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Abstract

This paper investigates the Hyers-Ulam-Rassias (H-U-R) stability for two distinct
classes of third-order nonlinear functional differential equations with initial
conditions. Under appropriate structural assumptions on the nonlinearities
and using the Cauchy formula for repeated integrals together with nonlinear
Gronwall-Bellman-Bihari type inequalities, we establish sufficient conditions for
H-U-R stability. Explicit formulas for the Hyers-Ulam-Rassias constants are
derived. The special case G ≡ 0 is also analyzed. Two illustrative examples
are provided to demonstrate the applicability of our theoretical results.
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1. INTRODUCTION

The stability problem for functional equations originated from a question posed by
Ulam [34] in 1940: ”Under what conditions does an approximate solution of a
functional equation remain close to an exact solution?” Hyers [17] provided the first
affirmative answer for additive functions on Banach spaces, establishing what is now
known as Hyers-Ulam stability. Subsequently, Rassias [33] introduced a significant
generalization by allowing the bound to depend on a function, leading to the concept of
Hyers-Ulam-Rassias (H-U-R) stability. Since these pioneering works, stability theory
has been extensively developed for various classes of functional equations [3, 6, 7, 9, 10].
The extension of stability concepts to differential equations began with Obloza [27, 28],
who investigated linear differential equations. Alsina and Ger [4] studied the stability
of y′ = y, while Jung [18, 19, 20] and Miura et al. [23, 24] established results for
first-order linear equations. For higher-order linear equations, contributions include
works by Abdollahpour et al. [1, 2], Li and Shen [21, 22], and Murali [25]. Nonlinear
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stability results have been obtained by Rus [31, 32], Qarawani [29, 30], and Fakunle and
Arawomo [11, 12, 13, 14, 15, 16].
Despite these advances, the H-U-R stability of third-order nonlinear functional
differential equations remains relatively unexplored. This paper addresses this gap
by investigating two classes of such equations:

(R(u(t))u′(t))′′ + q(t, u(t), u′(t), u′′(t))u′(t) + y(t)r(u(t)) = G(t, u(t), u′(t)), (1)

u′′′(t) + β(t)h(u(t))u′′(t) + η(t)g(u(t))u′(t) + y(t)r(u(t)) = G(t, u(t), u′(t)), (2)

subject to the initial conditions

u(t0) = u′(t0) = u′′(t0) = 0, t > 0. (3)

The paper is organized as follows. Section 2 presents preliminary definitions and key
inequalities. Section 3 establishes the existence and uniqueness of solutions. Section
4 presents the main stability theorems. Section 5 provides illustrative examples, and
Section 6 offers concluding remarks.

2. PRELIMINARIES

Throughout this paper, we denote = (0,∞), = [0,∞), and R = (−∞,∞). The space
of thrice continuously differentiable functions from to is denoted by C3(, ).

Definition 2.1. Equation (1) is said to be Hyers-Ulam-Rassias stable if there exists a
constant Cφ > 0 such that for every positive nondecreasing function φ ∈ C(, ) and every
function u ∈ C3(, ) satisfying⃓⃓

(R(u)u′)′′ + q(t, u, u′, u′′)u′ + y(t)r(u)−G(t, u, u′)
⃓⃓
≤ φ(t), (4)

there exists an exact solution u0 ∈ C3(, ) of (1) such that

|u(t)− u0(t)| ≤ Cφφ(t), ∀t ∈ . (5)

The constant Cφ is called a Hyers-Ulam-Rassias constant.

An analogous definition holds for equation (2).

Definition 2.2 (Cauchy Formula for Repeated Integrals). For an integrable function f
on [t0, t], the n-fold repeated integral is given by∫︂ t

t0

∫︂ s1

t0

· · ·
∫︂ sn−1

t0

f(sn) dsn · · · ds1 =
1

(n− 1)!

∫︂ t

t0

(t− s)n−1f(s) ds. (6)



Hyers-Ulam-Rassias Stability for Certain Classes... 63

Lemma 2.1 (Bihari’s Inequality [5]). Let u, f ∈ C([t0, T ], ), K > 0, M ≥ 0, and let
ω :→ be a continuous, nondecreasing function with ω(u) > 0 for u > 0. If

u(t) ≤ K +M

∫︂ t

t0

f(s)ω(u(s)) ds, t0 ≤ t < T, (7)

then for all t ∈ [t0, T
′] where T ′ ≤ T is such that the following expression is defined,

u(t) ≤ Ω−1
(︂
Ω(K) +M

∫︂ t

t0

f(s) ds
)︂
, (8)

where Ω(u) =
∫︁ u

u0

dτ
ω(τ)

, u0 > 0, and Ω−1 denotes the inverse function.

