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Abstract 

 

In this paper, we study the concept of strong 𝛤 −group, strong 𝛤 −subgroup 

and their properties viz: Γ −cosets, Normal 𝛤 −subgroups, one-to-one 

correspondence between any two strong Γ −left(right) cosets of a strong 

𝛤 −subgroup in a strong 𝛤 −group etc. Further if 𝐻 and 𝐾 be two strong Γ −
 subgroups of a strong Γ − group 𝐺. Then 𝐻Γ𝐾 is a strong Γ −subgroup of a 

strong Γ −group 𝐺 if and only if 𝐻Γ𝐾 = 𝐾Γ𝐻. 
 

Keywords: Strong 𝛤 −group, Strong 𝛤 −subgroup, Γ −cosets, Normal 

𝛤 −subgroups. 

 

 

1. INTRODUCTION 

The notion of a ternary algebraic system was introduced by Lehmer [1] in 1932.As a 

speculation of ring, the notion of a Γ−ring was introduced by Nobusawa [7] in 1964. In 

1981, Sen [8] introduced the notion of a Γ−semigroup as a generalization of semigroup. 

In 1995, Rao [2-5] introduced the notion of a Γ−semiring as a generalization of Γ−ring, 

ring, ternary semiring and semiring. Rao [6] introduced the notion of field Γ−semiring 

and Γ−field. Semi group, as the basic algebraic structure was used in the areas of 

theoretical computer science as well as in the solutions of graph theory, optimization 

theory and in particular for studying automata, coding theory and formal languages. 

The formal study of semi groups begins in the early 20th century. Rao [5] studied ideals 

of Γ−semirings, semirings, semigroups and Γ−semigroups. Kumar [13] introduced the 
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notion of a strong 𝛤 −group as a generalisation of 𝛤 −group and studied some of the 

properties of strong 𝛤 −group. 

 

 

2. PRELIMINARIES 

Definition 2.1. [5] A semigroup is an algebraic system (𝐺, . ) consisting of a non-empty 

set 𝐺 together with an associative binary operation ‘.’ 

 

Definition 2.2. [5] An algebraic system (𝐺, . ) consisting of a non-empty set 𝐺 together 

with an associative binary operation ‘.’ is called a group if it satisfies the following: 

(𝒊)  there exists 𝑒 ∈ 𝐺, such that 𝑥. 𝑒 = 𝑒. 𝑥 = 𝑥 for all 𝑥 ∈ 𝐺. 
(𝒊𝒊)  if for each 𝑥 ∈ 𝐺 there exists 𝑦 ∈ 𝐺, such that 𝑥. 𝑦 = 𝑦. 𝑥 = 𝑒. 
 

Definition 2.3. [5] Let 𝐺 and Γ be non-empty sets. Then we call 𝐺 a 𝛤 −semigroup if 

there exists a mapping 𝐺 × 𝛤 × 𝐺 → 𝐺 (images of (𝑥, 𝛼, 𝑦) will be denoted by 

𝑥𝛼𝑦, 𝑥, 𝑦 ∈ 𝐺, 𝛼 ∈ 𝛤), such that it satisfies 𝑥𝛼(𝑦𝛽𝑧) = (𝑥𝛼𝑦)𝛽𝑧 for all 𝑥, 𝑦, 𝑧 ∈ 𝐺 and 

𝛼, 𝛽 ∈ 𝛤. 

 

Definition 2.4. [5] A 𝛤 −semigroup 𝐺 is said to be commutative if 𝑥𝛼𝑦 = 𝑦𝛼𝑥 for all 

𝑥, 𝑦 ∈ 𝐺 for all 𝛼 ∈ 𝛤. 
 

Definition 2.5. [5] Let 𝐺 be a 𝛤 −semigroup. An element e ∈ 𝐺 is said to be unity if 

for each 𝑥 ∈ 𝐺 there exists α∈ 𝛤 such that 𝑥𝛼𝑒 = 𝑒𝛼𝑥 = 𝑥. 

 

Definition 2.6. [11] An element 𝑥 of a 𝛤 −semigroup 𝐺 is said to be a strong 

𝛤 −idempotent if 𝑥𝛾𝑥 = 𝑥 for all 𝛾 ∈ 𝛤. 

 

Definition 2.7. [11] A 𝛤 −semigroup 𝐺 is said to be strong 𝛤 −idempotent if every 

element of 𝐺 is strong 𝛤 −idempotent. 

 

Definition 2.8. [5] In a 𝛤 −semigroup 𝐺 with unity 𝑒, an element 𝑥 ∈ 𝐺 is said to be 

left invertible (right invertible) if there exists 𝑦 ∈ 𝐺, 𝛼 ∈ 𝛤 such that 𝑦𝛼𝑥 =
𝑒 (𝑥𝛼𝑦 = 𝑒). 

 

Definition 2.9. [12] In a 𝛤 −semigroup 𝐺 with unity 𝑒, an element 𝑢 ∈ 𝐺 is said to be 

unit if there exists 𝑣 ∈ 𝐺 and α ∈ 𝛤, such that 𝑢𝛼𝑣 = 𝑒 = 𝑣𝛼𝑢. 

