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Abstract

We investigate some basic results of prime fuzzy ideals of semirings [3, 8] to
I"-semirings. Here, first we study some basic results of prime fuzzy ideals of a
I"'— semiring R and then characterize prime fuzzy ideals of R in terms of prime
ideals of R. Finally, we characterize completely prime fuzzy ideals of R in terms
of completely prime ideals of R.
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1. INTRODUCTION

Semirings were first considered explicitly by Vandiver in 1934[15] in connection with
the axiomatization of the arithmetic of the natural numbers. Many scholars have
investigated semirings throughout the years, either independently or as part of an
effort to branch out from ring theory or semi-group theory, or in connection with
applications. The theory of rings and theory of semi-groups have considerable impact
on the development of the theory of semirings.

The notion of I' in algebra was introduced by N. Nobusawa [10] in 1964 as a
generalization of the ring and further studied I'— ring. Rao [11] introduced the concept
of I'— semiring as a generalization of I'— ring in the year 1995.

The theory of fuzzy sets was first introduced by L.A. Zadeh [16] in 1965. After that
many mathematicians have applied the concept of fuzzy subsets to the theory of groups
and rings in algebra and many papers on fuzzy sets appeared showing the importance
of the concept and its applications to logic, set theory, group theory, ring theory,
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real analysis, topology etc. For more information on fuzzification of group and ring
theories, we refer [9]. In 1993, Ahsan et.al[1] first studied the fuzzy semirings and
semi-modules. Later, Dutta and Biswas[4] together have extended this concept and
introduced the fuzzy prime ideals of a semiring. In this paper, we characterize prime
fuzzy ideals and completely prime fuzzy ideals in terms of prime ideals and completely
prime ideals respectively of semirings [3, 8] to I'-semirings.

2. PRELIMINARIES AND EXAMPLES

Recall from [2, 6, 7, 11, 13] that if ( R, +) and ( I', +) be two commutative semi-
groups then R is called a I'— semiring if there exists a mapping R x I' x R = R
denoted by zay for all z,y € R and « € T satisfying(i) za(y + z) = zay + zaz. (ii)
(y + z)ax = yaxr + zax. (i) z(a + B)z = zaz + xfz. (iv) za(yBz) = (zay)pz
for all x,y,z € Rand «,5 € I'. Let A and B be semirings and R = Hom(A, B)
and I' = Hom(B, A) denote the sets of homomorphisms from A to B and B to A
respectively. Then R is a ['— semiring with operations of point wise addition and
composition of mappings. Further, let M be a I'— ring and let R be the set of ideals of
M. Define addition in the natural way and if A, B € R, v € T, let AyB denote the
ideal generated by {zyy|r,y € M}. Then R is a I'— semiring. A I'— semiring R is
said to be commutative if zyy = yyx forall z,y € R and for all v € I'. A I'— semiring
R is said to have a zero element if Oyz = 0 = z7y0and x + 0 = z = 0 4 « for all
x € Rand v € I'. R is said to have an identity element if there exists v € I' such that
lvx = = zyl for all x € R. R is said to have a strong identity element if for all
x € R, lax =z = xal forall « € I'. Anideal P of R is prime if for any two ideals A
and B of R, AI'B C P we have, either A C Por B C P.

Let X be a non-empty set. A mapping i : X — [0,1] is called a fuzzy subset of X.

Let A be a non empty subset of a I'— semiring R. Then characteristic function of A is
a fuzzy subset of R and is defined as

1 ifzeA

xalo) = 0 ifrg A

If z € X and r € (0, 1] then a fuzzy point x, of X is a fuzzy subset of X, defined by
r ify=x
0 ify#x

If A is a fuzzy subset of a non- empty set X and x, € X is a fuzzy point then
x, € Ameans z, C A. Let R; and R, be two I'— semirings. Then f : Ry — Rs

