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Abstract

This paper investigates the dynamic behavior of an n-coupled FitzHugh
Rinzel (FHR) model with multiple time delays. We extend the result
in the literature from a two-coupled FHR model and three-coupled FHR
model to an n-coupled FHR model. Using the method of mathematical
analysis, the original system has been linearized. The unique equilibrium
point of the original system has been changed to a trivial equilibrium point
of the linearized system. The instability of the trivial equilibrium point
of the linearized system implies the instability of the original equilibrium
point. The instability of the unique equilibrium point and the boundedness
of the solutions will force this system to generate a periodic solution.
Some sufficient conditions to guarantee the oscillation of the solutions
are provided, and computer simulations are given to support the present
criteria.
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1. INTRODUCTION
For the following FitzHugh—Rinzel (FHR) network model:

V(t) = o(t) — 30°(t) —w(t) +y(t) + 1,
w'(t) = dla+v(t) — bw(t)], (1)
y'(t) = ple —v(t) —dy(t)],

where a,b,c,d, 0 and p are positive constants, I is a constant. Many researchers
have studied various properties of the model (1). For example, Zemlyanukhin
and Bochkarev studied the analytical properties of the solutions for model (1) [1].
The double mixed model oscillations, double canards and the feature transitions
of the model were obtained numerically for a FitzHugh Nagumo Rinzel model [2].
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The spatiotemporal dynamics of the FHR model with time delay and diffusion
in a random network were investigated [3]. In [4]. the authors provided original
numerical and theoretical analysis about FHR model. The complex dynamics
such as canards, mixed-mode oscillations, Hopf-bifurcations and their spatially
extended counterpart were discussed. In [5], the analytical properties of the
solutions for model (1) were studied. This solution can be used to verify the results
in a numerical study of the model. Kudryashov considered the integrability of the
model (1), the exact solutions of the model (1) were given [6]. Tabekoueng et al.
found that the model experiences self-excited firing activity [7]. The long-time
behavior of the FHR neurons and the transition to instability were investigated in
[8]. An analytical and theoretical investigation of the energy was done to support
the various firing activities, such as bursting and spiking, captured in the model (1)
[9]. Mondal et al. studied the following fractional-order FitzHugh-Rinzel bursting
neuron model [10]:

{e3

IS

QL

s
(e

v — §la+ o(t) - bu(t)], (2)

e
G = ple —u(t) — dy(1)].

The authors investigated how the implosion of the integer-order reaction varies
with perturbation, with predictability and bifurcation interpretation based on
the fractional-order. Qurashi et al. discussed dynamic prediction modeling and
equilibrium stability of a fractional discrete biophysical neuron model [11-13].
On the other hand, many researchers have studied various coupled models
since a coupled system can explain many diverse physical aspects in chemical
theory, electrical engineering, and so on. For example, the multiple time delays
coupled FitzHugh-Nagumo (FHN) models were employed to investigate the
synchronization mode transition [14]. The synchronization mechanism of two
coupled time-delayed FHN neurons with bidirectional coupling was extensively
studied in [15]. The bifurcation structure and oscillation of coupled time-delayed
FHN neurons were investigated in [16]. In [17], the authors discussed the stability
of the solutions for a fractional-order coupled FHN model. Durairaj et al.
investigated the bifurcation delay in a network of nonlocally coupled FHR model
[18]. Recently, Hu et al. have investigated the following coupled FHR neuron
system [19]:

v =v(t) — 30°(t) - w(]t) +ylt) + 1,

S¥.

