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Abstract

We investigate some basic results of prime fuzzy ideals of semirings [3, 8] to
Γ-semirings. Here, first we study some basic results of prime fuzzy ideals of a
Γ− semiring R and then characterize prime fuzzy ideals of R in terms of prime
ideals of R. Finally, we characterize completely prime fuzzy ideals of R in terms
of completely prime ideals of R.
Keywords:- Γ− semiring, fuzzy ideals, prime ideals, prime fuzzy ideals.

1. INTRODUCTION

Semirings were first considered explicitly by Vandiver in 1934[15] in connection with
the axiomatization of the arithmetic of the natural numbers. Many scholars have
investigated semirings throughout the years, either independently or as part of an
effort to branch out from ring theory or semi-group theory, or in connection with
applications. The theory of rings and theory of semi-groups have considerable impact
on the development of the theory of semirings.

The notion of Γ in algebra was introduced by N. Nobusawa [10] in 1964 as a
generalization of the ring and further studied Γ− ring. Rao [11] introduced the concept
of Γ− semiring as a generalization of Γ− ring in the year 1995.
The theory of fuzzy sets was first introduced by L.A. Zadeh [16] in 1965. After that
many mathematicians have applied the concept of fuzzy subsets to the theory of groups
and rings in algebra and many papers on fuzzy sets appeared showing the importance
of the concept and its applications to logic, set theory, group theory, ring theory,
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real analysis, topology etc. For more information on fuzzification of group and ring
theories, we refer [9]. In 1993, Ahsan et.al[1] first studied the fuzzy semirings and
semi-modules. Later, Dutta and Biswas[4] together have extended this concept and
introduced the fuzzy prime ideals of a semiring. In this paper, we characterize prime
fuzzy ideals and completely prime fuzzy ideals in terms of prime ideals and completely
prime ideals respectively of semirings [3, 8] to Γ-semirings.

2. PRELIMINARIES AND EXAMPLES

Recall from [2, 6, 7, 11, 13] that if ( R, +) and ( Γ, +) be two commutative semi-
groups then R is called a Γ− semiring if there exists a mapping R × Γ × R → R
denoted by xαy for all x, y ∈ R and α ∈ Γ satisfying(i) xα(y + z) = xαy + xαz. (ii)
(y + z)αx = yαx + zαx. (iii) x(α + β)z = xαz + xβz. (iv) xα(yβz) = (xαy)βz

for all x, y, z ∈ R and α, β ∈ Γ. Let A and B be semirings and R = Hom(A,B)

and Γ = Hom(B,A) denote the sets of homomorphisms from A to B and B to A

respectively. Then R is a Γ− semiring with operations of point wise addition and
composition of mappings. Further, let M be a Γ− ring and let R be the set of ideals of
M . Define addition in the natural way and if A,B ∈ R , γ ∈ Γ, let AγB denote the
ideal generated by {xγy|x, y ∈ M}. Then R is a Γ− semiring. A Γ− semiring R is
said to be commutative if xγy = yγx for all x, y ∈ R and for all γ ∈ Γ. A Γ− semiring
R is said to have a zero element if 0γx = 0 = xγ0 and x + 0 = x = 0 + x for all
x ∈ R and γ ∈ Γ. R is said to have an identity element if there exists γ ∈ Γ such that
1γx = x = xγ1 for all x ∈ R. R is said to have a strong identity element if for all
x ∈ R, 1αx = x = xα1 for all α ∈ Γ. An ideal P of R is prime if for any two ideals A
and B of R, AΓB ⊆ P we have, either A ⊆ P or B ⊆ P .
Let X be a non-empty set. A mapping µ : X → [0,1] is called a fuzzy subset of X.

Let A be a non empty subset of a Γ− semiring R. Then characteristic function of A is
a fuzzy subset of R and is defined as

χA(x) =

1 if x ∈ A

0 if x /∈ A.

