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Abstract

This research article introduces the theoretical framework of lightlike submanifolds
of an indefinite Kenmotsu statistical manifold and formulates various geometric
results for contact C R and SC R-lightlike submanifolds. Several characterization
theorems are established, focusing on the integrability of distributions and the
geodesicity of these submanifolds. Relevant examples are also provided to illustrate
the findings.
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1. INTRODUCTION

The theory of lightlike submanifolds in semi-Riemannian manifolds, introduced by
[4], constitutes a vital area of research in differential geometry, with applications
spanning multiple domains of mathematics and physics. The notion of contact
Cauchy—Riemann (C'R) and screen Cauchy—Riemann (SCR) lightlike submanifolds
in indefinite Kenmotsu manifolds was initiated in [10], where the authors examined the
integrability of distributions and the geodesic properties of such submanifolds. In a
subsequent development, [11] investigated geometric conditions for the geodesicity
of CR and SCR lightlike submanifolds, as well as geodesic transversal lightlike
submanifolds in the same setting. These foundational studies have motivated further
work in the geometric theory of lightlike submanifolds.

Statistical manifolds, viewed as Riemannian manifolds equipped with an affine
connection, were introduced in [13] and later explored by [2], [7], [1], among others.
These studies approached statistical inference through the lens of differential geometry.
The statistical analogue of the Kenmotsu manifold, termed the Kenmotsu statistical



94 Shagun, Vandana Gupta, Jasleen Kaur

manifold, was introduced in [9] and subsequently explored in [6], [3], and [14], with
a focus on its geometric structure and statistical curvature. Statistical manifolds are
prominently applied in areas such as neural networks, control systems, and information
geometry.

Inspired by this line of research, the concept of an indefinite Kenmotsu statistical
manifold, combining the statistical structure with the indefinite Kenmotsu metric has been
introduced. Within this framework, the geometry of lightlike submanifolds, particularly
contact C'R and SC' R-lightlike submanifolds is investigated and elaborated with suitable
illustrations. The article also presents characterization theorems on mixed geodesicity,
totally geodesicity, integrability of various distributions and on totally geodesic foliations
in C'R and SC R-lightlike submanifolds.

2. LIGHTLIKE GEOMETRY OF AN INDEFINITE STATISTICAL
MANIFOLD

The theory of lightlike submanifolds, based on the frameworks established in [4] and [5],
is outlined as follows:

Let Ml be a m-dimensional submanifold of a real (m +n)-dimensional semi-Riemannian
manifold (M, g) where m,n > 1. If Ml admits a degenerate metric g induced from g,
whose Radical distribution Rad(TM) of rank (1 < r < m) is defined by

Rad(T,M) = {¢ € T,M : g,(C, X) = 0, X € I(TM), z € M}
such that Rad(TM) = TM N TM*, where

T™M* = U{ueTxM:ﬁ(u,v)zo, Vv e T,M},

zeM

then M is said to be lightlike submanifold of M.

Also, TM = Rad(TM) L S(TM) where S(TM) is a complementary distribution of
Rad(TM) in TM known as screen distribution and TM* = Rad(TM) L S(TM%)
where S(TM) is a complementry vector bundle of Rad(TM) in TM known as screen
transversal vector bundle.

Furthermore, there exists a local frame { N;} of sections with values in the orthogonal
complement of S(TM™) in (S(TM))* such that g(¢;, N;) = §;; and g(N;, N;) = 0
for any local basis {(;} of Rad(TM). It follows that there exists a lightlike transversal
vector bundle l¢tr(TM) locally spanned by { N;} where i = 1,2, ..., r.

Let tr(TM) be the complementary (but not orthogonal) vector bundle to 7™M in TM |y.
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Then
tr(TM) = Itr(TM) L S(TM™),

TM |yy= S(TM) L {Rad(TM) @ ltr(TM)} L S(TM™).