 

Definition 2.10. [12] A 𝛤 −semigroup 𝐺 with zero element 0 is said to hold 

cancellation laws if 𝑥 ≠ 0, 𝑥𝛼𝑦 = 𝑥𝛼𝑧, 𝑦𝛼𝑥 = 𝑧𝛼𝑥, where 𝑥, 𝑦, 𝑧 ∈ 𝐺, 𝛼 ∈ 𝛤 then 𝑦 =
𝑧. 

 

Definition 2.11. [5] A 𝛤 −semigroup 𝐺 is said to be 𝛤 −group if it satisfies the 

following 

(𝒊)  if there exists 𝑒 ∈ 𝐺 and for each 𝑥 ∈ 𝐺 there exists α∈ 𝛤, such that 𝑥𝛼𝑒 = 𝑒𝛼𝑥 =
𝑥. 
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(𝒊𝒊)  if for each element 0 ≠ 𝑥 ∈ 𝐺 there exists 𝑦 ∈ 𝐺, 𝛼 ∈ 𝛤 such that 𝑥𝛼𝑦 = 𝑦𝛼𝑥 =
𝑒. 

 

Every group 𝐺 is a 𝛤 −group if 𝛤 = 𝐺 and ternary operation is 𝑥𝛼𝑦 defined as the 

binary operation of the group. 

The unity of a 𝛤 −group may not be unique. 

 

Example 2.12. Let 𝐺 and 𝛤 be the set of all rational numbers and the set of all natural 

numbers respectively. Define the ternary operation 𝐺 × 𝛤 × 𝐺 → 𝐺 by (𝑥, 𝛼, 𝑦) → 𝑥𝛼𝑦, 
using the usual multiplication. Then 𝐺 is a 𝛤 −group. 

 

Example 2.13. Let 𝐺 = {0,1} and 𝛤 = {𝛼, 𝛽}. We define operations with the following 

tables: 

 

 
 

Then 𝐺 is a 𝛤 −group with unity 0 and 1. 

 

Definition 2.14.[13] Let 𝐺 be a Γ − 𝑠𝑒𝑚𝑖𝑔𝑟𝑜𝑢𝑝.An element 𝑒 ∈  𝐺 is said to be strong 

identity e if for each 𝑥 ∈  𝐺,we have 𝑥𝛼𝑒 = 𝑒𝛼𝑥 = 𝑥 for all 𝛼 ∈  Γ. 
 

Definition 2.15. [13] Let 𝐺 be a Γ − 𝑠𝑒𝑚𝑖𝑔𝑟𝑜𝑢𝑝 with strong identity 𝑒 ∈  𝐺.An 

element 𝑥 ∈  𝐺 is said to be have strong inverse in 𝐺 if there exists 𝑦 ∈  𝐺 such that 

𝑥𝛼𝑦 = 𝑦𝛼𝑥 = 𝑒 for all 𝛼 ∈  Γ. 
 

Definition 2.16. [13] A Γ − 𝑠𝑒𝑚𝑖𝑔𝑟𝑜𝑢𝑝 G is said to be a strong Γ − 𝑔𝑟𝑜𝑢𝑝 if it 

satisfies: 

(i) If 𝐺 has strong identity 𝑒 ∈  𝐺; 
(ii) And every element has strong inverse in G. 

 

Example 2.17. Let G be the set of positive rational numbers and Γ be the set of all real 

numbers whose square is 1. Define the ternary operation 𝐺 × Γ × G ⟶ G by (𝑥, 𝛼, 𝑦) →
𝑥. |𝛼|. 𝑦, where ‘.’ is the usual multiplication. Then 𝐺 is a strong Γ − 𝑔𝑟𝑜𝑢𝑝. 

 

 

3. PROPERTIES OF STRONG 𝚪 − 𝑮𝑹𝑶𝑼𝑷𝑺 

Definition 3.1. Let 𝐺 be a strong Γ − 𝑔𝑟𝑜𝑢𝑝 and let 𝐻 be a strong Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝. For 

any 𝑎 ∈ 𝐺 and 𝛼 ∈ Γ, the strong Γ − 𝑙𝑒𝑓𝑡 𝑐𝑜𝑠𝑒𝑡 of 𝐻 (determined by ′𝑎′ 𝑎𝑛𝑑 ′𝛼′) is 

defined as the set 𝑎αH = {aαh: h ∈ H, α ∈  Γ}. 
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Similarly, the strong Γ − 𝑟𝑖𝑔ℎ𝑡 𝑐𝑜𝑠𝑒𝑡 of 𝐻 is defined as the set 𝐻αa = {hαa: h ∈
H, α ∈  Γ}. 

 

Theorem 3.2. If 𝐺 is strong Γ − 𝑔𝑟𝑜𝑢𝑝 which is commutative, then for any element 

𝑎 ∈  𝐺 and 𝛼 ∈  Γ, the strong Γ − 𝑙𝑒𝑓𝑡 𝑐𝑜𝑠𝑒𝑡 of 𝐻 is equal to the corresponding strong 

Γ − 𝑟𝑖𝑔ℎ𝑡 𝑐𝑜𝑠𝑒𝑡 of 𝐻 in 𝐺. 
 