If x ∈ X and r ∈ (0, 1] then a fuzzy point xr of X is a fuzzy subset of X , defined by

xr(y) =

r if y = x

0 if y ̸= x

If A is a fuzzy subset of a non- empty set X and xr ∈ X is a fuzzy point then
xr ∈ A means xr ⊆ A. Let R1 and R2 be two Γ− semirings. Then f : R1 → R2
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is called a Γ−homomorphism if f(x + y) = f(x) + f(y) and f(xαy) = f(x)αf(y)

for all x, y ∈ R1 and α ∈ Γ. If f is both one-one and onto then f is a Γ−
isomorphism. Let µ be a fuzzy subset of R. Then µ is called a fuzzy Γ− semiring if (i)
µ(x+ y) ≥ min{µ(x), µ(y)}. (ii)µ(xαy) ≥ min{µ(x), µ(y)}. Let µ be a fuzzy subset
of R. Then µ is called a fuzzy left (right) ideal of R if µ(x + y) ≥ min{µ(x), µ(y)}
and µ(xαy) ≥ µ(y)(µ(xαy) ≥ µ(x)), for all x, y ∈ R and α ∈ Γ. A fuzzy ideal of R is
a non empty fuzzy subset of R which is both fuzzy left and fuzzy right ideal of R. Let
µ be a fuzzy subset of a Γ− semiring R. Then µ is called a prime fuzzy ideal of R if
(i)µ(x + y) ≥ min{µ(x), µ(y)} and (ii) µ(xαy) = max{µ(x), µ(y)} for all x, y ∈ R

and α ∈ Γ. This definition can also be defined as: A fuzzy ideal µ of R is called prime
fuzzy ideal if either µ = χR or µ is a non constant function and for any two fuzzy ideals
λ1 and λ2 of R, λ1Γλ2 ⊆ µ implies that either λ1 ⊆ µ or λ2 ⊆ µ.
A fuzzy ideal µ of a Γ− semiring R is said to be completely prime fuzzy ideal if for all
x, y ∈ R, t ∈ (0, 1], (xαy)t ∈ µ implies that xt ∈ µ or yt ∈ µ. Or
A fuzzy ideal µ of a Γ− semiring R is completely prime fuzzy ideal if and only if either
µ(xαy) = µ(x) or µ(xαy) = µ(y), for all x, y ∈ R,α ∈ Γ.

Let µ1, µ2 be fuzzy left ideal (fuzzy right ideal, fuzzy ideal) of R. Then product µ1Γµ2

is defined as follows:

(µ1Γµ2)(z) =

 sup
z=xαy

[
min{µ1(x), µ2(y)}, x, y ∈ R,α ∈ Γ

]
0 if for any x, y ∈ R, for any α ∈ Γ, z ̸= xαy

In case of product µ1Γµ2 if R has a strong identity then the case z ̸= xαy for any
x, y ∈ R, α ∈ Γ does not exist.

Theorem 2.1. [6] Let R be a Γ− semiring and λ and µ are fuzzy ideals of R. Then λΓµ

is a fuzzy ideal of R.

Theorem 2.2. [6] Let R be a Γ− semiring and λ, µ be fuzzy left ideals(fuzzy right
ideals, fuzzy ideals) of R. Then λΓµ ⊆ λ ◦ µ.

Proposition 2.3. [6] Let R be a Γ− semiring. Let λ and µ be fuzzy right and left ideals
of R respectively. Then λΓµ ⊆ λ ∩ µ.

Lemma 2.4. [5] If a and b are elements of a Γ− semiring R then the following
conditions on a prime ideal P of R are equivalent:

(i) If aΓb ⊆ P then either a ∈ P or b ∈ P .

(ii) If aΓb ⊆ P then bΓa ⊆ P .
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Theorem 2.5. [5] An ideal P of a commutative Γ− semiring R is prime if and only if
aΓb ⊆ P implies that either a ∈ P or b ∈ P .

Remark 2.6. Throughout this paper, R will denote a Γ− semiring with zero element 0
and identity element 1 unless otherwise stated.

3. PRIME FUZZY IDEALS OF A Γ− SEMIRING

We start this section with the following example.

Example 3.1. Let µ be a fuzzy subset of a Γ− semiring N of non negative integers,
defined by

µ(x) =

1 ifx ∈< 3 >

0.5 otherwise
(1)

Then µ is a prime fuzzy ideal of N .