Let O be the Levi-Civita connection on M., then the Gauss and Weingarten formulae are
given by .
OxY =0xY+h(X,)Y), VXYel(TM) (1)

OxV = —-AyX + 0%V, VX eD(TM), V € I(tr(TM)) 2)
where UxY, Ay X € T'(TM) and h(X,Y), UV € I'(tr(TM)). Here, U and U+ are

the linear connections on M and vector bundle ¢r(7M), respectively.

Consider the projection morphisms
L:tr(TM) — itr(TM) and S : tr(TM) — S(TM*)
then, (1) and (2) become

OxY = UxY + h(X,Y) + R*(X,Y),

N 3)
OxV = —AyX + DV + D4 V.

In particular, we have

OxN = —AyX + Uy N + D*(X, N),

N 4
OxW = —Aw X + O5W + DX, W)

where X|Y € T'(TM), N € ['(ltr(TM)) and W € T'(S(TM4)).

Here, O N, D/(X, W) € T'(itr(TM)), U%W, D*(X,N) € T'(S(TM™)),

UxY, AyX, Ay X € T(TM) and h'(X,Y) = Lh(X,Y),h*(X,Y) = Sh(X,Y),
DLV = L(U%V), D%V = S(U%V); wherein h' and h* are respectively known as the
lightlike second fundamental form and the screen second fundamental form on M.

Let P be the projection morphism of 7M on S(7M), then we consider the following
decompositions:

UxPY = UyPY +1/(X,PY), Ux(=—-AX+0Uy¢

where {U%Y,-A:X} € T(S(TM)) and {I'(X,PY), Uy ¢} € T(Rad(TM)),
respectively; (' and U’ are linear connections on S(TM) and Rad(TM), respectively.

From the above equations, we obtain

§(M'(X, PY), () = g(ALX, PY), §(I(X,PY),N) = g(AnX, PY),
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8(h'(X,€),Q) =0,  8(APX, PY) = g(PX, ALPY),
g(AX,N) =0, GANX,N)=0, A(=0
forany X,Y € I'(TM), ¢ € I'(Rad(TM)) and N € T'(Itr(TM)).

Definition 2.1. A pair (U,g) is called an indefinite statistical structure on a
semi-Riemannian manifold M where g is a semi-Riemannian metric of constant index
g > 1on M, if

OxY — Oy X = [X,Y]

and  (Oxg)(Y, Z) = (Uyg)(X, 2)
hold for any X,Y, Z € T'(TM).

Moreover, there exists O* which is a dual connection of O with respect to g, such that
X§(Y,2) =a(OxY, 2) +8(Y,0%Z) ¥V X,Y,Z € [(TM). (5)

If (0, §) is an indefinite statistical structure on M, then so is (0%, §). Hence, the indefinite
statistical manifold is denoted by (M, U, U*, g).

The lightlike theory available so far leads to the Gauss and Weingarten formulae for

the structure of a lightlike submanifold (M, g) of an indefinite statistical manifold
(M, g, U, U*) as follows:

OxY =UxY + (X, Y)+h*(X,Y),

OLY = U%Y + (X, Y) + (X, Y), ©

OxV = —AyX + DLV + D3V, OV = —ALX + DV + DYV,

OxN = —AxnX + UONN + D*(X,N), TN = —AyX + UN + D*(X, N),

OxW = —Aw X + U5W + D' (X, W),

OxW = A5 X + USW + D*Y(X, W)

forany X, Y € T'(TM), V € T(tr(TM)), N € T'(ltr(TM)) and W € T'(S(TM™)).

(7)

Considering the corresponding projection morphism P of tangent bundle 7'M to the
screen distribution, the following decompositions w.r.t O and U™ hold:

OxPY = Uy PY + 1 (X,PY), UYPY =U%PY +h"(X,PY),
Ux( = —AX +U%¢, Ux(=—-AYX + 0% (8)
forany X,Y € I'(TM), ¢ € I'(Rad(TM)).