Theorem 2.3 (Mean Value Theorem for Integrals [26]). If f, g ∈ C([t0, t],R) and g
does not change sign on [t0, t], then there exists ξ ∈ [t0, t] such that∫︂ t

t0

f(s)g(s) ds = f(ξ)

∫︂ t

t0

g(s) ds. (9)

Corollary 2.4 (Nonlinear Gronwall-Type Inequality [15, 16]). Let ρ be a nonnegative,
nondecreasing continuous function on , and let u, r, h ∈ C(, ). Suppose

u(t) ≤ ρ(t) + T

∫︂ t

t0

r(s)β(u(s)) ds+ L

∫︂ t

t0

h(s)ϖ(u(s)) ds, (10)

with T, L > 0 and β,ϖ continuous, nondecreasing, and positive on (0,∞). Then

u(t) ≤ ρ(t) Ω−1
(︂
Ω(1) + L

∫︂ t

t0

h(s)ϖ
(︁
F−1

(︁
F (1) + T

∫︂ s

t0

r(α) dα
)︁)︁
ds
)︂

× F−1
(︂
F (1) + T

∫︂ t

t0

r(s) ds
)︂
,

(11)

where F (u) =
∫︁ u

u0

dτ
β(τ)

, Ω(u) =
∫︁ u

u0

dτ
ϖ(τ)

, and u0 > 0.

Theorem 2.5 (Generalized Gronwall Inequality [15, 16]). Let ρ ∈ C(, ) be
nondecreasing, and let u, r, h, g ∈ C(, ). Assume β,ϖ, γ are continuous, nondecreasing,
positive on (0,∞), with γ submultiplicative. If

u(t) ≤ ρ(t) + A

∫︂ t

t0

r(s)β(u(s)) ds+B

∫︂ t

t0

h(s)ϖ(u(s)) ds+ L

∫︂ t

t0

g(s)γ(u(s)) ds,

(12)
for A,B,L > 0, then

u(t) ≤ ρ(t)Υ−1
[︂
Υ(1) + L

∫︂ t

t0

g(s)γ
(︂
Ω−1

(︂
Ω(1) +B

∫︂ s

t0

h(α)ϖ(T (α)) dα
)︂
T (s)

)︂
ds
]︂

× Ω−1
(︂
Ω(1) +B

∫︂ t

t0

h(s)ϖ(T (s)) ds
)︂
T (t),

(13)
where T (t) = F−1

(︁
F (1)+A

∫︁ t

t0
r(s) ds

)︁
, Υ(u) =

∫︁ u

u0

dτ
γ(τ)

, and F,Ω are as in Corollary
2.4.
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3. EXISTENCE AND UNIQUENESS

Before establishing stability results, we address the existence and uniqueness of solutions.

Theorem 3.1 (Existence and Uniqueness for Equation (1)). Consider the initial value
problem (1), (3). Assume the following conditions hold:

1. R, q,G, r, y are continuous in their respective domains.

2. There exist Lipschitz constants LR, Lq, LG, Lr > 0 such that for all arguments in
a neighborhood of the initial data,

|R(u1)−R(u2)| ≤ LR|u1 − u2|,
|q(t, u1, u′1, u′′1)− q(t, u2, u

′
2, u

′′
2)| ≤ Lq(|u1 − u2|+ |u′1 − u′2|+ |u′′1 − u′′2|),

|G(t, u1, u′1)−G(t, u2, u
′
2)| ≤ LG(|u1 − u2|+ |u′1 − u′2|),

|r(u1)− r(u2)| ≤ Lr|u1 − u2|.

3. The functions y is bounded on .

4. The initial conditions (3) are given.

Then there exists a unique solution u ∈ C3(, ) to the initial value problem (1), (3) on
some interval [t0, t0 + δ].