;

uy(t) = up(t) — 3% —v1(t) +wq () + rtanh(ua(t — 7)) + g(ua(t — 72) — ui(t)),
vi(t) = d(a +uq(t) — buy(t)),
wi(t) = p(c — Ulgt) — dw (1)),

us (1) = 29— 0y (1) + w,(t) + rtanh(uy (t — 1)) + g(ur (t — 75) — us (1)),
vy(t) = 6(a + uz(t) — bua(t)),
wy(t) = p(e — ua(t) — dws(t)),

(3)
where ¢ is the parameter which controls the fast subsystem variables v; and
vg. 71,72 > 0. In model (3), the Hopf bifurcation and fold bifurcation of limit
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cycles were deduced when choosing the strength of electrical coupling or chemical
coupling as the bifurcation parameter, respectively. Motivated by [14-19], in this
paper, we shall discuss the following general n-coupled FHR model with delays:

(

uy (t) = ui(t) — %u‘;’(t) —v1(t) +wi(t) + Y i, 7, tanh (u(t — 7))
+ 2 i k(i (t — 73) — wi(t)),
vi(t) = d1(ar + ui(t) — broi(t)),
wi(t) pa(er — uy(t) — dywi(t)),
uy(t) = us(t) — gus(t) — va(t) +wa(t) + 300, 1y ros tanh (wi(t — 7))
+ Zi:l,i;ﬁQ Fooi(ui(t — 7;) — ua(t)),
vy(t) = da(as + ua(t) — bava(t)),
5(t) = pa(cy — ua(t) — dawy(t)),
us(t) = us(t) — gui(t) — vs(t) +ws(t) + 200, s e tanh (wi(t — 7)) (4)
T i i Fai(ui(t — 1) — us(?)),
vs(t) = d3(as + us(t) — bsvs(t)),
wi(t) = ps(cs —us(t) — dsws(t)),
ul, (t) = up,(t) — %ui(t) — v (t) Fw,(t) + >0 Tnltanh(ui(t —7i))
+ 30 K (it = 73) — (1)),
( ) = On(an + un(t) — buva(t)),
wy, (1) = pn(cn — un(t) — down(t)),

where u; stand the membrane potentials of neuron ¢, v; signify the recovery
variables in neuron i, and w; imply the slow variables in neuron i(i = 1,2,--- ,n).
In model (4), the subsystem of the first neuron is formed by the first three
equations. The subsystem of the second neuron is formed by the second three
equations, and the last three equations crystallize the subsystem of the third
neuron. Indeed, system (4) can be regarded as a slow-fast system with 2n fast
variables (uq,ug, - -+ , Uy, V1, Vg, - -+ ,v,) and n slow variables (wy, wa, - -+ ,w,). The
fast variables represent the membrane potentials of the neurons, which rapidly
change during the generation of action potentials (spikes). The slow variables
represent the recovery currents, which are responsible for the repolarization of the
membranes after spikes and the subsequent refractory period. a;,b;, d;, 0;, (i =

.5

1,2,---,n) are positive constants, c¢;,k;;,7i;(i,7 = 1,2,---,n) are arbitrary
constants, 0;(¢ = 1,2,--- ,n) are the parameters which control the subsystem
variables wvy,v9,--- ,v,. These parameters govern the shape of the nonlinear

function defining the fast variables, as well as the time scales and interactions
between the fast and slow variables. These parameters allow the FHR model
to exhibit a wide range of physiologically observed neuronal behaviors. Time
delays 7, > 0(z = 1,2,--- ,n), 0 < p;(i = 1,2,--- ,n) are small parameters that
adjudicate the pace of the slow variables wy, ws, - -, wy. (w;(t —7) —u;(t))(i,j =
1,2,--- ,n) are electrical coupling terms which indicate the current flowing into
each neuron is proportional to the voltage difference at the point of three neurons
connection, k;;(i,j =1,2,--- ,n) represent the strength of the electrical coupling,
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tanh(u;)(i = 1,2,--- ,n) represent the electrical synaptic transfer functions. We
discuss the oscillatory behavior for model (4) not only in theoretical analysis but
also in numerical simulation. The result in [19] has been extended.

2. PRELIMINARIES

For model (4), we have the following lemmas:

Lemma 1 All solutions of the system (4) are bounded.