Theorem 3.2. Let R be a Γ− semiring and λ be a fuzzy left ideal of R. Then
λ0 = {x ∈ R | λ(x) = λ(0)} is a left ideal of R.

Theorem 3.3. Let R be a Γ− semiring. Let I be an ideal of R and a ≤ b ̸= 0 be any
two elements in [0, 1]. Then the fuzzy subset λ of R, defined by

λ(x) =

b if x ∈ I

a if otherwise

is a fuzzy ideal of R .

Theorem 3.4. Let P be an ideal of a Γ− semiring R, a ∈ [0, 1) and µ a fuzzy subset of
R defined by

µ(x) =

1 if x ∈ P

a if x /∈ P

Then µ is a prime fuzzy ideal of R if and only if P is a prime ideal of R.

Proof. Clearly by theorem 3.3, µ is non constant fuzzy ideal of R. Let µ1 and µ2 be
two fuzzy ideals of R such that µ1Γµ2 ⊆ µ, µ1 ⊈ µ and µ2 ⊈ µ. Then there exist x,
y ∈ R such that µ1(x) > µ(x) and µ2(y) > µ(y). This implies that µ(x) = µ(y) = a.
Therefore, x, y /∈ P . Since P is a prime ideal of R, there exists r ∈ R,α, β ∈ Γ, such
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that xαrβy /∈ P (By Theorem 2.4). Therefore, µ(xαrβy) = a. Now, (µ1Γµ2)(xαrβy)

≥ min[µ1(x), µ2(rβy)] ≥ min[µ1(x), µ2(y)] > min[µ(x), µ(y)] = a = µ(xαrβy), a
contradiction. Hence µ is a prime fuzzy ideal of R. Conversely, let µ be a prime fuzzy
ideal of R and B, C be two ideals of R such that BΓC ⊆ P . If possible let B ⊈ P

and C ⊈ P . Then there exist b ∈ B and c ∈ C such that b, c /∈ P . Let us define fuzzy
subsets µ1 and µ2 of R as follows:

µ1(x) =

1 if x ∈ B

a if x /∈ B

µ2(x) =

1 if x ∈ C

a if x /∈C

Then µ1 and µ2 are fuzzy ideals of R and µ1 ⊈ µ and µ2 ⊈ µ but µ1Γµ2 ⊆ µ, a
contradiction since µ is a prime fuzzy ideal of R. Hence P is prime ideal of R.

Corollary 3.5. Let P be an ideal of a Γ−semiring R. Then the characteristic function
χP is a prime fuzzy ideal of R if and only if P is prime ideal of R

Proof. The proof follows from the above theorem on substituting a = 0.

Theorem 3.6. Let R be a Γ− semiring and µ be a prime fuzzy ideal of R. Then

(i) µ(0) = 1

(ii) | Imµ |= 2

(iii) µ0 = {x ∈ R | µ(x) = µ(0)} is a prime ideal of R.

Proof. (i) Let µ be a prime fuzzy ideal of R and µ(0) ̸= 1. Since µ is a non constant
fuzzy ideal of R, so there exists r ∈ R such that µ(0) > µ(r). Define fuzzy
subsets µ1 and µ2 of R as :

µ1(x) =

1 if µ(x) = µ(0),

0 otherwise

and µ2(x) = µ(0) for all x ∈ R. Clearly, µ1 and µ2 are two fuzzy ideals of R.
Now if x is such that µ(x) = µ(0) then µ(xαy) = µ(0) for all y ∈ R, α ∈ Γ.
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So, µ(xαy) = µ(0) = min[µ1(x), µ2(y)]. If µ(x) ̸= µ(0) then µ(xαy) ≥ 0 =
min[µ1(x), µ2(y)]. Thus, for all x, y ∈ R, min[µ1(x), µ2(y)] ≤ µ(xαy). Now,
for any element z ∈ R, (µ1Γµ2)(z) = sup

z=xαy
[min[µ1(x), µ2(y)]] ≤ µ(z) Thus,

µ1Γµ2 ⊆ µ. But µ1(0) = 1 > µ(0) and µ2(r) = µ(0) > µ(r). This implies that
µ1 ⊈ µ and µ2 ⊈ µ, a contradiction. Hence, µ(0) = 1

(ii) Let |Imµ| ≥ 2. Let x and y be two elements of R such that 1 > µ(a) > µ(b).

