1
𝑘

𝑓(𝑘𝑥) −
1

𝑘2 𝑓(𝑘2 𝑥)║ ≤ (
𝑘

𝑘−1
)

1
𝑘1+1 ϕ(𝑘𝑥, 0, 0, . . . ,0). 

Again replacing 𝑥 with 𝑘2𝑥, we obtain 

║𝑓(𝑘2 𝑥) −
1
𝑘

𝑓(𝑘3 𝑥)║ ≤ (
𝑘

𝑘−1
)

1
𝑘

 ϕ(𝑘2 𝑥, 0, 0, . . . ,0) 

⇒  ║
1

𝑘2 𝑓(𝑘2 𝑥) −
1

𝑘3 
𝑓(𝑘3 𝑥)║ ≤ (

𝑘

𝑘−1
)

1

𝑘2+1
ϕ(𝑘2 𝑥, 0, 0, . . . ,0). 

Generalizing the above inequality, we obtain  

               ║
1

𝑘𝑙 𝑓(𝑘𝑙𝑥) −
1

𝑘𝑚 𝑓(𝑘𝑚𝑥)║ ≤ ∑ (
𝑘

𝑘−1
)

1
𝑘𝑗+1

𝑚
𝑗=𝑙 ϕ (𝑘𝑗𝑥, 0, 0, . . . ,0),        (2.15) 

for all non-negative integers 𝑚 and 𝑙 with 𝑚 >  𝑙 and for all 𝑥 ∈  𝑋. It follows (2.15) 

that the sequence {
𝑓(𝑘𝑚𝑥)

𝑘𝑚 } is a Cauchy sequence for all 𝑥 ∈  𝑋. Since 𝑌 is complete, 

the sequence {
𝑓(𝑘𝑚𝑥)

𝑘𝑚 } converges.  

So define a function 𝑄 ∶  𝑋 →  𝑌 by 

𝑄(𝑥) = lim
𝑚→∞

{
𝑓(𝑘𝑚𝑥)

𝑘𝑚
},                                                                                            (2.16)   
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for all x ∈ X. 

║𝑆𝑄(𝑥1,𝑥2, . . . , 𝑥𝑛)║=║ ∑ (𝑄(𝑘𝑥𝑖  +  𝑥𝑗))𝑛−1
𝑖=1,𝑗 =𝑖+1  + 𝑄(𝑘𝑥𝑛  +  𝑥1)  

                                    −𝑘[∑ (𝑄(𝑥𝑖  +  𝑥1))𝑛−1
𝑖=1,𝑗=𝑖+1  + 𝑄(𝑥𝑛  +  𝑥1)] 

                                   −
1−𝑘

𝑘2  –𝑘
∑ (𝑘2 𝑄(𝑥𝑖

𝑛
𝑖=1 ) – 𝑄(𝑘𝑥𝑖))║  

                                =║ lim
𝑚→∞

[∑
1

𝑘𝑚 𝑓(𝑘𝑚(𝑘𝑥𝑖 + 𝑥𝑗
𝑛−1
𝑖=1,𝑗=𝑖+1 ) + 

1
𝑘𝑚 𝑓(𝑘𝑚(𝑥𝑖 + 𝑥1)] 

                                  − 𝑘[∑
1

𝑘𝑚 𝑓(𝑘𝑚(𝑥𝑖 + 𝑥𝑗
𝑛−1
𝑖=1,𝑗=𝑖+1 ) + 

1

𝑘𝑚 𝑓(𝑘𝑚(𝑘𝑥𝑛 + 𝑥1))] 

                            − 
1

𝑘𝑚(
1−𝑘

𝑘2  –𝑘
)[∑ (𝑘2 𝑓(𝑘𝑚𝑥𝑖) − 𝑓(𝑘𝑚(𝑘𝑥𝑖)𝑛−1

𝑖=1 )]║ 

                         =  lim
𝑚→∞

1
𝑘𝑚  ║𝑆𝑓(𝑘𝑚𝑥1, 𝑘𝑚𝑥2,....𝑘

𝑚𝑥𝑛)║ 

                        ≤ lim
𝑚→∞

1

𝑘𝑚  ║ϕ(𝑘𝑚𝑥1, 𝑘𝑚𝑥2,....𝑘
𝑚𝑥𝑛)║ = 0, 

for all 𝑥𝑖 ∈ 𝑋, 𝑖 =  1, 2, . . . , 𝑛.  

So 𝑆𝑄(𝑥1,𝑥2, . . . , 𝑥𝑛) =  0.  

Hence the mapping 𝑄 ∶  𝑋 →  𝑌 is additive. 

Moreover, letting 𝑙 =  0 and limit as 𝑚 →  ∞ in (2.15), we have (2.14).  

Now, let 𝑇 ∶  𝑋 →  𝑌 another additive mapping satisfying (2.14) and (2.13) 

      ║𝑄(𝑥) – 𝑇(𝑥) ║= 
1

𝑘𝑚 ║𝑄 (𝑘𝑚x) – 𝑇 (𝑘𝑚x)║ 

      ║𝑄(𝑥) – 𝑇(𝑥) ║≤ 
1

𝑘𝑚
[║Q(𝑘𝑚x) –  f(𝑘𝑚x)║ +  ║T(𝑘𝑚x) –  f(𝑘𝑚x)║], 

which tends to zero as 𝑚 →  ∞ for all 𝑥 ∈  𝑋.  This proves uniqueness of 𝑄.  

So there exists a unique additive mapping 𝑄 ∶  𝑋 →  𝑌 satisfying (2.14). 

Corollary 2.5. Let 𝑝 <  1 and 𝜃 be positive real numbers and let 𝑓 ∶  𝑋 →  𝑌 be a 

mapping such that        

                 ║S𝑓(𝑥1,𝑥2, . . . , 𝑥𝑛)║≤ θ (║𝑥1║
𝑝
 +║𝑥2║

𝑝
+ ⋯ + ║𝑥𝑛║

𝑝
) , 

for all 𝑥𝑖∈ 𝑋, 𝑖 =  1, 2, . . . , 𝑛.  

Then there exists a unique additive mapping 𝑄 ∶  𝑋 →  𝑌 such that 

                          ║𝑓(𝑥) –  𝑄(𝑥)║ ≤ ( 
𝑘

(𝑘−1)(𝑘−𝑘𝑝)
 ) θ (║𝑥║

𝑝
). 
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