Proof To prove the boundedness, we construct a Lyapunov function V(t) =
Soiy 2(u? + v} + w?). Noting that | tanh(u;)| < 1, then calculating the derivative
of V/(t) through system (4) we have

n 1 n
Vi(t)| < - Z(gu? +0ibiv + pidiw?) + Y (alugug| + blusvs| + cluawy]),  (5)

i=1 ij=1

where a, b, and ¢ are some positive constants. Noting that u}(i = 1,2,--- ,n) are
higher order infinity than |uw;u;|, |u;v;|, |w;w;|. Since &;, p;, b;, and d; are positive
constants, so, there exists a suitably large positive number, say L, such that
V'(t)|ay < 0 as u;,v;, and w; are greater than L, implying that all solutions of
system (4) are bounded.

Now suppose that [u}, v}, w}, ui, vi,ws, -+ ,u, v wi]? is an equilibrium point of
the system (4), make the change of the variables u;(t) — w;(t) — uf, v;i(t) —
vi(t) — vf, wi(t) = wi(t) —wi(i =1,2,--- ,n), we have the Taylor expansion for

function tanh(u;) at the equﬂlbrlum pomt, and system (4) will be transfered as
follows:

ui(t) = (1= (u)*)ua(t) — %)U%ft) — 3ui(t) = vi(t) +wit) + D0, i tanh' (uf Jui(t — 7)
+ s 71 Yy s (= )"+ T, ki (it — ) — (1)),
i (t) = 61 (ur (t) — bron (1)),
w’l(t) pa(—ur(t) — diwi(2)),
uy(t) = (1 — (u3)?)ua(t) — UEU%n(f) - sU3 (1) — va(t) +walt) + 301, Ly roi tanh’ (uf)u,(t — )
+ Zz’:l,z’;ﬁQ T2 2@2 WJU,@ —7)" + Z:’L:l,i;éQ Koo (ui(t — 7i) — ua(t)),
Uy(t) = 02 (ua(t) — bava(t)),
wé(t) pa(—ua(t) — daws(t)),
us(t) = (1 — (u3)?)us(t) — usu%n(f) — 5ui(t) = va(t) +ws(t) + 70 ;g i tanh (ufJui(t — ;)
+ Zi:l,i;é?; T3 2@2 tanhn#uz(t —7)" + Z:’L:l,i;é?, Fai(ui(t — 7;) — us(t)),
v5(t) = 03(us(t) — bsvs(t)),
wi(t) = pa(—us(t) — dws(t)).
up(t) = (1 - (UZ)Q)un(t) - U(E}Li*(t) — gup(t) —on(t ) +wy () + 300 1 tanh! (uf uy(t — 7)
+ 0 T S it — 1) 0 Ks(wilt — 7) — wa (1),
U (1) = 0n(un(t) — bavn(t)),
. wy, (t) = pin(—un(t) — dpw, (1)),

;
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The linearized system of (6) is the following:

u (t) 11U1( ) — Ul(t) + wl(t) + Z?:Q bhuz(t — Ti)>

v (t) diug (t) — agouy (),

wi(t) = =g (t) — azzwi (t),

) = aaqua(t) — va(t) +walt) + Z?:l,i#? bajui(t — 1),

’Ué(t) = (52’11,2 (t) — CL55U2(t),

wy(t) = —paua(t) — aggwa(t),

uy(t) = agruz(t) — vs(t) +ws(t) + Y00, g baiwi(t — 73), (7)
Ué(t) = 53“3(t) — (Iggvg(t),

wé(t) = —/L3U3(t) — Clgg’w?,(t),

un (t) = asn—23n—2Un(t) — vp(t) + w,(t) + Z mu,( - 7),
U’:’L(t) = 5nun(t) — A3n— 1,3n— lvn(t)a
\ w;(t) = _:u'nun(t) — a3p ann(t)a
where a;; = 1 — (u})? — D7, kiaze = Sibi,ass = udi,an = 1 — (uf)? —
Z:’L:]_’i;éQ kai,ass = 02ba, ags = pody, azr =1 — (U§)2 - 2?21#3 ksi,ags = 03b3,a99 =
/t3d3> cc,A3p-23n—2 = 1— (UZ)Q - 2?2—11 km}a?mfl,?mfl = 5nbma3n,3n = /tndmbu =
ki + rytanh’(uf),by = ko + 7o tanh’(u}), by = ks; + 73 tanh’(ul), -+ by =