Ir(y) -
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is called a I'=homomorphism if f(z +y) = f(z) + f(y) and f(zay) = f(z)af(y)
for all z,y € R; and « € I'. If f is both one-one and onto then f is a ['—
isomorphism. Let x be a fuzzy subset of R. Then  is called a fuzzy I'— semiring if (i)
w(z+y) > min{u(x), p(y)}. @p(ray) > min{u(x), u(y)}. Let p be a fuzzy subset
of R. Then p is called a fuzzy left (right) ideal of R if pu(z + y) > min{u(z), u(y)}
and p(xay) > u(y)(w(ray) > p(z)), forall z,y € Rand a € I'. A fuzzy ideal of R is
a non empty fuzzy subset of R which is both fuzzy left and fuzzy right ideal of R. Let
1 be a fuzzy subset of a ['— semiring R. Then p is called a prime fuzzy ideal of R if
(p(z +y) = min{u(z), u(y)} and (i) p(zoy) = maz{pu(z), u(y)} forall z,y € R
and « € I'. This definition can also be defined as: A fuzzy ideal p of R is called prime
fuzzy ideal if either ;1 = x i or 1 1s a non constant function and for any two fuzzy ideals
A1 and Ap of R, \I'\y C p implies that either A\; C g or Ay C p.

A fuzzy ideal p of a I'— semiring R is said to be completely prime fuzzy ideal if for all
x,y € R,t € (0,1], (xay); € p implies that x; € por y; € p. Or

A fuzzy ideal ;i of a I'— semiring R is completely prime fuzzy ideal if and only if either
wlxay) = p(x) or p(ray) = p(y), forallz,y € R,a € T

Let 11, po be fuzzy left ideal (fuzzy right ideal, fuzzy ideal) of R. Then product p; "o
is defined as follows:

sup [min{p (z), p2(y)}, z,y € R,a €T
(12T p2)(2) = § z=wev
0 if foranyx,y € R, foranya €', z # xzay

In case of product 115 if R has a strong identity then the case z # xay for any
z,y € R, a € T does not exist.

Theorem 2.1. [6] Let R be a I'— semiring and \ and v are fuzzy ideals of R. Then A"
is a fuzzy ideal of R.

Theorem 2.2. [6] Let R be a I'— semiring and \, | be fuzzy left ideals(fuzzy right
ideals, fuzzy ideals) of R. Then \I'tp C X o pu.

Proposition 2.3. [6] Let R be a I'— semiring. Let \ and . be fuzzy right and left ideals
of R respectively. Then \I'yy C AN p.

Lemma 2.4. [5] If a and b are elements of a I'— semiring R then the following
conditions on a prime ideal P of R are equivalent:

(i) If al'b C P then either a € P orb € P.

(ii) If al'b C P then bI'a C P.
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Theorem 2.5. [5] An ideal P of a commutative I'— semiring R is prime if and only if
al’b C P implies that either a € P or b € P.

Remark 2.6. Throughout this paper, R will denote a I'— semiring with zero element 0
and identity element I unless otherwise stated.

3. PRIME FUZZY IDEALS OF A I'- SEMIRING

We start this section with the following example.

Example 3.1. Let i1 be a fuzzy subset of a I'— semiring N of non negative integers,

defined by
1 fre<3
() = ifre<3d > 0

0.5 otherwise

Then 1 is a prime fuzzy ideal of N.

Theorem 3.2. Let R be a I'— semiring and \ be a fuzzy left ideal of R. Then
Mo ={z € R| Xz) = A0)} is a left ideal of R.

Theorem 3.3. Let R be a I'— semiring. Let I be an ideal of R and a < b # 0 be any
two elements in [0, 1. Then the fuzzy subset \ of R, defined by

b ifzxel

Az) =
a if otherwise

is a fuzzy ideal of R .

Theorem 3.4. Let P be an ideal of a I'— semiring R, a € [0,1) and p a fuzzy subset of
R defined by

1 ifxeP

p(x) = o FxdP

Then v is a prime fuzzy ideal of R if and only if P is a prime ideal of R.