Proof: Let 𝑎 ∈  𝐺 be any arbitrary element. Since 𝐺 is abelian strong Γ − 𝑔𝑟𝑜𝑢𝑝. 

Therefore 𝑥𝛼𝑦 = 𝑦𝛼𝑥 for all 𝑥, 𝑦 ∈  𝐺 and 𝛼 ∈  Γ. Hence 𝑎α𝐻 = {𝑎𝛼ℎ: ℎ ∈  𝐻, 𝛼 ∈
 Γ} = {ℎ𝛼𝑎: ℎ ∈  𝐻, 𝛼 ∈  Γ} = Hαa. 
 

Theorem 3.3. Let 𝐺 be a strong Γ − 𝑔𝑟𝑜𝑢𝑝 and let 𝐻 be a strong Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝. Then 

𝑎 ∈  𝐻 if and only if 𝑎𝛼𝐻 = 𝐻 for 𝛼 ∈  Γ. 
 

Proof: Let 𝑎 ∈  𝐻 be any element. Let 𝑥 ∈  𝑎𝛼𝐻, then 𝑥 = 𝑎𝛼ℎ for some ℎ ∈  𝐻. 
Thus 𝑥 ∈  𝐻, 𝐻 being a strong Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 of 𝐺. Therefore 𝑎𝛼𝐻 ⊆ 𝐻. For the 

reverse inclusion let 𝑥 ∈  𝐻. Since 𝑎 ∈  𝐻 there exists 𝑏 ∈  𝐻 such that 𝑎𝛿𝑏 = 𝑒, 

where ‘e’ is strong identity of 𝐺 and for all 𝛿 ∈  Γ. Now 𝑥 = 𝑒𝛽𝑥 = (𝑎𝛼𝑏)𝛽𝑥 =
𝑎𝛼(𝑏𝛽𝑥)  ∈  𝑎𝛼𝐻. Hence 𝐻 ⊆ 𝑎𝛼𝐻. 
Conversely, assume that 𝑎𝛼𝐻 = 𝐻 for 𝛼 ∈  Γ. Since 𝐻 is a strong Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝, 

therefore 𝑎𝛼𝑒 = 𝑒𝛼𝑎 = 𝑎 for all 𝛼 ∈  Γ, where ‘e’ is strong identity of 𝐻.Thus 𝑎 =
𝑎𝛼𝑒 ∈  𝑎𝛼𝐻 = 𝐻. 

 

Theorem 3.4. Let 𝐺 be a strong Γ − 𝑔𝑟𝑜𝑢𝑝 and let 𝐻 be a strong Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝. Then 

for any 𝑎, 𝑏 ∈  𝐺 and 𝛼, 𝛽 ∈  Γ, 𝑎𝛼𝐻 = 𝑏𝛽𝐻 if and only if 𝑐𝛿𝑏 ∈  𝐻 for 𝛿 ∈  Γ, where 

‘c’ is strong inverse of ‘a’ in 𝐺. 
 

Proof: Let 𝑎, 𝑏 ∈  𝐺 and 𝛼, 𝛽 ∈  Γ. Assume that 𝑎𝛼𝐻 = 𝑏𝛽𝐻. Since 𝑏 = 𝑏𝛽𝑒 ∈
 𝑏𝛽𝐻 = 𝑎𝛼𝐻. This implies that 𝑏 = 𝑎𝛼ℎ for some ℎ ∈  𝐻. Therefore 𝑐𝛿𝑏 =
𝑐𝛿(𝑎𝛼ℎ) = (𝑐𝛿𝑎)𝛼ℎ = 𝑒𝛼ℎ = ℎ ∈  𝐻, where ‘e’ is strong identity of 𝐺. 
Conversely, assume that 𝑐𝛿𝑏 ∈  𝐻 for 𝛿 ∈  Γ. Now 𝑐𝛿𝑏 = ℎ for some ℎ ∈  𝐻. Thus 

𝑏 = 𝑒𝛿𝑏 = (𝑎𝛼𝑐)𝛿𝑏 = 𝑎𝛼(𝑐𝛿𝑏) = 𝑎𝛼ℎ. Therefore 𝑏𝛽𝐻 = (𝑎𝛼ℎ)𝛽𝐻 = 𝑎𝛼(ℎ𝛽𝐻) =
𝑎𝛼𝐻. 
 

Theorem 3.5. Any two strong Γ − 𝑙𝑒𝑓𝑡(𝑟𝑖𝑔ℎ𝑡) 𝑐𝑜𝑠𝑒𝑡𝑠 are either disjoint or identical. 