Thus, we have
§(h'(X, PY),Q) = g(AX, PY),  a(h(X, PY),() = g(AX, PY),
g h,(X’ PY)7 N) = g(Aija PY), g(h*/(Xv PY)’ N) = g(ANX7 PY)
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3. INDEFINITE KENMOTSU STATISTICAL MANIFOLD

Let 6 be the Levi-Civita connection of g. Therefore, by [8], we consider the

decomposition O = %(6 + U*), where U* is called the dual connection of U with
respect to g.

For a statistical structure (U, g) on M, we set
KxY = K(X,Y) = 0xY — OxY 9)

for any X, Y € I'(TM) where K is the difference (1,2) type tensor of a torsion free
affine connection O and the Levi-Civita connection O.

Since U and 6 are torsion free, then we have
KxY =Ky X, gKxY,Z)=g(Y,KxZ) VX,Y,ZEF(TM). (10)

Also,
~ _ 1 — _
K(X,Y) :UXY—U}Y:§(6XY—U}Y). (11)
Let (M,g) be a semi-Riemannian manifold of dimension (2n + 1). If g is a

semi-Riemannian metric, ¢ is a (1,1) tensor field, 7 is a characteristic vector field
and w is a 1-form, such that

90X, 0Y) =g(X,)Y) —w(X)=w(Y), g(r,7)=1, (12)
P*(X) = -X+w(X)r, §X,7)=w(X), §oX,Y)+aX,¢Y)=0 (13)

which follows that ¢7 = 0 and wo¢ = 0 for all X, Y € I'(TM), then (¢, 7, g) is called
an almost contact metric structure on M.

Definition 3.1. [12] An almost contact metric structure on M is called an indefinite
Kenmotsu structure if

(Bx@)Y = §(6X,Y)r —w(Y)oX, Ox7=X —wm(X)r (14)
holds for any X,Y € I'(TM), where U is a Levi-Civita Connection.

Definition 3.2. A quadruplet (O = 6 + K, g, ¢,7) is called an indefinite Kenmotsu
statistical structure on M if

1. (g, ¢, 7) is an indefinite Kenmotsu structure,

2. (0, g) is a statistical structure on M and



98 Shagun, Vandana Gupta, Jasleen Kaur

K(X,¢Y) = —¢K(X.Y) (15)

holds for any X,Y € I'(TM). Then (M, G, g, ¢, 7) is said to be an indefinite Kenmotsu
statistical manifold.

If (M, U, g, ¢, 7) is an indefinite Kenmotsu statistical manifold, so is (M, U*, g, ¢, 7).

Theorem 3.3. For an almost contact metric structure (g, ¢, T) on an indefinite statistical
manifold (M, O, U*, g), (U, 0", g, ¢, 7) is said to be an indefinite Kenmotsu statistical
struture on M iff:

OxoY — ¢U%Y = §(oX,Y)r — w(Y)oX and (16)

Ox7=X — (X)) + p(X)T (17)

hold for all the vector fields X,Y on M, where u(X) = @w(Ox7) = —w(0%7) =
w(K(r,7))w(X).

Proof. For an indefinite Kenmotsu statistical manifold, using (9) and (11), we get
BxoY — 60LY = KxoY + OxdY — ¢OxY + oKxY
Ox¢Y — ¢ULY = w(Y)pX — g(¢X,Y)T.
Replacing O by U* and Y by 7, we have
¢OxT = —¢X +5(¢X, 7).

Therefore, from the concept of almost contact metric structure, we obtain (17).

Conversely, replacing Y by ¢Y in (16), we derive
H{Ox*Y — ¢U% Y} = 0, where w(¢Y) = 0 and ¢7 = 0.
Further, using (5), (13) and (17), above equation becomes :
0=—¢0xY + @(Y)pUxT + U% Y + g(¢Y, Ox7)7
= —¢0xY — @w(Y)¢X + Ok oY + §(oX,Y)7T

which implies B B
OyoY — ¢0xY = w(Y)pX — §(6X,Y)r. (18)

Hence, using (16) and (18) respectively, we get
(Ox0)Y —@(Y)oX +8(0X,Y)T = Kx¢Y + ¢KxY

and R
(Bx9)Y — @(Y)$X + 5(6X,Y)r = —KxdY — oK Y.
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Remark 3.1. /8] Let (g, ¢, T) be an indefinite Kenmotsu structure on M. By setting
K(X,Y) =o(X,7)a(Y,7)7

forany XY € F(TM) such that K satisfies (10) and (15), we obtain an indefinite
Kenmotsu statistical structure (0* = O + \K, g, ¢, 7) on M for A € C>(M).

