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Abstract

In this paper, we study the concept of strong I —group, strong I" —subgroup
and their properties viz: T —cosets, Normal I' —subgroups, one-to-one
correspondence between any two strong I' —left(right) cosets of a strong
I' —subgroup in a strong I" —group etc. Further if H and K be two strong I' —
subgroups of a strong I' — group G. Then HT'K is a strong I' —subgroup of a
strong I' —group G if and only if HTK = KTH.

Keywords: Strong I' —group, Strong I’ —subgroup, TI' —cosets, Normal
I' —subgroups.

1. INTRODUCTION

The notion of a ternary algebraic system was introduced by Lehmer [1] in 1932.As a
speculation of ring, the notion of a I'-ring was introduced by Nobusawa [7] in 1964. In
1981, Sen [8] introduced the notion of a I'-semigroup as a generalization of semigroup.
In 1995, Rao [2-5] introduced the notion of a '—semiring as a generalization of I'-ring,
ring, ternary semiring and semiring. Rao [6] introduced the notion of field '—semiring
and I'field. Semi group, as the basic algebraic structure was used in the areas of
theoretical computer science as well as in the solutions of graph theory, optimization
theory and in particular for studying automata, coding theory and formal languages.
The formal study of semi groups begins in the early 20th century. Rao [5] studied ideals
of '—semirings, semirings, semigroups and I'-semigroups. Kumar [13] introduced the
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notion of a strong I' —group as a generalisation of I' —group and studied some of the
properties of strong I" —group.

2. PRELIMINARIES
Definition 2.1. [5] A semigroup is an algebraic system (G, .) consisting of a non-empty
set G together with an associative binary operation °.’

Definition 2.2. [5] An algebraic system (G, .) consisting of a non-empty set G together
with an associative binary operation °.’ is called a group if it satisfies the following:
(i) thereexistse € G,suchthatx.e = e.x = x forall x € G.

(ii) if foreach x € G there exists y € G, suchthatx.y = y.x = e.

Definition 2.3. [5] Let G and I" be non-empty sets. Then we call G a I' —semigroup if
there exists a mapping G X I' X G — G (images of (x,a,y) will be denoted by
xay,x,y € G,a € I'), such that it satisfies xa(yfz) = (xay)Bz forall x,y,z € G and
a,feET.

Definition 2.4. [5] A I' —semigroup G is said to be commutative if xay = yax for all
x,yeEGforalla er.

Definition 2.5. [5] Let G be a I' —semigroup. An element e € G is said to be unity if
for each x € G there exists a€ I" such that xae = eax = x.

Definition 2.6. [11] An element x of a I' —semigroup G is said to be a strong
I' —idempotent if xyx = x forall y € T".

Definition 2.7. [11] A I' —semigroup G is said to be strong I' —idempotent if every
element of G is strong I' —idempotent.

Definition 2.8. [5] In a I' —semigroup G with unity e, an element x € G is said to be
left invertible (right invertible) if there exists y € G,a € I' such that yax =
e (xay = e).

Definition 2.9. [12] In a I" —semigroup G with unity e, an element u € G is said to be
unit if there exists v € G and o € I, such that uav = e = vau.

Definition 2.10. [12] A ' —semigroup G with zero element O is said to hold
cancellation laws if x # 0, xay = xaz, yax = zax, where x,y,z € G,a € ' theny =
Z.

Definition 2.11. [5] A I' —semigroup G is said to be I' —group if it satisfies the

following

(i) ifthereexists e € G and for each x € G there exists o€ I', such that xae = eax =
X.
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(ii) if for each element 0 # x € G there exists y € G,a € I" such that xay = yax =
e.

Every group G is a I’ —group if I' = G and ternary operation is xay defined as the
binary operation of the group.
The unity of a I' —group may not be unique.

Example 2.12. Let G and I be the set of all rational numbers and the set of all natural
numbers respectively. Define the ternary operation G X I' X G — G by (x, a,y) = xay,
using the usual multiplication. Then G isa I" —group.