Define fuzzy subset µ1 and µ2 of R as

µ1(x) =

1 if x ∈< a >

0 otherwise

and µ2(x) = µ(a) for all x ∈ R,α ∈ Γ. Clearly µ1, µ2 are two fuzzy ideals of R.
If x ∈< a >, then xαy ∈< a > for all y ∈ R,α ∈ Γ. Therefore, µ(xαy) ≥ µ(a)

= min[µ1(x), µ2(y)] If x /∈< a > then µ(xαy) ≥ 0 = min[µ1(x), µ2(y)].
Thus, for all x, y ∈ R, µ(xαy) ≥ min{µ1(x), µ2(y)}. Hence, for any z ∈ R,

(µ1Γµ2)(z) = sup
z=xαy

[min{µ1(x), µ2(y)}]] ≤ µ(z). Therefore, µ1Γµ2 ⊆ µ. But

µ1(a) = 1 > µ(a). Thus, µ1 ⊈ µ. Since µ is prime fuzzy ideal so µ2 ⊆ µ. But
µ2(b) = µ(a) > µ(b), a contradiction. Thus, | Imµ |= 2

(iii) Let µ and µ0 = {x ∈ R | µ(x) = µ(0)} be prime fuzzy ideal of R. Also,
| Imµ |= 2, µ0 is a proper ideal of R. Let A and B be two ideals of R such that
AΓB ⊆ µ0. Let λA and λB be two fuzzy ideals of R. If (λAΓλB)(x) = 0 then
(λAΓλB)(x) ≤ λµ0(x). If (λAΓλB)(x) ̸= 0 then sup

x=uαv
[min{λA(u), λB(v)}] ̸= 0

for some u ∈ A, v ∈ B,α ∈ Γ. This implies that min(λA(u), λB(v)) ̸= 0

for some u, v ∈ R such that x = uαv for u ∈ A and v ∈ B, α ∈ Γ and
(λAΓλB)(x) = 1. This implies that x = uαv ∈ AΓB ∈ µ0. Thus, λµ0(x) = 1.

Hence, for any x ∈ R, (λAΓλB)(x) ≤ λµ0(x). Thus, λAΓλB ⊆ λµ0 . Again, if
x ∈ µ0, then λµ0(x) = 1 = µ(0) = µ(x). If x /∈ µ0 then λµ0(x) = 0 ≤ µ(x).
Thus, for any x ∈ R, λµ0(x) ≤ µ(x). Therefore, λµ0 ⊆ µ, which implies that
λAΓλB ⊆ µ. As µ is a prime fuzzy ideal of R, so either λA ⊆ µ or λB ⊆ µ.
If λA ⊆ µ then x ∈ A implies that µ(x) ≥ λA(x) = 1 = µ(0). Hence,
µ(x) = 1 = µ(0). So x ∈ µ0. Thus, A ⊆ µ0. Similarly, if λB ⊆ µ then B ⊆ µ0.

Hence, µ0 is the prime ideal of R.

Corollary 3.7. Let R be a Γ− semiring and I be an ideal of R such that its
characteristic function χI is a prime fuzzy ideal of R. Then I is a prime ideal of R.
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Proof. Let χI be a prime fuzzy ideal of R and I be an ideal of R. This implies that (χI)0
is a prime ideal of R. Now, x ∈ I if and only if χI(x) = 1 if and only if χI(x) = χI(0)

if and only if x ∈ χI(0). Thus, χI(0) = I. Hence, I is a prime ideal of R.

Theorem 3.8. Let R be a Γ− semiring and µ is a fuzzy subset of R then µ is a prime
fuzzy ideal of R if and only if Im µ = {1, a}, a ∈ [0, 1), and µ0 is a prime ideal of R.