Proof. Define z(t) = (z1(t), z2(t), z3(t))
⊤ = (u(t), u′(t), u′′(t))⊤. The third-order

equation (1) can be written as the first-order system

z′(t) = F(t, z(t)), z(t0) = 0,

where F is Lipschitz in z under the given assumptions. By the Picard-Lindelöf theorem,
there exists a unique local solution.

A similar theorem holds for equation (2) under appropriate assumptions.

4. MAIN RESULTS

In this section, we establish sufficient conditions for the H-U-R stability of equations (1)
and (2). The following assumptions are used throughout.

4.1. Assumptions

(H1) The function G has the separable form

G(t, u, u′) = ϕ(t)α(u) (u′)n, (14)

where n ∈ N, α ∈ C(, ), and ϕ ∈ C(, ).
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(H2) The function q satisfies

q(t, u, u′, u′′) = κ(t)ω(u) (u′′)4 (u′)n, (15)

with κ ∈ C(, ) and ω ∈ C(,R).

(H3) There exist constants λ, k1 > 0 such that

|u′(t)| ≤ λ, |u′′(t)| ≤ k1, ∀t ∈ . (16)

(H4) The following integrals are bounded:

lim
t0→∞

∫︂ t

t0

ϕ(s) ds ≤ k2, lim
t0→∞

∫︂ t

t0

κ(s) ds ≤ k3,

lim
t0→∞

∫︂ t

t0

|u′(s)| ds ≤ k4, lim
t0→∞

∫︂ t

t0

q(s) ds ≤ k5, (17)

for some positive constants k2, k3, k4, k5.

(H5) There exists σ > 0 such that∫︂ t

t0

φ(s) ds ≤ σφ(t), ∀t ∈, (18)

for the function φ appearing in the stability definition.

(H6) The function y ∈ C(, ) is nondecreasing and satisfies y(t) ≥ δ > 0 for some
constant δ.

For equation (2), we additionally require:

(H’7) Define D(u(t)) =
∫︁ u(t)

u(t0)
g(s) ds, with g ∈ C(, ).

(H’8) There exists ψ > 0 such that
∫︁ t

t0
|u′′′(s)| ds ≤ ψ.

(H’9) The following limits exist and are finite:

lim
t0→∞

∫︂ t

t0

β(s) ds ≤ k6, lim
t0→∞

∫︂ t

t0

η(s) ds ≤ k7, (19)

lim
t0→∞

∫︂ t

t0

y(s) ds ≤ k8. (20)

(H’10) η ∈ C(, ) is nondecreasing with η(t) ≥ τ > 0 for some constant τ .
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4.2. Stability for Equation (1)

Theorem 4.1. Under assumptions (H1)-(H6), equation (1) is Hyers-Ulam-Rassias stable.
Moreover, a Hyers-Ulam-Rassias constant is given by

Cφ,1 = σ
λ

δ
Υ−1

[︄
Υ(1) +

k2λ
n+1

δ
α

(︄
Ω−1

(︄
Ω(1) + k3

k41λ
n+2

δ
ω(T ∗)

)︄
T ∗

)︄]︄

× Ω−1

(︄
Ω(1) + k3

k41λ
n+2

δ
ω(T ∗)

)︄
T ∗,

(21)

where T ∗ = F−1
(︁
F (1)+k4

λ
δ

)︁
, and F,Ω,Υ are defined as in Section 2 with β(u) = α(u),

ϖ(u) = ω(u), and γ(u) = α(Ω−1(· · · )), respectively.

Proof. Let u ∈ C3(, ) satisfy inequality (4). Then

−φ(t) ≤ (R(u)u′)′′ + q(t, u, u′, u′′)u′ + y(t)r(u)−G(t, u, u′) ≤ φ(t). (22)

Multiplying by u′(t) (taking absolute values carefully) and integrating from t0 to t, we
obtain ⃓⃓⃓∫︂ t

t0

(R(u)u′)′′u′ ds
⃓⃓⃓
+

∫︂ t

t0

|q(s, u, u′, u′′)|(u′)2 ds+
∫︂ t

t0

y(s)|r(u)u′| ds

+

∫︂ t

t0

|G(s, u, u′)u′| ds ≤
∫︂ t

t0

φ(s) ds.