Proof. Clearly by theorem 3.3, 1 is non constant fuzzy ideal of R. Let p; and uo be
two fuzzy ideals of R such that 11Tpe C g1, pin € poand po € . Then there exist z,
y € R such that py(z) > p(x) and pe(y) > p(y). This implies that p(z) = u(y) = a.
Therefore, x,y ¢ P. Since P is a prime ideal of R, there exists r € R, a, § € I, such
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that zarfy ¢ P (By Theorem 2.4). Therefore, p(zarfy) = a. Now, (u1I'us) (xarfy)
> minfpn (@), ja(rBy)] = minfu(2), p2(y)] > minlu(z), p(y)] = a = p(zarsy), a
contradiction. Hence  is a prime fuzzy ideal of R. Conversely, let 1 be a prime fuzzy
ideal of R and B, C be two ideals of R such that BI'C' C P. If possible let B §Z P
and C' ¢ P. Then there exist b € B and ¢ € C such that b,c ¢ P. Let us define fuzzy
subsets x; and p5 of R as follows:

1 ifxeB
() = i

a ifx¢B

1 ifxeC
pa(z) = i

a ifx ¢C

Then 1y and po are fuzzy ideals of R and py € poand py € pbut g lps C p, a
contradiction since p is a prime fuzzy ideal of R. Hence P is prime ideal of R.

O

Corollary 3.5. Let P be an ideal of a I'—semiring R. Then the characteristic function
Xp is a prime fuzzy ideal of R if and only if P is prime ideal of R

Proof. The proof follows from the above theorem on substituting a = 0. U

Theorem 3.6. Let R be a I'— semiring and 11 be a prime fuzzy ideal of R. Then

(i) p(0) =1
(ii) | Imp [= 2
(iii) 1o ={z € R | p(z) = p(0)} is a prime ideal of R.
Proof. (i) Let u be a prime fuzzy ideal of R and p(0) # 1. Since p is a non constant

fuzzy ideal of R, so there exists » € R such that ;(0) > p(r). Define fuzzy
subsets p; and o of R as :

L if p(z) = p(0),

pa () = .
0 otherwise

and po(z) = p(0) for all x € R. Clearly, p; and o are two fuzzy ideals of R.
Now if x is such that p(z) = pu(0) then p(zay) = p(0) forally € R, o € T.
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So, p(zay) = p(0) = minfp (2), po(y)l. If p(z) # p(0) then p(zay) > 0=
man[ui(x), ua(y)]. Thus, for all z,y € R, min[u(x), pua(y)] < p(zay). Now,
for any element z € R, (u1lpus)(2) = sup [min[ui(x), u2(y)]] < w(z) Thus,

z=zay

pil e C p. But pg(0) = 1 > p(0) and po(r) = p(0) > p(r). This implies that
pa € pand po € p, a contradiction. Hence, p(0) =1

Let |[Imu| > 2. Let x and y be two elements of R such that 1 > u(a) > u(b).
Define fuzzy subset 1; and po of R as

1 ifze<a>
p(z) = .
0 otherwise
and po(z) = p(a) forall z € R, a € I'. Clearly p, po are two fuzzy ideals of R.
If z €< a >, then zay €< a > forally € R, o € T'. Therefore, pu(zay) > u(a)
= min[pu (), p2(y)] If © ¢< a > then p(zay) > 0 = minfui(z), pa(y)]-
Thus, for all z,y € R, u(xay) > min{ui(z), u2(y)}. Hence, for any z € R,

(1lp2)(2) = sup [min{p (), p2(y)}]] < p(z). Therefore, pT'ps C p. But

z=zay

pa(a) =1 > p(a). Thus, gy € p. Since p is prime fuzzy ideal so po C p. But
p2(b) = p(a) > p(b), a contradiction. Thus, | Impy |= 2

Let pand py = {z € R | pu(zr) = w(0)} be prime fuzzy ideal of R. Also,
| Imu |= 2, po is a proper ideal of R. Let A and B be two ideals of R such that
AT'B C pp. Let A4 and Ag be two fuzzy ideals of R. If (A4['A\p)(z) = O then