 

Proof: Let 𝐺 be a strong Γ − 𝑔𝑟𝑜𝑢𝑝 and let 𝐻 be a strong Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝. Let 

𝑎𝛼𝐻 (determined by ‘a’ and ‘𝛼’ ) and 𝑏𝛽𝐻 ( determined by ‘b’ and ‘𝛽’) be the two 

strong Γ − 𝑙𝑒𝑓𝑡 𝑐𝑜𝑠𝑒𝑡𝑠 of 𝐻 in 𝐺, where 𝑎, 𝑏 ∈  𝐺 and 𝛼, 𝛽 ∈  Γ. If 𝑎𝛼𝐻 ∩ 𝑏𝛽𝐻 =
∅, then we are done. So, let 𝑎𝛼𝐻 ∩ 𝑏𝛽𝐻 ≠ ∅, there exists 𝑥 ∈  𝑎𝛼𝐻 ∩ 𝑏𝛽𝐻. This 

implies that 𝑥 ∈  𝑎𝛼𝐻 and 𝑥 ∈  𝑏𝛽𝐻. Now 𝑥 = 𝑎𝛼ℎ1 for some ℎ1  ∈  𝐻 and 𝑥 =
𝑏𝛽ℎ2 for some ℎ2 ∈  𝐻. Therefore 𝑎𝛼ℎ1 = 𝑏𝛽ℎ2. Now 𝑎 = 𝑎𝛼𝑒 = 𝑎𝛼(ℎ1𝛿 ℎ3) =
(𝑎𝛼ℎ1)𝛿ℎ3 = (𝑏𝛽ℎ2)𝛿ℎ3 = 𝑏𝛽(ℎ2𝛿ℎ3) = 𝑏𝛽ℎ4 , where ℎ2𝛿ℎ3 = ℎ4  ∈  𝐻. Hence 

𝑎𝛼𝐻 = (𝑏𝛽ℎ4)𝛼𝐻 = 𝑏𝛽(ℎ4𝛼𝐻) = 𝑏𝛽𝐻. 
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Theorem 3.6. There is one to one correspondence between any two strong Γ −
𝑙𝑒𝑓𝑡(𝑟𝑖𝑔ℎ𝑡) 𝑐𝑜𝑠𝑒𝑡𝑠 of 𝐻 in 𝐺. 
 

Proof: Let 𝐺 be a strong Γ − 𝑔𝑟𝑜𝑢𝑝 and let 𝐻 be a strong Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝. Let 

𝑎𝛼𝐻 (determined by ‘a’ and ‘𝛼’ ) and 𝑏𝛽𝐻 (determined by ‘b’ and ‘𝛽’) be the two 

strong Γ − 𝑙𝑒𝑓𝑡 𝑐𝑜𝑠𝑒𝑡𝑠 of 𝐻 in 𝐺, where 𝑎, 𝑏 ∈  𝐺 and 𝛼, 𝛽 ∈  Γ. Define a map 

𝑓: 𝑎𝛼𝐻 → 𝑏𝛽𝐻 by 𝑓(𝑎𝛼ℎ) = 𝑏𝛽ℎ for all 𝑎𝛼ℎ ∈  𝑎𝛼𝐻. Let 𝑥, 𝑦 ∈  𝑎𝛼𝐻 such that 

𝑓(𝑥) = 𝑓(𝑦). Therefore 𝑥 = 𝑎𝛼ℎ1 and 𝑦 = 𝑎𝛼ℎ2 for some ℎ1  ∈  𝐻 and ℎ2  ∈  𝐻. 

Now 𝑓(𝑥) = 𝑓(𝑦) implies that 𝑓(𝑎𝛼ℎ1) = 𝑓(𝑎𝛼ℎ2). Thus 𝑏𝛽ℎ1 = 𝑏𝛽ℎ2 , by the left 

cancellation law in the strong Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺, we have ℎ1 = ℎ2. Hence 𝑎𝛼ℎ1 =
𝑎𝛼ℎ2. Therefore 𝑥 = 𝑦. This implies that 𝑓 is one to one. 

Let 𝑦 ∈  𝑏𝛽𝐻. Then 𝑦 = 𝑏𝛽ℎ for some ℎ ∈  𝐻. Now let 𝑥 = 𝑎𝛼ℎ ∈  𝑎𝛼𝐻 and 𝑓(𝑥) =
𝑓(𝑎𝛼ℎ) = 𝑏𝛽ℎ = 𝑦. Thus 𝑓 is onto. 

Hence 𝑎𝛼𝐻 and 𝑏𝛽𝐻 are in one-one correspondences. 

 

Theorem 3.7. Let 𝐻 be a strong Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 of a strong Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺. Then a 

relation 𝑅 in 𝐺 is defined by 𝑎𝑅𝑏 if and only if 𝑎𝛼𝑐 ∈  𝐻 for all 𝛼 ∈  Γ, where ‘c’ is 

strong inverse of ‘b’ in 𝐺 is an equivalence relation. 

 

Proof: Let 𝑎 ∈  𝐺 be any element. Then 𝑎𝛽𝑑 = 𝑑𝛽𝑎 = 𝑒 ∈  𝐻 for all 𝛽 ∈  Γ, where 

‘d’ is strong inverse of ‘a’ in 𝐺 and ‘e’ is strong identity of 𝐺.Thus 𝑎𝑅𝑎 and relation is 

reflexive. Let 𝑎𝑅𝑏 then 𝑎𝛼𝑐 ∈  𝐻, 𝛼 ∈  Γ, where ‘c’ is strong inverse of ‘b’ in 𝐺. 