Tni + Tni tanh’(u}). System (7) can be expressed in the following matrix form:

Z'(t) = AZ(t) + BZ(t — 1), 8)

where Z(t) = [u1(t),v1(t), wi(t), ug(t), va(t), wa(t), - -+, un(t), v, (t), wa ()|, Z(t —
7) = [uy(t—71),0,0,u3(t—72),0,0, - ,u,(t—75),0,0]7, Aand B both are 3n x 3n
matrices,

a;p —1 1 0 0 0 0 0 0

51 —a92 0 0 0 0 0 0 0

—H1 0 —as3 0 0 0 0 0 0

0 0 0 agy —1 1 0 0 0

Ao 0 0 0 & —ass O 0 0 0
0 0 0 — U2 0 —Aaee 0 0 0

0 0 0o 0 0 0 432,302 ~1 1

0 0 0 0 0 0 5n —Q3n—1,3n—1 0

0 0 0 0 0 o - —n, 0 —a3n,3n
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0 0 0 bz 0 0 b3 0 O
0 O 0 0 0 0 O 0 0
o o0 o0 o0 o0 o0 o0 0 O
by 0 O 0 0 0  Dbos 0 0
B— o 0o o0 0o 0 0 0 0 0
o 0o 0 o0 0 o0 o0 0 0
bpi 0 0 bz 0 0 by 0 O
0 O 0 0 0 0 O 0 0
0 O 0 0 0 0 O 0 0
Lemma
2 If matrix P(= A + B) is a nonsingular matrix for selected parameters, then
there exists a unique equilibrium point Z* = [u}, v}, w}, us, vi, wy, -+, u’, vl w7’

of the system (4).

Proof Obviously, the zero equilibrium point of the system (7) or (8) corresponds
to the equilibrium point Z* of the system (4). If X* is an equilibrium point of the
system (8), then we have

AX*+ BX*=PX*=0. (9)

According to the Cramer’s Rule of linear algebraic theory, the system (9) has a
unique trivial solution X* = 0, since P = A+ B is a nonsingular matrix, implying
that the system (4) has a unique equilibrium point. The proof is completed.
Based on Lemma 1 and Lemma 2, in the following, we provide two theorems to
guarantee the existence of periodic oscillatory solutions.

3. THE EXISTENCE OF PERIODIC SOLUTIONS

Theorem 1 Assume that zero is the unique equilibrium point of the system (8)

for selecting parameter values. Let aq, s, -+, as, be characteristic values of
matrix A, and Sy, s, -, P3, be characteristic values of matrix B. If there
exists one characteristic value, say g, such that ay > 0, or Re(ay) > 0, and
Re(ay) > max{|51], |B2l, -+, |Psn|}. Then the unique trivial solution of the system
(8) is unstable, implying that there exists a periodic oscillatory solution in the
system (4).

Proof According to the basic differential equation theory, if there exists one
characteristic value, say ay, such that oy > 0, or Re(ay) > 0, and Re(ay) >

maz{|B1], |52, - ,|F3nl}, then the trivial solution z(t) of the system (8) is unstable
[20]. Indeed, setting 7, = min;<;<,{7;}, and first consider the following system
Z'(t) = AZ(t) + BZ(t — 7.), (10)

the characteristic equation associated with the system (10) can be written as
follows:
3n

H()\ — QG — /82'67)\7—*) =0. (11)

=1
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Therefore, there is a characteristic equation from the system (11) as follows

(Be =0):
A—ay =0, (12)
or (B, #0)
A —ay — Bre M = 0. (13)

If (12) holds, then the equation (10) has a positive characteristic value. If (13)
holds, and Re(ay) > 0, Re(ay) > max{|pi], |52, - ,|B3n|}, which means that
equation (10) has a positive real part characteristic value. Thus, the trivial solution
of the system (10) is unstable. Based on the basic theory of delayed differential
equation, the trivial solution of the system (8) is also unstable. Meanwhile, the
nonlinear term of the system (6) is a higher-order infinitesimal as u;(t) — 0.
Therefore, the instability of the trivial solution of the system (8) ensures the
instability of the trivial solution of the system (6). This means that the unique
equilibrium point Z* = [uf, v}, wi, ul,v3,wh, - ut,vi,wi]T of the system (4)
is unstable. The instability of the unique equilibrium point together with the
boundedness of the solutions will force the system (4) to generate a limit cycle,
namely, there exists a periodic solution of the system (4) [21,22]. The proof is

completed.