(Aal'Ap)(z) < Ay (). If (Aal'Ap)(x) # 0 then sup [min{Aa(u), Ag(v)}] # 0

T=uUav

for some v € A,v € B,a € I'. This implies that min(Aa(u), A\g(v)) # 0
for some u,v € R such that x = uav foru € Aandv € B, € T and
(Aa'Ag)(z) = 1. This implies that x = uav € AI'B € pg. Thus, A, (z) = 1.
Hence, for any € R, (AaI'Ap)(x) < Ayy(z). Thus, AaI'Ap € Ay, Again, if
r € po, then Ay () =1 = p(0) = p(z). f o ¢ po then Ay () = 0 < p(x).
Thus, for any z € R, A\ < p(z). Therefore, A\,, C p, which implies that
Aal' g € p. As p is a prime fuzzy ideal of R, so either Ay C por A\g C pu.
If Ay, C uthen z € A implies that p(z) > As(x) = 1 = p(0). Hence,
p(z) =1 = pu(0). Sox € py. Thus, A C . Similarly, if A\g C pthen B C py.
Hence, i is the prime ideal of R.

]

Corollary 3.7. Let R be a I'— semiring and I be an ideal of R such that its
characteristic function X is a prime fuzzy ideal of R. Then I is a prime ideal of R.
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Proof. Let x; be a prime fuzzy ideal of R and I be an ideal of R. This implies that (x)o
is a prime ideal of R. Now, = € [ if and only if x;(x) = 1 if and only if x;(x) = x;(0)
if and only if x € x;(0). Thus, x;(0) = I. Hence, [ is a prime ideal of R. O

Theorem 3.8. Let R be a I'— semiring and p is a fuzzy subset of R then p is a prime
fuzzy ideal of R if and only if Im = {1,a}, a € [0,1), and g is a prime ideal of R.

Proof. Proof follows from Theorems 3.4 and 3.6 O]

Theorem 3.9. Let R be a I'—semiring and 1 is a fuzzy subset of R. Then for any
2.y € R, inf{u(zaray) | r € R} = maw{u(z). u(y)}

Proof. Let p is a prime fuzzy ideal of R. Then Imyu = {1,a} where a € [0,1) and
o = {z € R| u(x) = p(0)} is a prime ideal of R. If max{pu(z),u(y)} = 1 then
either u(z) = 1 or pu(y) = 1, thatis, x € po or y € po. Thus, zaray € o,
for all » € R. This implies that u(zaray) = u(0) = 1. Hence, inf{u(zaray) |
r € R} = 1 = maz{p(z), n(y)}. Further, if maz|u(x), u(y)] = a then p(zx) = a
and p(y) = a. This implies that x ¢ po and y ¢ po . So, there exists an element
r € R such that zaray ¢ po. This implies that p(zaray) = a This implies that

inf{p((zaray) | r € R} = a = maz{p(z),u(y)}. Hence, inf{u(zaray) | r €
R} = mazx{p(x), p(y)} -

Theorem 3.10. Let R be a commutative I'— semiring. Let 1 be a prime fuzzy ideal of
Rand x,y € R Then p(ray) = mazx|u(x), u(y)] if and only if u(xay) = p(yax).

Proof. Let p(xay) = max(p(x), 1(y)). This implies that, pu(yax) = maz(u(y), p(x))
= maz(u(x),(y)) = p(ray). Conversely, let u be a prime fuzzy ideal of R

and inf{p(raray) | r € R} = max{p(z),u(y)}, for all z,y € R,a € T.
Thus, {p(zaray} = p(rayax) > plyax) = p(xay) for all r € R. Hence,
maz(p(z), u(y)] = inf{u(zaray)t | r € R} = inf{u(razay)} | r € R}
> p(ray) = maz(p(z), p(y)]- Hence, p(zay) = maz{u(z), p(y)] O

4. COMPLETELY PRIME FUZZY IDEALS OF I'- SEMIRINGS

In this section, we characterize completely prime fuzzy ideals of a I'— semiring R
in terms of completely prime ideals of R.
The following definition is analogous to the definition 4.8 in [4].