4. GEODESIC CONTACT CR-LIGHTLIKE SUBMANIFOLDS

Definition 4.1. [10] Let (M, g, S(TM), S(TM1)) be a lightlike submanifold tangent
to the structure vector field 7, immersed in an indefinite Kenmotsu statistical manifold

(M, ). Then, M is a contact C R-lightlike submanifold of M if the following conditions
are satisfied:

1. RadTM is a distribution on M such that Rad(TM) N ¢(Rad(TM)) = {0},

2. there exist vector bundles Dy and D’ over M such that
S(TM) = {¢(Rad(TM)) & D'} L. D, L {7},
¢D, = D,, ¢(D") =Ly L ltr(TM)
where D, is non-degenerate and L is a vector subbundle of S(7TM™).
Thus, one has the following decomposition:
T™=D&D' 1{r}, D= Rad(TM) L ¢(Rad(TM)) L D,. (19)
Also, a contact C R-lightlike submanifold is proper if D, # {0} and L; # {0}.

Let, the orthogonal complement subbundle to the vector subbundle L, in S(TM*) be
denoted by L. For a contact C' R-lightlike submanifold M, we put

60X = fX +wX, VX eT(TM), (20)
where fX € I'(D) and wX € I'(L; L ltr(TM)). Similarly, we have
oW = BW +CW, YW € I(S(TM™)), (21)

where BW € T'(¢L) and CW € T'(L7).

Inspired by [10], the geometry of contact C'R-lightlike submanifold of an indefinite
Kenmotsu statistical manifold is detailed with an example as follows.
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Example 4.2. Consider a semi-Euclidean space M = (R}, §), with canonical basis
{01, 0xz, O3, Oxg, Oy, Oya, Oys, Oys, Oz}

where g is of signature (—, +,+, +, —, +, +, +, +).

The degenerate structure of an indefinite Kenmotsu manifold (R, ¢,,7,,g) for
cartesian coordinates (z'; y"; z) is given as:

w=dz, T =0z,

§ = oRwt+e* (—dr' @dr' —dy' @dy' +dr’ @dr® +dy? @dy® +dat @da* +dy* @ dy?),
1 4

¢ (Xi02" +Yi0y') + Z0z) = > (Yi0x' — X;0y,).

i=1 i=1

If we set K(X,Y) = g(X,7)a(Y, 7)7 with A = 1, then (G = O+K, ¢,, 7, , ) defines
an indefinite Kenmotsu statistical structure on Ml by Remark (3.1).

Let M be a submanifold of R defined by
xl = y47 xQ =V 1- (y2)27 y2 7& :l:L

Thus, the local frame of TM is as below:

ll = 6_z<a$1 + E)y4), lg = 6_2(81’4 — 8y1), (22)

y2
l3 = 6_281’3, l4 = e_zayg,, l5 = 6_2(—98132 + 8y2), (23)
le = e *(0xy +0y1), Iy =1=0z. (24)

Using (22), (23) and (24), we have Rad(TM) = span{l,}, ¢o,(Rad(TM)) = span{ls}
and Rad(TM) U ¢,(Rad(TM)) = {0}. Also, ¢,(l3) = —l4 and ¢,(l4) = 3, which
implies that ¢,D, = D, where D, = {l3,14}.