For simplify, setting || B ||= maxi<j<snl|bijl,0(A) = maxi<j<sn{aj; +
3n
> i1z laij|} [23]. Then we have

Theorem 2 Assume that the conditions of Lemma 1 and Lemma 2 hold. If the
following inequality is satisfied

| B || 7e > exp(r|u(A)]). (14)

Then the trivial solution of the system (8) is unstable, implying that the system
(4) has a periodic solution.

Proof To prove the instability of the trivial solution of the system (10), let
5(t) = 2= ([wa(@)] + |vi(®)] + [wi(t)]). So E(t) > 0, and

S(t) < p(AE)+ || B Bt — 7). (15)
Specifically, consider a scalar delayed differential equation

Y'(t) = p(A)Y (O)+ | BIY (= 7) (16)
We have X(t) < Y (t). Now we prove that the trivial solution of the equation (16)
is unstable. Indeed, the characteristic equation associated with the equation (16)

is the following

A= (A || B[ e (7)
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We claim that there exists a nonpositive root A* of (17) under the condition (14).
Indeed, from (17) we have

X[ =) B e = [u(A)]. (18)
Namely,

N+ [(A)] =[] B | e (19)
Based on inequality e* > ex, from (19) we get

o Bl | B menm . Pl
> -
A+ (A (I ]+ u(A)) 7

From (20) we have

> B || T.ee HAT (20)

exp(re|u(A)]) || B[] e (21)

A contradiction with (14). Therefore, the trivial solution of equation (16) is
unstable, implying that the trivial solution of (8) is unstable. Similar to Theorem
1, the system (4) has a periodic solution. The proof is completed.

4. SIMULATION RESULT

This simulation is based on the system (4) and sets n = 4. We first select
the parameters as in Table 1. Thus, the equilibrium point [u}, v, wi]T =
(0.0124,0.8152,0.9367)7, [u3, vs, w3]” = (0.0265,1.6931,0.9018)7, [u3, v;, wi]" =
(0.0402,0.9578,0.9752)7, [u}, v;, wi]T = (0.0396,0.8413,0.9488)7.  Then we
have ay; = 0.7496,@22 = 0.1195,@33 = 0.0181,@44 = 1.7875,@55 =
0.3010,&66 = 0.0432,&77 = 0.7298,&88 = 0.3626,&99 = 0.0396,0,10710 =
1.5078,a11,11 = 0.1680,a1212 = 0.0375. The characteristic values of matrix
A are 1.2158,1.1554,0.3455, 0.2430, —0.2125, —0.1170, —0.0960, —0.0552, 0.3336 +
0.4522¢,0.2745 + 0.4852¢. Note that matrix A has a positive characteristic value
of 1.2158. The conditions of Theorem 1 are satisfied. ~When time delays
are selected as m = 0.5, = 08,73 = 07,7 = 04, 7 = 15 n =
18,73 = 17,74 = 14 and 7, = 25,7, = 281 = 27,7, = 24,
respectively, there exist oscillatory solutions for the system (4) (see Figures
1-3). In Figure 4, we select the parameters as in Table 2. Thus, the
equilibrium point [uf, vi, wi]T = (—0.0344, —0.6375, —0.8924)7, [u}, v3, w3]T =

(—0.0553, —0.6844, —0.9012)  [u}, v3, wi]" = (=0.0525,—0.7176, —0.9926)".
[u}, v, wi]" = (—0.0412, —1.2768, —1.1779)" . Then we have a;; = 2.1468, az =
0.3496,a33 = 0.0224,a44 = —0.5325,a55 = 0.5986,a66 = 0.0187,a7; =
3.1475,as5 = 0.3626,a99 = 0.0167,a1010 = 0.2584,a1,4; = 0.2880,a1210 =
0.0187,bis = —0.5309,b13 = 1.2273.byy = —0.2461,by, = 1.9326,by3 =
—01891,[)24 = 11543,b31 = 11683,b32 = —05031,b34 = —16626,b41 =