Example 2.13. Let G = {0,1}and I" = {a, B}. We define operations with the following
tables:

o 0 1 Bl o 1
0 0 0 0o 0 1
1 0 1 1|1 0

Then G is a I' —group with unity 0 and 1.

Definition 2.14.[13] Let G beaT’ — semigroup.Anelemente € G is said to be strong
identity e if for each x € G,we have xae = eax = x foralla € T.

Definition 2.15. [13] Let G be a I' — semigroup with strong identity e € G.An
element x € G is said to be have strong inverse in G if there exists y € G such that
xay =yax =eforalla € T.

Definition 2.16. [13] A ' — semigroup G is said to be a strong I' — group if it
satisfies:

(i) If G has strong identity e € G;

(i)  And every element has strong inverse in G.

Example 2.17. Let G be the set of positive rational numbers and I" be the set of all real
numbers whose square is 1. Define the ternary operation G X I' x G — Gby (x, a,y) —
x.|al.y, where “.” is the usual multiplication. Then G is a strong I' — group.

3. PROPERTIES OF STRONG T — GROUPS

Definition 3.1. Let G be a strong I' — group and let H be a strong I' — subgroup. For
any a € G and a € T, the strong I' — left coset of H (determined by 'a’ and 'a’) is
defined as the set aaH = {acth:h € H,a € T}
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Similarly, the strong ' — right coset of H is defined as the set Haa = {haa:h €
Hoa € T}

Theorem 3.2. If G is strong I' — group which is commutative, then for any element
a € Gand a € T,thestrongl" — left coset of H is equal to the corresponding strong
[' —right coset of H inG.

Proof: Let a € G be any arbitrary element. Since G is abelian strong I' — group.
Therefore xay = yax forall x,y € Ganda € T. Hence aaH = {aah:h € H,a €
'} ={haa:h € H,a € T} = Haa.

Theorem 3.3. Let G be astrong I' — group and let H be a strong I' — subgroup. Then
a € Hifandonly ifaaH = H fora € T.

Proof: Let a € H be any element. Let x € aaH, then x = aah for some h € H.
Thus x € H,H being a strong I' — subgroup of G. Therefore aaH < H. For the
reverse inclusion let x € H. Since a € H there exists b € H such that adb = e,
where ‘e’ is strong identity of G and for all 6 € T. Now x = efx = (aab)Bx =
aa(bfx) € aaH.Hence H € aaH.

Conversely, assume that aaH = H for « € T. Since H is a strong I' — subgroup,
therefore aae = eaa = afor all @ € T, where ‘e’ is strong identity of H.Thus a =
ace € aaH = H.

Theorem 3.4. Let G be astrong I' — group and let H be a strong I' — subgroup. Then
foranya,b € Ganda,f € I',aaH = bfH ifandonlyifcéb € Hford € TI',where
‘¢’ is strong inverse of ‘a’ in G.

Proof: Let a,b € Gand a,B € I'. Assume that aaH = bSH. Since b = bfle €
bFH = aaH. This implies that b = aah for some h € H. Therefore céb =
cd(aah) = (cda)ah = eah = h € H, where ‘e’ is strong identity of G.

Conversely, assume that c6b € H for 6 € I'. Now cdb = h for some h € H. Thus
b = ebéb = (aac)db = aa(cdb) = aah. Therefore bfH = (aah)BH = aa(hfH) =
aaH.

Theorem 3.5. Any two strong T’ — left(right) cosets are either disjoint or identical.