(23)

Applying the mean value theorem for integrals (Theorem 2.3) to the first term, there
exists η ∈ [t0, t] such that∫︂ t

t0

(R(u)u′)′′u′ ds = u′(η)

∫︂ t

t0

(R(u)u′)′′ ds. (24)

Integrating by parts twice and using the initial conditions (3), we have∫︂ t

t0

(R(u)u′)′′ ds =

∫︂ t

t0

R(u)u′ ds. (25)

Applying the Cauchy formula (Definition 2.2) and assumptions (H1)-(H2), after
simplification we obtain

|u(t)| ≤ λ

δ

∫︂ t

t0

φ(s) ds+
λ

δ

∫︂ t

t0

R(|u|)|u′| ds+ k41λ
n+2

δ

∫︂ t

t0

κ(s)ω(|u|) ds

+
λn+1

δ

∫︂ t

t0

ϕ(s)α(|u|) ds,
(26)
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where we have used |y(t)r(u)u′| ≥ δ|u′||r(u)| from (H6) and the relation |Φ(t)| ≥ |u(t)|
with Φ(u) =

∫︁ u

u(t0)
r(s) ds.

Now applying the generalized Gronwall inequality (Theorem 2.5) with

ρ(t) =
λ

δ

∫︂ t

t0

φ(s) ds, A =
λ

δ
, B =

k41λ
n+2

δ
, L =

λn+1

δ
,

r(s) = |u′(s)|, β(u) = R(u), h(s) = κ(s), ϖ(u) = ω(u),

g(s) = ϕ(s), γ(u) = α(u),

we obtain

|u(t)| ≤ λ

δ

∫︂ t

t0

φ(s) dsΥ−1

[︄
Υ(1) +

λn+1

δ

∫︂ t

t0

ϕ(s)

× α

(︄
Ω−1

(︄
Ω(1) +

k41λ
n+2

δ

∫︂ s

t0

κ(α)ω(T (α)) dα

)︄
T (s)

)︄
ds

]︄

× Ω−1

(︄
Ω(1) +

k41λ
n+2

δ

∫︂ t

t0

κ(s)ω(T (s)) ds

)︄
T (t),

(27)

where T (t) = F−1
(︁
F (1) + λ

δ

∫︁ t

t0
|u′(s)| ds

)︁
.

Finally, using assumptions (H4)-(H5), we arrive at the estimate

|u(t)| ≤ Cφ,1φ(t), (28)

with Cφ,1 given by (21). Since an exact solution u0 exists by Theorem 3.1, we have
|u(t)− u0(t)| ≤ |u(t)| ≤ Cφ,1φ(t), completing the proof.

4.3. Stability for Equation (2)

Theorem 4.2. Under assumptions (H1)-(H6) and (H1’)-(H4’), equation (2) is
Hyers-Ulam-Rassias stable. Moreover, a Hyers-Ulam-Rassias constant is given by

Cφ,2 = σ
1 + ψ

τ
Υ−1

[︄
Υ(1) + k2

λn

τ
α

(︄
Ω−1

(︄
Ω(1) + k7

1

τ
r(T ∗

2 )

)︄
T ∗
2

)︄]︄

× Ω−1

(︄
Ω(1) + k7

1

τ
r(T ∗

2 )

)︄
T ∗
2 ,

(29)

where T ∗
2 = F−1

(︁
F (1) + k6

k1
τ

)︁
.

Proof. The proof follows a similar pattern to Theorem 4.1, starting from inequality (2)
and using assumption (H1’) to handle the term involving g(u)u′. The key steps involve
triple integration, application of the mean value theorem, and the generalized Gronwall
inequality. The details are omitted for brevity.
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4.4. The Homogeneous Case G ≡ 0

When G ≡ 0, we obtain simpler stability constants.

Corollary 4.3. Under assumptions (H2)-(H6) with G ≡ 0, equation (1) is H-U-R stable
with constant

Cφ,3 = σ
1

δ
Ω−1

(︂
Ω(1) + k3

k41λ
n+1

δ
ω
(︁
F−1(F (1) + k4/δ)

)︁)︂
F−1(F (1) + k4/δ). (30)

Corollary 4.4. Under assumptions (H3)-(H6) and (H1’)-(H4’) with G ≡ 0, equation (2)
is H-U-R stable with constant

Cφ,4 = σΥ−1
[︂
Υ(1) + k8r

(︂
Ω−1

(︁
Ω(1) + k7λg(T

∗
4 )
)︁
T ∗
4

)︂]︂
× Ω−1

(︁
Ω(1) + k7λg(T

∗
4 )
)︁
T ∗
4 ,

(31)

where T ∗
4 = F−1(F (1) + k1k6).