0.7196, bys = —0.0566, by3 = 0.7756. Therefore, the characteristic values of matrix
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A are 2.9753,1.9031, 0.0586, 0.0242, —0.2313, —0.1869, —0.0688, —0.0579, 0.0102 +
0.6344¢, —0.5460 + 0.9363:. Since 2.9753 is a positive characteristic value of
matrix A, the conditions of Theorem 1 are satisfied. We also have || B ||=
3.8205, u(A) = 2.1028. When time delays are selected as 7 = 1.0,75 =
13,73 = 1.2,7y = 0.9, then 7. = 0.9, we have | B || ne = 3.8205 % 0.9¢ =
9.3644 > 6.6436 = ¢%9*%1928  The conditions of Theorem 2 are satisfied.
there exists a periodic solution (see Fig.4). When we select time delays as
= 16,7 = 1.8,73 = 1.7,74, = 1.5, then 7. = 1.5, we have || B || 7.e =
3.8205 x 1.5e = 15.5773, but e!*#1928 — 23 4266, The conditions of Theorem
2 are not satisfied. However, there still exists a periodic solution (see Fig. 5),
which means that Theorem 2 is a stronger sufficient condition. Then we consider

the case of n = 5. The parameters are selected as in Table 3. Thus, the
equilibrium point [u}, v, wi]? = (=0.0212, —0.6812, —0.8368)T, [u3, vy, wi]T =
(—0.0198, —0.6722, —0.8677) [ug, vi, wi]T = (=0.0764,—0.7639, —1.0724)T
[u}, vy, wi]” ( 0.0086, —1.4798, —1.2583)7, [u%, v, wi]” =
(—0.0213, —1.2365, —1.1894)". Then we have a;; = 1.5996, a9 = 0.3496,a33 =
0.0244,@44 = —0.8319,@55 = 0.5986,@66 = 00187, ar7 = 2.5684,@88 =

0.3626,&99 = 00667, a10,10 = 09387, a11,11 = 0.2880,&12712 = 00187, 1313 =
1.0297, a14,14 = 0.4680, a1515 = 0.015., The characteristic values of matrix A are
2.3573,1.2490,0.1318, —0.0047, —0.0529, —0.0921, —0.1316, —0.1512, —0.2138,

0.3624 + 0.35831,0.3389 £ 0.39427, —0.69830 £ 0.92827. Since 2.3573 is a positive
characteristic value of matrix A, the conditions of Theorem 1 are satisfied. When
time delays are selected as 7 = 0.6,75 = 0.9,73 = 0.8, 74, = 0.7,75 = 0.4, and
71 =0.3,72 =0.6,73 = 0.5, 74 = 0.4, 75 = 0.2, respectively, there exist oscillatory
solutions for the system (4) (see Figures 6-7). Also we have bjs = —0.5303,b13 =
1.4597,b14 = 0.1396, b15 = 1.3297, by = 1.9398, bas = —0.0397, bay = 1.4997, bos =

—0.1203,b3; = 1.1698,b3, = —0.2802,b34 = —1.3402,b35 = 1.1798,by =
0.7198,b42 == —0.2698,[)43 - 10998,b45 == —0.1802,b51 = 06998,b52 ==
—0.0301,b53 = 0.7998,bs4 = —0.0502. Then 7, = 0.4, and | B |= 4.5292,

| B | mve = 4.5292 x 0.4e = 4.9247 > 3.2968 = %2921 When 7, = 0.2, we
also have || B || Twe = 4.5292 % 0.2¢ = 2.4623 > 1.8157 = 022924 Both of
7, = 0.4 and 7, = 0.2, the conditions of Theorem 2 are also satisfied.