Definition 4.1. An ideal P of a I'— semiring R is said to be completely prime if aab € P
fora,bin R and o € " implies that a € P orb € P.
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Theorem 4.2. Let R be a I'— semiring. A prime ideal P of R is completely prime if and
only if aab € P implies that baa € P.

Theorem 4.3. Let R be a I'—semiring and |1 a non constant fuzzy ideal of R. If for any
two fuzzy points x, and y; of R, x,.I'y; C p implies that either x, C pory, C pthen
is completely prime fuzzy ideal of R

Proof. Let o and 7 be fuzzy ideals of R and o't C pu. Let 0 € p. Then there
exists x € R such that o(x) > p(z). Let o(z) = r and 7(y) = t for some
z,y € R.If z = zay, for some o € I then (z,I'y;)(z2) = min(r,t). Therefore,
p(z) = pleay) = olr(zay) = minfo(z),7(y)} = min{r,t} = (2.Ty)(2).
Therefore, x,.I'y; C p. This implies that z,. C p or y; C p. This implies that 7 < p(z)
or t < u(y). This implies that 7(y) = ¢ < u(y), since r £ p(x). This implies that
7 C u. Hence, p is a completely prime fuzzy ideal of R.

]

Theorem 4.4. Let X be a non-empty set and x,,y, € X then x,I'y, = (20Y)min(r.s),
forall o € T

Theorem 4.5. Let R be a I'— semiring. Then every completely prime fuzzy ideal of R
is a prime fuzzy ideal of R. Conversely, if R is commutative with strong identity then a
prime fuzzy ideal of R is completely prime fuzzy ideal.

Proof. Let 1 be a completely prime fuzzy ideal of R and 4, 1o be two fuzzy ideals of
R such that 1Ty C . Let gy € . Then there exists € R such that iy (z) > p(z).
This implies that z,, & pand 2, (2)(z) € p11. Lety be an arbitrary element of R, then

ym(y)) < N(:y) € po. Leta € I'. Now, (xuum)ry#z(y))(Z) = (Z‘Oéy)mm(m(q;),m(y))(z)

min[ui (), pa(y)]  if z=zay
0 if 2z # zay

Again, (u(2) > L) (2) = sup [min[pi(x), pa(y)]] = minfpn (), p2(y)], 2 = zay

z=zay
= (T ) DWYpia,y ) (2)- If 2 # zay for any z,y € R, then u(2) > (24 @) Ypo () (2)-
Thus, 2., @)Y,y € i Since p is completely prime fuzzy ideal and x,, ;) ¢ p
then y,,(,)) € p. Thus, y,,)) < p(y). This implies that y, C p. Hence, pis a
fuzzy prime ideal of R. Conversely, let p is a prime fuzzy ideal of a commutative ['—
semiring R. Let z, and y, are two fuzzy points of R such that x,I'y; C p. Then
(. Tys)(zay) < p(ray), a € T'. This implies that min(r, s) < u(xay). Let ug and iy
be two fuzzy subset of R defined by
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r ifte<z>
ps(t) = ,

0 otherwise

s ifte<y >
pa(t) =

0 otherwise

It is clear that p5 and pu4 are fuzzy ideals of R. If 2 = uav foranyu €<z >, v €<y >
then (usl'ps)(z) = 0 otherwise (usluq)(2) = sup [minfus(u), pa(v)]] = min(r, s).
Since R is commutative with strong identity, uzéugvx > implies that v = rjaz for
some r; € R, a € I'and v €< y > implies that v = ryay for some v, € R, o € T'.
Then uav = (rax)a(raay) = (marsazay) = rsazxay,r3 = rary € R. Now
w(ul'v) = p(rsazay) > p(xay) > min(r,s). Thus, psl'py € p. Since p is prime
fuzzy ideal, so we have either 3 C p or py C p. This implies that either ps(x) < p(x)
or i14(y) < p(y). Thus, either x,. € p or ys € p. Hence, p is a completely fuzzy prime
ideal of R. [

Theorem 4.6. Let R be a I'— semiring and 11 a completely prime fuzzy ideal of R. Then
o = {zx € R| p(x) = u(0)} is a completely prime ideal of R.