Further, the screen transversal vector bundle and lightlike transversal vector bundle are

given by
2

S(TMt) = span{W = e *(0xy + y—28y2) where ¢,(W) = —I5 and
T

ltr(TM) = span{N = 5
gives D' = span{¢,N, W }.

e

1
(—0x1 + Oys) where ¢,(N) = §l6, respectively which

Therefore, M becomes a contact C'R-lightlike submanifold of the indefinite Kenmotsu
statistical manifold (R}, O + K, ¢,, 7, @, §).
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Theorem 4.3. For a contact C R-lightlike submanifold M of an indefinite Kenmotsu
statistical manifold M, D 1 {7} is a totally geodesic foliation iff

§(h" (X, 0Y),¢) + 8(h' (X, Y),¢) = 0
g(h™(X.Y), W) + g(h*(X,Y), W) =0
forall X, Y € T(D L {7})and W € T'(¢L,).
Proof. D L {7} defines a totally geodesic foliation iff
§(0xY, ¢¢) = §(OxY, W) =0

for X, Y € I'(D L {7r}) and W € T'(¢L1). Now from the concept of indefinite

Kenmotsu statisticAal manifold and the equations (6) and (13), we have

3(0xY, ¢C) = g(UxY, ¢()

= 5[=8(¢0xY, ) — a(¢0%Y, ()]
—3[8(0%0Y,¢) + 8(Ox0Y, )]

= —5[a(h"' (X, 0Y), Q) + a(h'(X,0Y), ()]

And §(Ox oY, W) = $[@(0x¢Y, W) + §(Tx oY, W)]
= 38(00%Y +@(Y)X +5(6X, V)7, W) +5(¢0xY + (V)X +5(6X, V)7, W)
—%[Q(U* Y, oW) + g(OxY, W)
—5[8(h™(X,Y), 0W) + g(h*(X,Y), oW))].
which proves the assertion. O]

Theorem 4.4. If M is a contact C R-lightlike submanifold of an indefinite Kenmotsu
statistical manifold (M, O, U*, g, ¢, 7), then D is integrable if and only if

(X, 0Y) + h* (X, oY) = h**(Y,0X) + h°(Y,0X) VX, Y €eT'(D).
Proof. D is integrable if and only if
g([X,Y],7)=0, g([X,Y],W)=0 VX, Y el'(D), Wel(D).
Since M is an indefinite Kenmotsu statistical manifold and (5), (6), (12), (19) hold,
therefore, we have g([X,Y],7) =0

Also g([X, Y], W) = L[a(BxY, W) + g(0%Y, W) — §(Cy X, W) — a(53. X, W)]

— 1[(T50Y + 8(0X. V)7, 6IW) + §(Ox0Y + §(6X, V)T, 6IV)

~ (030X +§(0Y. X)7.0W) — §(0y0X +§(6Y. X)r 61V

= L (X6Y).0W) 4 (X, 6Y),6W) — a(h(Y.9X),6W) —
§(* (Y, 0X), W),

Hence, we obtain the desired result using hypothesis.
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Theorem 4.5. If M is an indefinite Kenmotsu statistical manifold and M is a contact
C R-lightlike submanifold of M, then D' does not define a totally geodesic foliation.

Proof. D' defines a toatlly geodesic foliation iff
§(02W,N) = §(0zW,6N) = §(0W, X) = g(3zW,7) =0 (25)

where Z,W € I'(D’), N € I'(ltr(TM)) and X € I'(Dy).
Therefore, using (5), (17), we obtain

O, W.r) =80, W,7) )
= —GgW,~Z + w(Z2)1 + w(0y7)7) + §(W, —Z + w(Z)7 + w(Bz7)7)]

(=]
S

And §(U,W, X) = L[3(¢0W, 6X) + §(¢05W, 6X)]
§(050W — (W)@ (oZ) + (62, W)T, 6 X) + §(026W — w(W)w(¢Z)

Since g(W, Z) # 0 and g(— A}y, Z, X) + g(—Agw Z, X)) # 0, therefore D’ does not
define a totally geodesic foliation using (25).