Therefore (𝑎𝛼𝑐)𝛽(𝑏𝛿𝑑) = 𝑎𝛼(𝑐𝛽𝑏)𝛿𝑑 = (𝑎𝛼𝑒)𝛿𝑑 = 𝑎𝛿𝑑 = 𝑒 for 𝛼, 𝛽, 𝛿 ∈  Γ, 

where ‘d’ is strong inverse of ‘a’ in 𝐺. Hence 𝑏𝛿𝑑 is the strong inverse of 𝑎𝛼𝑐. Since 

𝐻 is a strong Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 of a strong Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺. This implies that 𝑏𝛿𝑑 ∈  𝐻. The 

relation is symmetric. Now, let 𝑎𝑅𝑏 and 𝑏𝑅𝑐. Then 𝑎𝛼𝑑 ∈  𝐻 and 𝑏𝛽𝑓 ∈  𝐻 for some 

𝛼, 𝛽 ∈  Γ, where ‘d’ and ‘f’ are the strong inverses of ‘b’ and ‘c’ in 𝐺. 𝐻 being a strong 

Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝, (𝑎𝛼𝑑)𝛿(𝑏𝛽𝑓) ∈  𝐻, for 𝛿 ∈  Γ. Thus 𝑎𝛼(𝑑𝛿𝑏)𝛽𝑓 = (𝑎𝛼𝑒)𝛽𝑓 =
𝑎𝛽𝑓 ∈  𝐻. Hence 𝑎𝑅𝑐 and relation is transitive. 

 

Theorem 3.8. The strong Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺 is equal to the union of all strong left Γ −
𝑐𝑜𝑠𝑒𝑡𝑠 of 𝐻 in 𝐺, where 𝐻 is a strong Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 of a strong Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺. 

 

Proof: Let 𝑒𝛼𝐻 = 𝐻, 𝑎𝛽𝐻, 𝑏𝛾𝐻, … … … … …. are all the strong left Γ − 𝑐𝑜𝑠𝑒𝑡𝑠 of 𝐻 in 

𝐺, where 𝛼, 𝛽, … …  ∈  Γ and 𝑎, 𝑏, … … . . ∈  𝐺, ‘e’ is the strong identity of 𝐺. We shall 

show that 𝐺 = 𝐻 ∪ (𝑎𝛽𝐻) ∪ (𝑏𝛾𝐻) … … … …. 

Let 𝑥 ∈  𝐺 be any element. Then 𝑥𝛼𝐻 for 𝛼 ∈  Γ is the strong left Γ − 𝑐𝑜𝑠𝑒𝑡 of 𝐻 in 

𝐺. Since 𝐻 is a strong Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝, therefore 𝑒 ∈  𝐻 and 𝑥 = 𝑥𝛼𝑒 ∈  𝑥𝛼𝐻. Thus 

𝑥 ∈  𝐻 ∪ (𝑎𝛽𝐻) ∪ (𝑏𝛾𝐻) … … … … (𝑥𝛼𝐻) … … ….. 
Conversely, assume that 𝑥 ∈  𝑎𝛿𝐻 for 𝑎 ∈  𝐺 and 𝛿 ∈  Γ. Then 𝑥 = 𝑎𝛿ℎ for some 

ℎ ∈  𝐻. Since ℎ ∈  𝐻, therefore ℎ ∈  𝐺.Thus 𝑥 ∈  𝐺. 
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Definition 3.9. (Order of a strong 𝚪 − 𝒈𝒓𝒐𝒖𝒑) 

Let 𝐺 be a strong Γ − 𝑔𝑟𝑜𝑢𝑝.Then the number of elements in 𝐺 is defined as the order 

of 𝐺. 
 

Theorem 3.10. (Lagrange’s theorem for strong 𝚪 − 𝒈𝒓𝒐𝒖𝒑). 
Let 𝐺 be a strong Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺 of order 𝑛. Let Γ be a finite set and 𝐻 be a strong Γ −
𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 of a strong Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺 of order 𝑚. Then order of 𝐻 is a divisor of order 

of 𝐺. 
 

Proof: Suppose ℎ1, ℎ2, … … … … . . ℎ𝑚 be 𝑚 distinct elements of 𝐻 and Γ =
{𝛼1, … … . . 𝛼𝑠}. Let 𝑎 ∈  𝐺, 𝛼 ∈  Γ. Then 𝑎𝛼𝐻 is the strong left Γ − 𝑐𝑜𝑠𝑒𝑡 of 𝐻 in 𝐺 

and we have 𝑎𝛼𝐻 = {𝑎𝛼ℎ1, … … … . 𝑎𝛼ℎ𝑚}. Thus 𝑎𝛼𝐻 has 𝑚 distinct members, since 

𝑎𝛼ℎ𝑖 = 𝑎𝛼ℎ𝑗 , 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑚;  𝑖 ≠ 𝑗 implies ℎ𝑖 = ℎ𝑗 , a contradiction by left 

cancellation law in strong Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺. Therefore each strong left Γ − 𝑐𝑜𝑠𝑒𝑡 of 𝐻 in 

𝐺 has 𝑚 distinct members. Moreover, any two distinct strong left Γ − 𝑐𝑜𝑠𝑒𝑡𝑠 of 𝐻 in 𝐺 

are disjoint. Since 𝐺 is a finite strong Γ − 𝑔𝑟𝑜𝑢𝑝, the number of distinct strong left Γ −
𝑐𝑜𝑠𝑒𝑡𝑠 of 𝐻 in 𝐺 will be finite, say equal to 𝑘. The union of these 𝑘 distinct strong left 

Γ − 𝑐𝑜𝑠𝑒𝑡𝑠 of 𝐻 in 𝐺 is equal to 𝐺. 