Proof. Let u be a fuzzy ideal of R, then g is an ideal of R. Letz,y € R, a € T’
and xay € po. Then pu(zay) = p(0). Since u is a completely prime fuzzy ideal of
R, therefore p is a prime fuzzy ideal of R. Hence 1(0) = 1 and I'mpu = {1, a} where
a € [0,1). So pu(xay) = 1, thatis, (xay); € p. This implies that 1T'y; € p. This
implies that either z; € p or y; € p. Thus, either u(x) > 1 or u(y) > 1, that is,
wu(x) = 1or pu(y) = 1. This implies that either p(z) = p(0) or u(y) = w(0). Thus,
either x € g or y € ug. Hence, pg is a completely prime ideal of R. ]

Theorem 4.7. Let 1 be a fuzzy subset of a I'—semiring R such that Imy = {1,a}
where a € [0,1) and g is completely prime ideal of R. Then p is a completely prime
fuzzy ideal of R.

Proof. Let i1 be a fuzzy ideal of R. Let z,, ys are two fuzzy points of 12 such that
x, ¢ pand ys ¢ p. This implies that 7 > u(x) and s > p(y). Thus, u(z) = pu(y) = a.
This implies that x ¢ po and y ¢ po. This implies that xay ¢ po, € T'. Thus,
p(xay) = a, Therefore, z,I'y, ¢ p. For, x,I'ys € p1, we have (20)min(rs) € p Thus,
a = p(zay) > min(r,s) > min|u(z), u(y)] = a, which is a contradiction . Hence, p
is a completely fuzzy prime ideal. O]
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Theorem 4.8. Let R be a I'— semiring and p be a fuzzy ideal of R such that Im
w = {l,a},a € [0,1). Then p is a completely prime fuzzy ideal of R if and only if
its only proper level ideal |1, is a completely prime ideal of R.

Proof. Follows from Theorem 4.7 and Theorem 4.6. ]

Theorem 4.9. Let R be a I'— semiring. A prime fuzzy ideal 1 of R is completely
prime fuzzy ideal if and only if for two fuzzy points x,,ys € R, x,1'y, € p implies that
ysl'z, € p.

Proof. Let p of R be a completely prime fuzzy ideal of R. Let x,,y; € R be such
that, x,.I'ys € p. This implies that (xay)mm(r,s) € u,a € I'. This implies that,
w(xay) > min(r,s). Since p is prime fuzzy ideal, so Imyu = {1,a},a € [0,1) and
n(0) =1

Case L If y(zay) = 1 then xay € uy. Since u is completely prime fuzzy ideal, soi i is
completely prime. This implies that yoxr € . This implies that u(yax) = 1 = p(zay).
So,u(yax) > min(s,r). Thus, (yax)min(rs) € p. Hence, yI'z,. € p.

Case II If y(zay) = a then zay € p, = R This implies that yaxr € p,. So,
plyor) > a = p(xoy) > min(r,s). Therefore, (yox)min@s) € p. This implies
that (yax)min(s,) € p. Hence, y,I'z, € p. Conversely, assume that 1 is a prime fuzzy
ideal of R and for any two fuzzy points z,, ys in R, x,.['ys € p implies that y,I'z, € pu.
Again, p is a prime fuzzy ideal, Imyu = {1,a},a € [0,1] and pq is a prime ideal of
R. So let xay € po. This implies that u(xay) = 1. This implies that z1I'y; € p.
Therefore, y1I'z; € p. So, yaxr € po. Hence, by Theorem 4.2, p is a completely
prime ideal of R. By Theorem 4.7, it follows that . is a completely prime fuzzy ideal
of R. O
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