Proof. Proof follows from Theorems 3.4 and 3.6

Theorem 3.9. Let R be a Γ−semiring and µ is a fuzzy subset of R. Then for any
x, y ∈ R, inf{µ(xαrαy) | r ∈ R} = max{µ(x), µ(y)}

Proof. Let µ is a prime fuzzy ideal of R. Then Imµ = {1, a} where a ∈ [0, 1) and
µ0 = {x ∈ R| µ(x) = µ(0)} is a prime ideal of R. If max{µ(x), µ(y)} = 1 then
either µ(x) = 1 or µ(y) = 1, that is, x ∈ µ0 or y ∈ µ0. Thus, xαrαy ∈ µ0,
for all r ∈ R. This implies that µ(xαrαy) = µ(0) = 1. Hence, inf{µ(xαrαy) |
r ∈ R} = 1 = max{µ(x), µ(y)}. Further, if max[µ(x), µ(y)] = a then µ(x) = a

and µ(y) = a. This implies that x /∈ µ0 and y /∈ µ0 . So, there exists an element
r ∈ R such that xαrαy /∈ µ0. This implies that µ(xαrαy) = a This implies that
inf{µ((xαrαy) | r ∈ R} = a = max{µ(x), µ(y)}. Hence, inf{µ(xαrαy) | r ∈
R} = max{µ(x), µ(y)}

Theorem 3.10. Let R be a commutative Γ− semiring. Let µ be a prime fuzzy ideal of
R and x, y ∈ R Then µ(xαy) = max[µ(x), µ(y)] if and only if µ(xαy) = µ(yαx).

Proof. Let µ(xαy) = max(µ(x), µ(y)). This implies that, µ(yαx) = max(µ(y), µ(x))

= max(µ(x), µ(y)) = µ(xαy). Conversely, let µ be a prime fuzzy ideal of R

and inf{µ(xαrαy) | r ∈ R} = max{µ(x), µ(y)}, for all x, y ∈ R,α ∈ Γ.

Thus, {µ(xαrαy} = µ(rαyαx) ≥ µ(yαx) = µ(xαy) for all r ∈ R. Hence,
max[µ(x), µ(y)] = inf{µ(xαrαy)} | r ∈ R} = inf{µ(rαxαy)} | r ∈ R}
≥ µ(xαy) ≥ max[µ(x), µ(y)]. Hence, µ(xαy) = max[µ(x), µ(y)]

4. COMPLETELY PRIME FUZZY IDEALS OF Γ− SEMIRINGS

In this section, we characterize completely prime fuzzy ideals of a Γ− semiring R

in terms of completely prime ideals of R.
The following definition is analogous to the definition 4.8 in [4].

Definition 4.1. An ideal P of a Γ− semiring R is said to be completely prime if aαb ∈ P

for a, b in R and α ∈ Γ implies that a ∈ P or b ∈ P .
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Theorem 4.2. Let R be a Γ− semiring. A prime ideal P of R is completely prime if and
only if aαb ∈ P implies that bαa ∈ P .

Theorem 4.3. Let R be a Γ−semiring and µ a non constant fuzzy ideal of R. If for any
two fuzzy points xr and yt of R, xrΓyt ⊆ µ implies that either xr ⊆ µ or yt ⊆ µ then µ

is completely prime fuzzy ideal of R

Proof. Let σ and τ be fuzzy ideals of R and σΓτ ⊆ µ. Let σ ⊈ µ. Then there
exists x ∈ R such that σ(x) ≥ µ(x). Let σ(x) = r and τ(y) = t for some
x, y ∈ R. If z = xαy, for some α ∈ Γ then (xrΓyt)(z) = min(r, t). Therefore,
µ(z) = µ(xαy) ≥ σΓτ(xαy) ≥ min{σ(x), τ(y)} ≥ min{r, t} = (xrΓyt)(z).

Therefore, xrΓyt ⊆ µ. This implies that xr ⊆ µ or yt ⊆ µ. This implies that r ≤ µ(x)

or t ≤ µ(y). This implies that τ(y) = t ≤ µ(y), since r ≰ µ(x). This implies that
τ ⊆ µ. Hence, µ is a completely prime fuzzy ideal of R.