]

Theorem 4.6. For a contact C R-lightlike submanifold M of an indefinite Kenmotsu
statistical manifold (M, O, 0%, g, ¢,7), D L {7} is integrable if and only if

WX, 9Y) + W (X, 9Y) = h(Y,X) + b (Y, ¢X)
forall X,Y € D 1 {r}.

Proof. Since, M is an indefinite Kenmotsu statistical manifold and (6), (12), (20), (21)
hold, therefore, on considering

h(X,0Y) = 60%Y +w(Y)6X — §(6X,Y)r — UxY

we obtain, w(ULY) = h(X,¢Y) - C(A*(X,Y)) VX,YeD 1 {r}
Similarly, we derive w(UxY) = h*(X, ¢Y) — C(h*(X,Y)).
On interchanging X and Y in the above equations, we get

w(ByX) = h(Y, 6X) = C(h**(V, X)) and w(Ty X) = h*(Y$X) — C(h*(Y, X)),
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Hence, we have h(X, ¢Y) + h*(X, ¢Y) — h(Y, 0 X) — h*(Y, 0 X) = 2w([X,Y]).

Thus, the result follows from the integrability of D L {7}.

5. GEODESIC CONTACT SCR-LIGHTLIKE SUBMANIFOLDS

Definition 5.1. [10] Let (M, g, S(TM), S(TM1)) be a lightlike submanifold tangent
to the structure vector field 7, immersed in an indefinite Keinmotsu statistical manifold
(M, g). Then M is a contact SC R-lightlike submanifold of M if the following conditions
hold:

1. There exist real non-empty distributions D and D+ such that
S(TM) = D L D+ 1 {7},
¢(D¥) C (S(TM™)), DN D+ ={0}

where D+ is orthogonally complementary to D | {7} in S(TM).

2. The distributions D and Rad(TM) are invariant with respect to ¢. It follows that
ltr(TM) is also invariant with respect to ¢. Hence we have the decomposition:

™ =D 1 D"1{r}, D=D L Rad(TM). (26)

For any X € I'(TM) and W € ['(S(TM+1)), we put

pX =P X + F'X, oW = B'W + C'W, (27)
where P'X € I'(D), F'X € I'(¢pD*+), BW e I'(D1), C'W € T'(/) and ' denotes
the orthogonal complement to ¢(D+) in S(TM™).
Now, an example elaborating the structure of an SC R-lightlike submanifold of an
indefinite Kenmotsu statistical manifold following [10] is presented as:

Example 5.2. Consider the indefinite Kenmotsu statistical manifold Ml = (R}, 0 =
O+ K, ¢,, T, @, g) with the structure defined as in example (4.2).

Now let M be a submanifold of M defined by

=2 yt=yt =1, Yt AL

Then, the local frame of T'M corresponding to the submanifold of indefinite Kenmotsu
statistical manifold is constructed as under:

ll = 6_2(81’1 + 61'2), lg = 6_2(83;1 + ay2)7 (28)
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l3 = 6_261’3, l4 = 6_26y3, (29)
Is = e *(—y 0wy + 2*0yy), le =17 =0z (30)

Then, Rad(TM) = span{li,l2} as ¢,(l1) = —ly and D = span{ls, 4} as ¢,(l3) = —l4.

Also, S(TM4) = span{W = e *(x*0x4 + y*0y4)} where ¢,(W) = —Is5

—z —z

and ltr(TM) = span{N, = 62 (=0z1 + Oxs), Ny = 62 (—0y1 + Oy2)} where
®o(N2) = Nj. This shows that Rad(TM), D and ltr(TM) are invariant with respect to
Do-

Therefore, M is said to be a contact SC R-lightlike submanifold of the indefinite
Kenmotsu statistical manifold M.

Theorem 5.3. For a contact SC R-lightlike submanifold M of an indefinite Kenmotsu
statistical manifold M, the induced connections U (respectively U*) are metric
connections iff A*.X + Ay X and h**(X,() + h*(X,() have no components in D
and ¢(D>) respectively, for all X € T'(TM), ¢ € I'(Rad(TM)).