Proof: Let G be a strong I' — group and let H be a strong I' — subgroup. Let
aaH (determined by ‘a’ and ‘@’ ) and bH ( determined by ‘b’ and ‘3”) be the two
strong I' — left cosets of H in G, where a,b € Gand a,f € TI'. If aaH N bBH =
@, then we are done. So, let aaH N bBH + @, there exists x € aaH N bBH. This
implies that x € aaH and x € bSH. Now x = aah, for some h, € H and x =
bBh, for some h, € H. Therefore aah; = bfh,. Now a = aae = aa(h,6 h3) =
(aahy)6h; = (bBhy)6h; = bB(h,8hs) = bSh,, where h,6h; = h, € H.Hence
aaH = (bBhy)aH = bB(hy,aH) = bBH.
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Theorem 3.6. There is one to one correspondence between any two strong I' —
left(right) cosets of H in G.

Proof: Let G be a strong ' — group and let H be a strong I' — subgroup. Let
aaH (determined by ‘a’ and ‘e’ ) and bSH (determined by ‘b’ and ‘B’) be the two
strong I' — left cosets of H in G, where a,b € Gand a,f € I'. Define a map
f:aaH — bBH by f(aah) = bBhfor all ach € aaH. Let x,y € aaH such that
f(x) = f(y). Therefore x = aah, and y = aah, for some h; € Hand h, € H.
Now f(x) = f(y) implies that f(aah,) = f(aah,). Thus bh,; = bBh,, by the left
cancellation law in the strong I' — group G, we have h; = h,.Hence aah, =
aah,. Therefore x = y. This implies that f is one to one.

Lety € bBH.Theny = bfhforsomeh € H.Nowletx = aah € aaH and f(x) =
f(aah) = bBh = y. Thus f is onto.

Hence aaH and bBH are in one-one correspondences.

Theorem 3.7. Let H be a strong I' — subgroup of a strong I' — group G. Then a
relation R in G is defined by aRb if and only if aac € H forall « € T, where ‘¢’ is
strong inverse of ‘b’ in G is an equivalence relation.

Proof: Let a € G be any element. Then afd = dfla =e € Hforall B € T, where
‘d” is strong inverse of ‘a’ in G and ‘e’ is strong identity of G.Thus aRa and relation is
reflexive. Let aRb then aac € H,a € T, where ‘¢’ is strong inverse of ‘b’ in G.
Therefore (aac)B(bdd) = aa(cfb)dd = (aae)dd = add =e for a,B,6 €T,
where ‘d’ is strong inverse of ‘a’ in G. Hence bdd is the strong inverse of aac. Since
Hisastrong I' — subgroup of astrong I' — group G. This implies that b6d € H.The
relation is symmetric. Now, let aRb and bRc. Then aad € H and bBf € H for some
a,[ € T,where ‘d’ and ‘f” are the strong inverses of ‘b’ and ‘¢’ in G. H being a strong
I' — subgroup, (aad)S(bBf) € H, for § € I.Thus aa(déb)Bf = (aae)Bf =
aff € H.Hence aRc and relation is transitive.

Theorem 3.8. The strong I' — group G is equal to the union of all strong left I —
cosets of H in G, where H is a strong I' — subgroup of astrong I' — group G.

Proof: Let eaH = H,affH, byH, ... ... ... ... .... are all the strong left ' — cosets of H in
G, where a, (5, ... ... € I'and a, b, ... .....€ G, ‘e’ is the strong identity of G. We shall
show that G = HU (afH) U (byH) .............

Let x € G be any element. Then xaH for « € T is the strong left ' — coset of H in
G. Since H is a strong I' — subgroup, therefore e € H and x = xae € xaH.Thus
x € HU (aBH) U (byH) ... . cee e (xaH) . cuu e

Conversely, assume that x € adH for a € Gand § € I'. Then x = adh for some
h € H.Since h € H,thereforeh € G.Thusx € G.
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Definition 3.9. (Order of a strong I' — group)
Let G be a strong I' — group.Then the number of elements in G is defined as the order
of G.

Theorem 3.10. (Lagrange’s theorem for strong I' — group).

Let G be astrong I' — group G of order n. Let I be a finite set and H be a strong I' —
subgroup of a strong I' — group G of order m. Then order of H is a divisor of order
of G.