Thus the number of elements in 𝐺 = number of elements in 𝑎1𝛼1𝐻 +  … … … … … … . + 

number of elements in 𝑎1𝛼𝑠𝐻 +……………………………+ number of elements in 

𝑎2𝛼1𝐻 +………………….. + number of elements in 𝑎2𝛼𝑠𝐻 +……………………+ 

number of elements in 𝑎𝑛𝛼1𝐻 +………………………………+ number of elements 

in 𝑎𝑛𝛼𝑠𝐻, where 𝐺 = {𝑎1, … … … . . 𝑎𝑛}. 
Therefore 𝑛 = 𝑘. 𝑚 and 𝑚 is a divisor of 𝑛. Hence order of 𝐻 is a divisor of order of 

𝐺. 
 

Definition 3.11. (Strong normal 𝚪 − 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑) 

Let 𝐺 be a strong Γ − 𝑔𝑟𝑜𝑢𝑝 and let 𝐻 be a strong Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝. Then 𝐻 is Strong 

normal Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 of strong Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺 if 𝑎𝛼𝐻 = 𝐻𝛼𝑎 for all 𝛼 ∈  Γ and for 

all 𝑎 ∈  𝐺. 

 

Theorem 3.12. Let 𝐺 be a strong Γ − 𝑔𝑟𝑜𝑢𝑝 which is commutative. Then every strong 

Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 of 𝐺 is strong normal Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝. 
 

Proof: Let 𝐻 be a strong Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 of strong Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺. Then for 𝑎 ∈  𝐺 and 

𝛼 ∈  Γ, 𝑎𝛼𝐻 = {𝑎𝛼ℎ: ℎ ∈  𝐻}. Since 𝐺 is commutative, therefore 𝑥𝛽𝑦 = 𝑦𝛽𝑥 for all 

𝑥, 𝑦 ∈  𝐺 and for all 𝛽 ∈  Γ. Thus 𝑎𝛼𝐻 = {𝑎𝛼ℎ: ℎ ∈  𝐻} = {ℎ𝛼𝑎: ℎ ∈  𝐻} = 𝐻𝛼𝑎. 
Hence 𝐻 is strong normal Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝. 
 

Theorem 3.13. Let 𝐺 be a strong Γ − 𝑔𝑟𝑜𝑢𝑝 and 𝐻 be a strong Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 of a 

strong Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺. Then 𝐻 is a strong normal Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 of a strong Γ −
𝑔𝑟𝑜𝑢𝑝 𝐺 if and only if (𝑔𝛼ℎ)𝛽𝑔′  ∈  𝐻 for all 𝛼, 𝛽 ∈  Γ and ℎ ∈  𝐻, 𝑔 ∈  𝐺, where 

𝑔′ is strong inverse of 𝑔 in 𝐺. 
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Proof: Let 𝑔 ∈  𝐺, ℎ ∈  𝐻 and 𝛼, 𝛽 ∈  Γ. Then 𝑔𝛼ℎ ∈  𝑔𝛼𝐻. Since 𝐻 is a strong Γ −
𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 of a strong Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺.Therefore 𝑔𝛼𝐻 = 𝐻𝛼𝑔 for all 𝛼 ∈  Γ and 𝑔 ∈  𝐺. 

Now 𝑔𝛼ℎ ∈  𝐻𝛼𝑔 implies that 𝑔𝛼ℎ = ℎ1𝛼𝑔 for some ℎ1 ∈  𝐻. Thus (𝑔𝛼ℎ)𝛽𝑔′ =
(ℎ1𝛼𝑔)𝛽𝑔′ = ℎ1 𝛼(𝑔𝛽𝑔′) = ℎ1 𝛼𝑒 = ℎ1  ∈  𝐻, where ‘e’ is strong identity of 𝐺. 
Conversely, assume that (𝑔𝛼ℎ)𝛽𝑔′  ∈  𝐻 for all 𝛼, 𝛽 ∈  Γ and ℎ ∈  𝐻, 𝑔 ∈
𝐺, where 𝑔′ is strong inverse of 𝑔 in 𝐺. Let 𝑥 ∈  𝑔𝛼𝐻 for 𝑔 ∈  𝐺 and 𝛼, 𝛽, 𝛾 ∈  Γ 

Then 𝑥 = 𝑔𝛼ℎ for ℎ ∈  𝐻. Therefore 𝑥 = 𝑔𝛼ℎ = (𝑔𝛼ℎ)𝛽𝑒 = (𝑔𝛼ℎ)𝛽(𝑔′𝛼𝑔) =

((𝑔𝛼ℎ)𝛽𝑔′)𝛼𝑔 ∈  𝐻𝛼𝑔. Thus 𝑔𝛼𝐻 ⊆  𝐻𝛼g. Similarly, the reverse inclusion Hαg ⊆ 

gαH follows. Thus 𝑔𝛼𝐻 = 𝐻𝛼𝑔. Hence 𝐻 is a strong normal Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝. 
 