Proof. Replacing Y by ( in (16) and simplifying further, we derive Ux¢¢ = ¢U%( and
U%¢9C = ¢Ux(, forall X € ['(TM), ¢ € I'(Rad(TM)).

Now using (6), (8) and (27), we obtain
BxdC+ R (X, 60) + (X, ¢C) = ¢(—ALX + T %) + o (' (X, Q) + o (h**(X, ().
Therefore, taking the tangential parts, we have
UxC = —P'(AX) + ¢(U7xC) + B (" (X, (). (31)
Similarly, we derive
Ui = —P(ALX) + ¢(Uy ¢) + B'(h*(X,()). (32)

Since the induced connection is a metric connection iff Rad(TM) is parallel with respect
to U (respectively U*), so by letting Rad(TM) to be parallel, we have Ux¢(¢ = 0 and

Ox ¢ = 0.
From (31) and (32), we get

g(P(A* X 4+ A X),¢Z) = 0and g(B'(h**(X, () + h*(X,()),¢Z) = 0



Contact C'R and SC R-lightlike submanifolds.... 105

where P/(A"LX), P/(A;X) € T(D), B'(h**(X,()),B'(h*(X,¢)) € (D) and
07 € T(D").

This shows that A*; X + A{ X has no components in D and 2**(X, () 4 h*(X, () has
no components in ¢(D+).

Conversely, from (31) and (32), we have
Uxo(, Uyo( € D(Rad(TM)).

Since Rad(TM) is parallel, therefore the induced connections U (respectively U*) are
metric connections.

]

Definition 5.4. Let M be an indefinite Kenmotsu statistical manifold and M be a
contact SC R-lightlike submanifold of M. Then, M is said to be D*-totally geodesic
contact SC R-lightlike submanifold with respect to U (respectively U*) if h(X,Y) = 0
(respectively h*(X,Y) = 0)V X, Y € I'(D%).

Theorem 5.5. For a contact SC R-lightlike submanifold M of an indefinite Kenmotsu
statistical manifold M, Ml is D*-totally geodesic if and only if

§(D(X,FY),¢¢) + §(D'(X,F'Y),¢¢) = 0

§(0"% oY, C'W) + g(U% Y, C'W) = g(AGy X, B'W) + g(Agy X, BW)
forall XY € T'(D%).

Proof. Using (12) and (27) for a contact SC R-lightlike submanifold M of the indefinite
Kenmotsu statistical manifold M, we have

g(R'(X,Y), Q) +a(h*(X,Y),() = @(UXY )+ 8(0%Y, o

which gives
g(M(X,Y), Q) +a(h"(X,Y),) = (D" (X, F'Y),¢¢) + §(D'(X, F'Y),¢¢) (33)

And g(h!(X,Y), W) + g(h*(X,Y),W) = g(OxY, W) + (O Y, W)
= g(0x oY, oW) + g(Ux oY, oWV)

Then

9 (XY, W) + 5™ (X, Y), W) = §(~A5y X, BW) + 50750V, W)
g

+3(—Agy X, B'W) + §(0x8Y, C'W).
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If M is D*-totally geodesic, then
ah(X,Y).0) =0,  §h"(X,Y).()=0

g (X,Y),W)=0 g (X,Y),W)=0
forall X,Y € I'(D4).

Therefore, the hypothesis alongwith (33) and (34) leads to the desired result.

Conversely, using (33) and (34) for all X,Y € I'(D+), M becomes D~-totally geodesic.
0

Theorem 5.6. Let (M, U, 0%, g, ¢, 7) be an indefinite Kenmotsu statistical manifold
and M be a contact SC R-lightlike submanifold of M. Then D 1 {7} defines a totally
geodesic foliation in M iff

g(h** (X, ¢Y) + h*(X,¢Y),¢Z) = 0
forall X, Y € T(D L {7}).