Theorem 4.4. Let X be a non-empty set and xr, yr ∈ X then xrΓyr = (xαy)min(r,s),
for all α ∈ Γ.

Theorem 4.5. Let R be a Γ− semiring. Then every completely prime fuzzy ideal of R
is a prime fuzzy ideal of R. Conversely, if R is commutative with strong identity then a
prime fuzzy ideal of R is completely prime fuzzy ideal.

Proof. Let µ be a completely prime fuzzy ideal of R and µ1, µ2 be two fuzzy ideals of
R such that µ1Γµ2 ⊆ µ. Let µ1 ⊈ µ. Then there exists x ∈ R such that µ1(x) > µ(x).

This implies that xµ1(x)
/∈ µ and xµ1(x)(x) ∈ µ1. Let y be an arbitrary element of R, then

yµ2(y)) ≤ µ(y) ∈ µ2. Let α ∈ Γ. Now, (xµ1(x)
Γyµ2(y)

)(z) = (xαy)min(µ1(x),µ2(y))(z)

=

min[µ1(x), µ2(y)] if z = xαy

0 if z ̸= xαy

Again, (µ(z) ≥ µ1Γµ2)(z) = sup
z=xαy

[min[µ1(x), µ2(y)]] ≥ min[µ1(x), µ2(y)], z = xαy

= (xµ1(x)
Γyµ2(y)

)(z). If z ̸= xαy for any x, y ∈ R, then µ(z) ≥ (xµ1(x)Γyµ2(y))(z).
Thus, xµ1(x)Γyµ2(y) ⊆ µ Since µ is completely prime fuzzy ideal and xµ1(x) /∈ µ

then yµ2(y)) ∈ µ. Thus, yµ2(y)) ≤ µ(y). This implies that µ2 ⊆ µ. Hence, µ is a
fuzzy prime ideal of R. Conversely, let µ is a prime fuzzy ideal of a commutative Γ−
semiring R. Let xr and ys are two fuzzy points of R such that xrΓys ⊆ µ. Then
(xrΓys)(xαy) ≤ µ(xαy), α ∈ Γ. This implies that min(r, s) ≤ µ(xαy). Let µ3 and µ4

be two fuzzy subset of R defined by
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µ3(t) =

r if t ∈< x >

0 otherwise

µ4(t) =

s if t ∈< y >

0 otherwise

It is clear that µ3 and µ4 are fuzzy ideals of R. If z = uαv for any u ∈< x >, v ∈< y >

then (µ3Γµ4)(z) = 0 otherwise (µ3Γµ4)(z) = sup
z=uαv

[min[µ3(u), µ4(v)]] = min(r, s).

Since R is commutative with strong identity, u ∈< x > implies that u = r1αx for
some r1 ∈ R, α ∈ Γ and v ∈< y > implies that v = r2αy for some r2 ∈ R, α ∈ Γ.

Then uαv = (r1αx)α(r2αy) = (r1αr2αxαy) = r3αxαy, r3 = r1αr2 ∈ R. Now
µ(uΓv) = µ(r3αxαy) ≥ µ(xαy) ≥ min(r, s). Thus, µ3Γµ4 ⊆ µ. Since µ is prime
fuzzy ideal, so we have either µ3 ⊆ µ or µ4 ⊆ µ. This implies that either µ3(x) ≤ µ(x)

or µ4(y) ≤ µ(y). Thus, either xr ∈ µ or ys ∈ µ. Hence, µ is a completely fuzzy prime
ideal of R.

Theorem 4.6. Let R be a Γ− semiring and µ a completely prime fuzzy ideal of R. Then
µ0 = {x ∈ R | µ(x) = µ(0)} is a completely prime ideal of R.