Theorem 3.14. The Center of a strong Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺, 𝐶(𝐺) is a strong normal Γ −
𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 of a strong Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺. 
 

Proof: We know that 𝐶(𝐺) is a strong Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 of a strong Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺. Let 

ℎ ∈  𝐶(𝐺) and 𝑔 ∈  𝐺 Since ℎ ∈  𝐶(𝐺), ℎ𝛼𝑔 = 𝑔𝛼ℎ for all 𝑔 ∈  𝐺 and 𝛼 ∈
 Γ.Therefore (𝑔𝛼ℎ)𝛽𝑔′ = (ℎ𝛼𝑔)𝛽𝑔′ = ℎ𝛼(𝑔𝛽𝑔′) = ℎ𝛼𝑒 = ℎ ∈  𝐶(𝐺), for 𝛼 𝛽 ∈
 Γ, where 𝑔′ is strong inverse of 𝑔 in 𝐺 and ‘e’ is the strong identity of 𝐺. Hence 𝐶(𝐺) is 

a strong normal Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 of a strong Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺. 
 

Theorem 3.15. The intersection of two strong normal Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝s of a strong Γ −
𝑔𝑟𝑜𝑢𝑝 is again a strong normal Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝. 

 

Proof: Let 𝐺 be a strong Γ − 𝑔𝑟𝑜𝑢𝑝 and let 𝐻1 and 𝐻2  be two strong normal Γ −
𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝s of a strong Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺. Then 𝐻1 ∩ 𝐻2 is a strong Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝. Let 

ℎ ∈  𝐻1 ∩ 𝐻2 and 𝑔 ∈  𝐺. Therefore ℎ ∈  𝐻1 and ℎ ∈  𝐻2. Thus (𝑔𝛼ℎ)𝛽𝑔′  ∈
 𝐻1 and (𝑔𝛼ℎ)𝛽𝑔′  ∈  𝐻2 for all 𝛼, 𝛽 ∈  Γ, where 𝑔′ is strong inverse of 𝑔 in 

𝐺. Therefore (𝑔𝛼ℎ)𝛽𝑔′  ∈  𝐻1 ∩ 𝐻2 and 𝐻1 ∩  𝐻2 is a strong normal Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 of 

strong Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺. 
 

Theorem 3.16. Let 𝐺 be a strong Γ − 𝑔𝑟𝑜𝑢𝑝 and 𝐻 be a strong Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 of a 

strong Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺. Then 𝐻 is a strong normal Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 of a strong Γ −
𝑔𝑟𝑜𝑢𝑝 𝐺 if and only if (𝑎𝛼𝐻)𝛿(𝑏𝛽𝐻) = (𝑎𝛼𝑏)𝛿𝐻 for all 𝑎, 𝑏 ∈  𝐺 and for all 

𝛼, 𝛽, 𝛿 ∈  Γ. 
 

Proof: Let 𝑎, 𝑏 ∈  𝐺 and 𝛼, 𝛽, 𝛿 ∈  Γ. Since 𝐻 is a strong normal Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 of a 

strong Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺, therefore 𝑏𝛿𝐻 = 𝐻𝛿𝑏, for all 𝛿 ∈  Γ.Thus (𝑎𝛼𝐻)𝛿(𝑏𝛽𝐻) =

(𝑎𝛼(𝐻𝛿𝑏))𝛽𝐻 = (𝑎𝛼(𝑏𝛿𝐻))𝛽𝐻 = (𝑎𝛼𝑏)𝛿(𝐻𝛽𝐻) = (𝑎𝛼𝑏)𝛿𝐻. Conversely, assume 

that (𝑎𝛼𝐻)𝛿(𝑏𝛽𝐻) = (𝑎𝛼𝑏)𝛿𝐻 for all 𝑎, 𝑏 ∈  𝐺 and for all 𝛼, 𝛽, 𝛿 ∈  Γ. Let 𝑔 ∈
 𝐺, then there exists 𝑔′  ∈  𝐺 such that 𝑔𝛾𝑔′ = 𝑔′𝛾𝑔 = 𝑒 for all 𝛾 ∈  Γ, where ‘e’ is the 

strong identity of 𝐺. Thus 𝑔𝛼𝐻, 𝑔′𝛽𝐻 are the strong left Γ − 𝑐𝑜𝑠𝑒𝑡𝑠 of 𝐻 in 𝐺. Now 
(𝑔𝛼𝐻 )𝛿(𝑔′𝛽𝐻) is a strong left Γ − 𝑐𝑜𝑠𝑒𝑡 of 𝐻 in 𝐺. Since 𝑒 ∈  𝐻, therefore 𝑒 =
(𝑔𝛼𝑒)𝛿(𝑔′𝛽𝑒)  ∈  (𝑔𝛼𝐻 )𝛿(𝑔′𝛽𝐻). Thus 𝐻 ∩ {(𝑔𝛼𝐻 )𝛿(𝑔′𝛽𝐻)} ≠ ∅. The strong 