Proof. As per the concept of indefinite Kenmotsu statistical manifold and from (12), for
all X,Y € T(D 1 {r}), we have
4(0xY,2) = g(0xY. 2)_
= 3[8(¢0xY. 6Z) + (UK Y, ¢2)] .
2[8(0%0Y —w(Y)oX +5(¢X,Y)7, 62) +§(0x Y —m(Y)$X +3(¢X,Y)7,62)]
38 (X,0Y), 6Z) + 8(h*(X, 9Y), ¢Z)]

Since, D | {7} defines a totally geodesic foliation in M iff
§0xY,Z)=0 VX,YeI(DL{r})

Hence the proof.
O

Theorem 5.7. Let M be a contact SC R-lightlike submanifold of an indefinite Kenmotsu
statistical manifold M. Then D+ and D do not define a geodesic foliation on M.

Proof. D™ defines a totally geodesic foliation in a contact SC R-lightlike submanifold
M iff R R R
8(0xY, Z) = g(0xY,7) = g(OxY,N) =0

VXY el(DY), ZeT(D), N eT(ltr(TM)).
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Now using (5) and (17),

@((?XYT) s[=8(Y, =X + (w(X) + u(X)7) — a(V, =X + (@(X) + u(X))7)]
g

For the choice of non-null vectors X,Y € I'(D+), we have g(X,Y) # 0. Hence, D+
does not define a totally geodesic foliation on M.

Also, using (12), (16) and (26), we have

g(UxY. ) s5[6(0xY, Z) + §(0%Y, 2)]
=1 —§(oY @U* Z) — §(8Y, ¢0x 2))] )
= —1[0(0Y, Ox9Z—w(Z)p X +8(¢X, Z)7)+8(0Y, Ok 0Z —w(Z) X +3(¢ X, Z)7)]
= —1[3(8Y, Ux0Z) + §(¢Y, Uk 0 2)]
#0 VX, Yer(D), Zer(Di)

which implies that D does not define a totally geodesic foliation on M.
[

Definition 5.8. A contact SC R-lightlike submanifold of indefinite Kenmotsu statistical
manifold M is said to be mixed totally geodesic contact SC R-lightlike submanifold
with respect to U (respectively U*) if h(X,Y) = 0 (respectively 2*(X,Y) = 0)
VXel(DL{r})andVY € T'(D").

Theorem 5.9. For an indefinite Kenmotsu statistical manifold M, let M be a contact
SC R-lightlike submanifold. Then, M is mixed totally geodesic iff

§(D(X,F'Y), 6¢) + §(D'(X, F'Y), 6¢) = 0
g(0"%x oY, C'W) + g(U%0Y, C'W) = g(A3y X, BW) + g(Agy X, B'W)
forall X € (D L {r}) and VY € I'(D%).

Proof. Let M be mixed totally geodesic contact SC R-lightlike submanifold of M. Then,
we have

§n(X,Y),0 =0,  a(r"(X,Y),()

g’ (X, Y), W) =0 g (X, Y), W) =

0
0 (35)

forall X € (D L {r})and VY € I'(D%).

Since, M is theiindeﬁnite Kenmotsu statistical manifold, therefore using (12) and (27)
forall X e I'(D L {r})and VY € I'(D'), we have
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§(RN(X,Y), Q) +a(h'(X,Y),()

I = 9(¢0xY, ¢C) + §(¢UX Y, ¢¢) + w@(OxY)w(C)
+ @w(OxY)w(() = §(0x9Y, ¢¢) + 8

(Bx0Y, ¢¢)
that is, §(A'(X,Y),¢) + a(h*'(X,Y),¢) = §(D" (X, F'Y), ¢¢) + 8(D'(X, F'Y), é)

and §(h'(X,Y), W) + §(h"'(X,Y), W) = §(¢0xY, oW) + §(¢0% Y, oW)

that is, §(h' (X, Y), W) + 8(h"' (X, Y), W) = §(—=A3y X, BW) + a(U5"3 Y, C'W)
+8(=Apy X, B'W) + 5(Ux 0Y, C'W).

So, the required result is obtained following (35).
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