5. CONCLUSION

This paper discusses the periodic solutions for an n-coupled FHR model with
delays. Two sufficient conditions to guarantee the existence of periodic solutions
are given. Computer simulations are provided to indicate the correctness of the
criteria. In neuroscience, periodic solutions can represent rhythmic firing patterns
in neurons, like repetitive spiking or bursting activity. In our simulation, we
found that time delays affect the periodic oscillatory frequency. When delays
are increased, the oscillatory frequency is slightly down. The values of a; and
ci(i = 1,2,--- ,n) can be selected as positive or negative real numbers, which
is different from the result in [19]. When a; and ¢;(z = 1,2,--- ,n) are selected
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Table 1: The parameter values in Figure 1.

12 13 T14 21 23 T'24 31 732 T34 a1 T'42 T'43
0.62 064 066 052 055 058 045 047 048 032 045 0.38

k12 k13 k14 ka1 ka3 koa k31 k3o k34 ka ka2 ka3
035 -0.52 042 -0.72 062 -0.68 0.40 -0.65 0.52 -0.60 0.71 —-0.62

a1 a2 a3 Q4 by by bs by C1 Co C3 Cq
030 035 038 032 046 043 044 042 025 024 020 0.28

d; dy ds dy 0 ds d3 4 H1 2 H3 Ha
0.18 0.4 022 025 02 070 029 032 012 0.14 0.18 0.15

Table 2: The parameter values in Figure 4.

712 713 T14 T2 723 T4 731 732 T34 T4 T'42 T'43
0.72 0.74 0.76 0.62 0.65 0.68 0.55 0.57 0.58 0.42 0.45 0.48
k12 k13 k14 ko1 ka3 Koy ks k32 k34 Ky K42 k43
-1.25 072 -062 132 —-0.61 082 062 —-08 -192 030 -0.18 0.62
aq Qo as Qy b1 bg b3 b4 C1 Co C3 Cy
-0.45 -040 -048 -0.82 0.76 0.73 0.74 072 —-035 —-0.34 -0.36 —0.38
d; dy ds dy 0 ds 03 04 H1 H2 K3 Ha
0.28 0.24 0.22 0.25 046 0.82 049 040 0.080 0.078 0.076 0.075

as negtive real numbers, the equilibrium [u},u3,- -+, u*]" may be negtive values.
When a; and ¢;(i = 1,2,---,n) are selected as positive values, the equilibrium
[uf, uy, -+, ui]" may be positive values. The values of k;;(i,j = 1,2,--+ ,n) can

’ '

be selected as positive values or negative values.
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Figure 1: Oscillation of the solutions, delays: 0.5,0.8,0.7,0.4.

Delays: 0.5, 0.8, 0.7, 0.4.
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Figure 2: Oscillation of the solutions, delays: 1.5,1.8,1.7,1.4.
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(a) Solid line: u1(t), dashed line: v1(t), dotted line: w1(t).
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(d) Solid line: u4(t), dashed line: v4(t), dotted line: w4(t).

Figure 3: Oscillation of the solutions, delays: 2.5,2.8,2.7,2.4.
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Delays: 1.0, 1.3, 1.2, 0.9.

| \/ 1 U i

=
/\\\ } /ﬁ\

| ’\
\_\ |

10 30 40 50 60 70 80 90 100
(a) Solld line: u ( ), dashed line: v1(t), dotted line: w1(t).

10 20 30 40 50 60 70 80 90 100
(d) Solid line: u4(t), dashed line: v4(t), dotted line: w4(t).

Chunhua Feng

Figure 4: Oscillation of the solutions, delays: 1.0,1.3,1.2,0.8.
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Figure 5: Oscillation of the solutions, delays: 1.6,1.8,1.7,1.5.

Delays: 1.6, 1.8, 1.7, 1.5.
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Figure 6: Oscillation of the solutions, delays: 0.6,0.9,0.8,0.7,0.4.



Periodic solutions for an n-coupled FitzHugh—Rinzel...

Delays: 0.3, 0.6, 0.5, 0.4, 0.2.
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Figure 7: Oscillation of the solutions, delays: 0.3,0.6,0.5,0.4,0.2.

91