Γ − 𝑙𝑒𝑓𝑡(𝑟𝑖𝑔ℎ𝑡) 𝑐𝑜𝑠𝑒𝑡𝑠 of 𝐻 in 𝐺 are either identical or disjoint, and hence 
(𝑔𝛼𝐻 )𝛿(𝑔′𝛽𝐻) = 𝐻. Let ℎ ∈  𝐻 be any element, then (𝑔𝛼ℎ)𝛿(𝑔′𝛽ℎ)  ∈
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 (𝑔𝛼𝐻 )𝛿(𝑔′𝛽𝐻) = 𝐻. This implies that ((𝑔𝛼ℎ)𝛿𝑔′)𝛽ℎ ∈  𝐻. Therefore 

((𝑔𝛼ℎ)𝛿𝑔′)𝛽ℎ)𝛾ℎ′  ∈  𝐻𝛾ℎ′ = 𝐻 for all 𝛼, 𝛽, 𝛿 ∈  Γ. Thus (𝑔𝛼ℎ)𝛿𝑔′  ∈  𝐻, where 

ℎ′ is strong inverse of ℎ in 𝐻. Hence 𝐻 is a strong normal Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 of a strong 

Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺. 
 

Definition 3.17. (Product of two strong 𝚪 − 𝒔𝒖𝒃𝒈𝒓𝒐𝒖𝒑𝒔) 

Let 𝐻 and 𝐾 be two strong Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝𝑠 of a strong Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺. Then the product 

of two strong Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝𝑠 is defined as the set of all elements ℎ𝛼𝑘, for all ℎ ∈
 𝐻, 𝛼 ∈  Γ, 𝑘 ∈  𝐾. It is denoted by 𝐻Γ𝐾. 
 

Theorem 3.18. Let 𝐻 and 𝐾 be two strong Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝𝑠 of a strong Γ −
𝑔𝑟𝑜𝑢𝑝 𝐺. Then 𝐻Γ𝐾 is a strong Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 of a strong Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺 if and only if 

𝐻Γ𝐾 = 𝐾Γ𝐻. 
 

Proof: Let 𝑥 ∈  𝐻Γ𝐾 be any element. Since 𝐻Γ𝐾 is a strong Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 of a strong 

Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺, therefore 𝑥′  ∈  𝐻Γ𝐾, where 𝑥′ is the strong inverse of 𝑥 in 𝐻Γ𝐾. Then 

𝑥′ = ℎ′𝛾𝑘′ for some ℎ′  ∈  𝐻, 𝛾 ∈  Γ, 𝑘′  ∈  𝐾. Also 𝑥𝛽𝑥′ = 𝑥′𝛽𝑥 = 𝑒 for all 𝛽 ∈  Γ. 

Then 𝑥 = 𝑘𝛼ℎ, for some ℎ ∈  𝐻, 𝛼 ∈  Γ, 𝑘 ∈  𝐾. Thus 𝑥 = 𝑘𝛼ℎ ∈  𝐾Γ𝐻. Similarly, 

the reverse inclusion 𝐾Γ𝐻 ⊆ 𝐻Γ𝐾 follows. Conversely, assume that 𝐻Γ𝐾 = 𝐾Γ𝐻. Let 

𝑥, 𝑦 ∈  𝐻Γ𝐾 be arbitrary elements. Then 𝑥 = ℎ1𝛼1𝑘1 𝑎𝑛𝑑 𝑦 = ℎ2𝛼2𝑘2 for some 

ℎ1, ℎ2  ∈  𝐻 and 𝑘1, 𝑘2  ∈  𝐾, 𝛼1, 𝛼2  ∈  Γ. Let 𝑘2
′  and ℎ2

′
be the strong inverses of 

𝑘2 and ℎ2 in 𝐾 and 𝐻 respectively. Also let 𝑧 = 𝑘2
′ 𝛼3ℎ2

′
 for 𝛼3  ∈  Γ. Now 𝑥𝛽𝑧 =

(ℎ1𝛼1𝑘1)𝛽(𝑘2
′ 𝛼3ℎ2

′) = ℎ1𝛼1(𝑘1𝛽𝑘2
′ )𝛼3ℎ2

′. Since 𝐾 is a strong Γ − 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 of a 

strong Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺, therefore 𝑘1𝛽𝑘2
′  ∈  𝐾. Then (𝑘1𝛽𝑘2

′ )𝛼3ℎ2
′  ∈  𝐾Γ𝐻 = 𝐻Γ𝐾 

implies that (𝑘1𝛽𝑘2
′ )𝛼3ℎ2

′ = ℎ3𝛼4𝑘3 for some ℎ3 ∈  𝐻, 𝛼4  ∈  Γ, 𝑘3  ∈  𝐾. Thus 

𝑥𝛽𝑧 = ℎ1𝛼1(ℎ3𝛼4𝑘3) = (ℎ1𝛼1ℎ3)𝛼4𝑘3  ∈  𝐻Γ𝐾. Hence 𝐻Γ𝐾 is a strong Γ −
𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 of a strong Γ − 𝑔𝑟𝑜𝑢𝑝 𝐺. 
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