Proof: Suppose hy, hy, ....cweewe..hy, be m distinct elements of Hand T =
{as, ......as}. Let a € G,a € T. Then aaH is the strong left I' — coset of Hin G
and we have aaH = {aah, ... ... ....aah,,}. Thus aaH has m distinct members, since

aah; = aah;,1 <i<m,1<j<m;i#jimplies h; = h;, a contradiction by left
cancellation law in strong I' — group G. Therefore each strong left ' — coset of H in
G has m distinct members. Moreover, any two distinct strong left I' — cosets of H in G
are disjoint. Since G is a finite strong I' — group, the number of distinct strong left " —
cosets of H in G will be finite, say equal to k. The union of these k distinct strong left
[' — cosets of Hin G isequal to G.

Thus the number of elements in G = number of elements in a; a1 H + ... o v v oo oo +
number of elements in aqagH +...ccoovviiiiiii + number of elements in
ao H+. oo + number of elements in a,asH +.....ooeeviinnnnn.. +
number of elements in apaH +.ooeoviiiiiiii + number of elements
ina,asH, where G = {ay, ... ... ..... Ay}

Therefore n = k.m and m is a divisor of n. Hence order of H is a divisor of order of
G.

Definition 3.11. (Strong normal ' — subgroup)

Let G be a strong I' — group and let H be a strong I' — subgroup. Then H is Strong
normal I' — subgroup of strong I' — group G if aeH = Haa for all @ € T and for
alla € G.

Theorem 3.12. Let G be a strong I' — group which is commutative. Then every strong
[' — subgroup of G is strong normal I' — subgroup.

Proof: Let H be a strong I' — subgroup of strong I' — group G. Then fora € G and
a € T,aaH = {aah: h € H}. Since G is commutative, therefore xfy = yBx for all
x,y € Gand for all B € T. Thus aaH = {aah:h € H} =t{haa:h € H} = Haa.
Hence H is strong normal I' — subgroup.

Theorem 3.13. Let G be a strong I' — group and H be a strong I' — subgroup of a
strong I' — group G.Then H is a strong normal T — subgroup of a strong I' —
group G if and only if (gah)Bg’ € Hforall a,f € Tand h € H,g € G,where
g' is strong inverse of g in G.
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Proof: Letg € G,h € Handa,f8 € I'.Then gah € gaH. Since H isastrong I' —
subgroup of astrongI' — group G.Therefore gaH = Hag foralla € Tandg € G.
Now gah € Hag implies that gah = h;ag for some h; € H. Thus (gah)Bg’' =
(hiag)Bg' = hya(gBg’) = hy ae = h;y € H,where ‘¢’ is strong identity of G.
Conversely, assume that (gah)Bg’ € Hforalla,f € Tandh € H,g €
G,where g’ is strong inverse of gin G.Let x € gaHfor g € Gand «a,f,y €T
Then x = gahforh € H.Therefore x = gah = (gah)Be = (gah)B(g'ag) =
((gah)Bg')ag € Hag. Thus gaH S Hag. Similarly, the reverse inclusion Hog <
gaH follows. Thus gaH = Hag. Hence H is a strong normal I' — subgroup.

Theorem 3.14. The Center of a strong I' — group G,C(G) is a strong normal ' —
subgroup of astrong I' — group G.

Proof: We know that C(G) is a strong I' — subgroup of a strong I' — group G. Let
h € C(G) andg € G Since h € C(G),hag = gahfor all g € Gand «a €
[.Therefore (gah)Bg’' = (hag)Bg’' = ha(gBg') = hae =h € C(G), for ap €
I', where g’ is strong inverse of g in G and ‘e’ is the strong identity of G. Hence C(G) is
a strong normal I' — subgroup of astrong I' — group G.

Theorem 3.15. The intersection of two strong normal I' — subgroups of a strong I' —
group is again a strong normal I' — subgroup.