5. ILLUSTRATIVE EXAMPLES

Example 5.1. Consider the third-order nonlinear differential equation

u′′′(t) +
1

1 + t2
u(t)u′′(t) + e−tu′(t) +

t

1 + t
u(t) =

e−2t

10
u′(t)2u(t), (32)

with initial conditions u(0) = u′(0) = u′′(0) = 0.
This equation is of the form (2) with

β(t) =
1

1 + t2
, h(u) = u, η(t) = e−t, g(u) = 1,

y(t) =
t

1 + t
, r(u) = u, G(t, u, u′) =

e−2t

10
u′2u.

We verify the assumptions:

• (H1): G(t, u, u′) = ϕ(t)α(u)(u′)n with ϕ(t) = e−2t/10, α(u) = u, n = 2.

• (H2): The q term is not present, so this assumption is vacuous.

• (H3): For a given approximate solution, we may have bounds |u′| ≤ λ, |u′′| ≤ k1.

• (H4):
∫︁ t

0
ϕ(s) ds = 1

10

∫︁ t

0
e−2s ds = 1

20
(1− e−2t) ≤ 1

20
=: k2.

• (H5): Choose φ(t) = 1 on [0, T ]. Then
∫︁ t

0
1 ds = t ≤ t · 1 = σφ(t) with σ = t.

• (H6): For t ≥ 1, y(t) = t/(1 + t) ≥ 1/2, so δ = 1/2.

Thus, Theorem 4.2 guarantees H-U-R stability on [1,∞) with an explicitly computable
constant.
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Example 5.2. Consider the homogeneous equation

u′′′(t) +
1

t2
u(t)u′′(t) +

1

t3
u′(t) +

1

t2
u(t) = 0, t > 1, (33)

with u(1) = u′(1) = u′′(1) = 0.
This corresponds to (2) with G ≡ 0, β(t) = t−2, h(u) = u, η(t) = t−3, g(u) = 1,
y(t) = t−2, r(u) = u.
We compute the necessary bounds:∫︂ t

1

β(s) ds =

∫︂ t

1

s−2 ds = 1− 1

t
≤ 1 =: k6,∫︂ t

1

η(s) ds =

∫︂ t

1

s−3 ds =
1

2

(︂
1− 1

t2

)︂
≤ 1

2
=: k7,∫︂ t

1

y(s) ds =

∫︂ t

1

s−2 ds = 1− 1

t
≤ 1 =: k8.

Taking φ(t) = t−2, we have
∫︁ t

1
s−2 ds = 1− t−1 ≤ 1 = t2 · t−2 = t2φ(t), so σ = t2 on

[1, T ]. Assuming bounds |u′| ≤ λ, |u′′| ≤ k1, and
∫︁ t

1
|u′′′| ds ≤ ψ, Corollary 4.4 applies

with

F (u) =

∫︂ u

u0

dτ

τ
= ln

u

u0
, F−1(x) = u0e

x,

Ω(u) =

∫︂ u

u0

dτ

τ
= ln

u

u0
, Ω−1(x) = u0e

x,

Υ(u) =

∫︂ u

u0

dτ

τ
= ln

u

u0
, Υ−1(x) = u0e

x.

Then T ∗
4 = F−1(F (1)+k1k6) = ek1 (taking u0 = 1), and the stability constant becomes

Cφ,4 = σ exp
(︂
k8e

k7λek1
)︂
exp
(︁
k7λe

k1
)︁
ek1 .

This provides an explicit bound ensuring that any approximate solution remains close to
the exact solution.

6. CONCLUSION

In this paper, we have established Hyers-Ulam-Rassias stability for two classes of
third-order nonlinear functional differential equations. Using the Cauchy formula for
repeated integrals together with nonlinear Gronwall-Bellman-Bihari type inequalities, we
derived explicit stability constants under appropriate structural assumptions. The results
extend the existing literature on H-U-R stability to higher-order nonlinear equations
and provide a systematic methodology for analyzing such problems. The illustrative
examples demonstrate the applicability of our theoretical findings. Future work may
focus on relaxing the structural assumptions or extending the results to boundary value
problems and partial differential equations.
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