Proof. Let µ be a fuzzy ideal of R, then µ0 is an ideal of R. Let x, y ∈ R, α ∈ Γ

and xαy ∈ µ0. Then µ(xαy) = µ(0). Since µ is a completely prime fuzzy ideal of
R, therefore µ is a prime fuzzy ideal of R. Hence µ(0) = 1 and Imµ = {1, a} where
a ∈ [0, 1). So µ(xαy) = 1, that is, (xαy)1 ∈ µ. This implies that x1Γy1 ∈ µ. This
implies that either x1 ∈ µ or y1 ∈ µ. Thus, either µ(x) ≥ 1 or µ(y) ≥ 1, that is,
µ(x) = 1 or µ(y) = 1. This implies that either µ(x) = µ(0) or µ(y) = µ(0). Thus,
either x ∈ µ0 or y ∈ µ0. Hence, µ0 is a completely prime ideal of R.

Theorem 4.7. Let µ be a fuzzy subset of a Γ−semiring R such that Imµ = {1, a}
where a ∈ [0, 1) and µ0 is completely prime ideal of R. Then µ is a completely prime
fuzzy ideal of R.

Proof. Let µ be a fuzzy ideal of R. Let xr, ys are two fuzzy points of R such that
xr /∈ µ and ys /∈ µ. This implies that r > µ(x) and s > µ(y). Thus, µ(x) = µ(y) = a.
This implies that x /∈ µ0 and y /∈ µ0. This implies that xαy /∈ µ0, α ∈ Γ. Thus,
µ(xαy) = a, Therefore, xrΓys /∈ µ. For, xrΓys ∈ µ, we have (xαy)min(r,s) ∈ µ Thus,
a = µ(xαy) ≥ min(r, s) > min[µ(x), µ(y)] = a, which is a contradiction . Hence, µ
is a completely fuzzy prime ideal.
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Theorem 4.8. Let R be a Γ− semiring and µ be a fuzzy ideal of R such that Im
µ = {1, a}, a ∈ [0, 1). Then µ is a completely prime fuzzy ideal of R if and only if
its only proper level ideal µ1 is a completely prime ideal of R.

Proof. Follows from Theorem 4.7 and Theorem 4.6.

Theorem 4.9. Let R be a Γ− semiring. A prime fuzzy ideal µ of R is completely
prime fuzzy ideal if and only if for two fuzzy points xr, ys ∈ R, xrΓyr ∈ µ implies that
ysΓxr ∈ µ.

Proof. Let µ of R be a completely prime fuzzy ideal of R. Let xr, ys ∈ R be such
that, xrΓys ∈ µ. This implies that (xαy)min(r,s) ∈ µ, α ∈ Γ. This implies that,
µ(xαy) ≥ min(r, s). Since µ is prime fuzzy ideal, so Imµ = {1, a}, a ∈ [0, 1) and
µ(0) = 1

Case I If µ(xαy) = 1 then xαy ∈ µ1. Since µ is completely prime fuzzy ideal, soi µ1 is
completely prime. This implies that yαx ∈ µ1. This implies that µ(yαx) = 1 = µ(xαy).

So,µ(yαx) ≥ min(s, r). Thus, (yαx)min(r,s) ∈ µ. Hence, ysΓxr ∈ µ.
Case II If µ(xαy) = a then xαy ∈ µa = R This implies that yαx ∈ µa. So,
µ(yαx) ≥ a = µ(xαy) ≥ min(r, s). Therefore, (yαx)min(r,s) ∈ µ. This implies
that (yαx)min(s,r) ∈ µ. Hence, ysΓxr ∈ µ. Conversely, assume that µ is a prime fuzzy
ideal of R and for any two fuzzy points xr, ys in R, xrΓys ∈ µ implies that ysΓxr ∈ µ.

Again, µ is a prime fuzzy ideal, Imµ = {1, a}, a ∈ [0, 1] and µ0 is a prime ideal of
R. So let xαy ∈ µ0. This implies that µ(xαy) = 1. This implies that x1Γy1 ∈ µ.

Therefore, y1Γx1 ∈ µ. So, yαx ∈ µ0. Hence, by Theorem 4.2, µ0 is a completely
prime ideal of R. By Theorem 4.7, it follows that µ is a completely prime fuzzy ideal
of R.
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