Proof: Let G be a strong I' — group and let H; and H, be two strong normal I' —
subgroups of a strong I' — group G. Then H; N H, is a strong I' — subgroup. Let
h € HHNn H, and g € G.Therefore h € Hyand h € H,. Thus (gah)Bg’' €
H,and (gah)Bg’' € H,for all a,p € I',where g'is strong inverse of g in
G. Therefore (gah)Bg’ € Hy N H,and H; N H, is astrong normal I' — subgroup of
strong ' — group G.

Theorem 3.16. Let G be a strong ' — group and H be a strong I' — subgroup of a
strong I' — group G. Then H is a strong normal I' — subgroup of a strong I' —
group G if and only if (aaH)6(bBH) = (aab)SH for all a,b € G and for all
a,f,6 €T.

Proof: Leta,b € G and a, 3,6 € TI.Since H is a strong normal I' — subgroup of a
strong T' — group G, therefore b6H = HSb, for all 6 € I'.'Thus (aaH)S(bBH) =
(aa(H6b))BH = (aa(bSH))BH = (aab)S(HBH) = (aab)SH. Conversely, assume
that (aaH)6(bBH) = (aab)6H for all a,b € Gand for all a,8,6 € I'.Let g €
G, thenthere exists g’ € G suchthatgyg’' = g'yg = eforally € T, where ‘e’ is the
strong identity of G. Thus gaH, g'BH are the strong left I' — cosets of H in G. Now
(gaH )6(g'BH) is a strong left ' — coset of H in G. Since e € H, therefore e =
(gae)é(g'Be) € (gaH )5(g'BH). Thus H n{(gaH )6(g'BH)} + @. The strong
I' — left(right) cosets of H in G are either identical or disjoint, and hence
(gaH )6(g'BH) =H. Let h € H be any element, then (gah)d(g'Bh) €
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(9gaH)8(g'BH) = H.  This implies that ((gah)dg’)Bh € H.Therefore
((gah)6g")Bh)yh’ € Hyh' = Hforalla,B,6 € I. Thus (gah)dg’' € H,where
h' is strong inverse of h in H. Hence H is a strong normal I' — subgroup of a strong
['—groupG.

Definition 3.17. (Product of two strong I' — subgroups)

Let H and K be two strong I' — subgroups of astrong I' — group G. Then the product
of two strong I' — subgroups is defined as the set of all elements hak, for all h €
H,a € Tk € K. Itisdenoted by HT'K.

Theorem 3.18. Let H and K be two strong I' — subgroups of a strong I’ —
group G.Then HT'K is astrong I' — subgroup of a strong I' — group G if and only if
HI'K = KTH.

Proof: Let x € HI'K be any element. Since HTK isastrong I' — subgroup of a strong
[' — group G, therefore x' € HT'K, where x' is the strong inverse of x in HTK. Then
x' = h'yk' forsome h' € H,y € T k' € K. Also xBx' =x'Bx =eforall B € T.
Then x = kah, for some h € H,a € Tk € K. Thus x = kah € KTH. Similarly,
the reverse inclusion KI'H < HTK follows. Conversely, assume that HTK = KTH. Let
X,y € HTK be arbitrary elements. Then x = hya,k; and y = h,a,k, for some
hy,h, € Hand ki, k, € K,a;,a, € T. Let k," and h,'be the strong inverses of
k, and h, in K and H respectively. Also let z = k," ash,’ for a3 € T.Now xSz =
(hya k) Bk, ashy,”) = hya,(kiBk, )ash,'. Since K is astrong I' — subgroup of a
strong T — group G, therefore k,fk,” € K.Then (k,fk, )ash,’ € KTH = HTK
implies that (k,Bk, )ash, = hya,ks; for some h; € H,a, € T, ks € K. Thus
xPz = hyay(hsasks) = (hiahs)asks € HTK.Hence HIK is a strong T —
subgroup of astrong I' — group G.
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