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Abstract

This work presents an inversion and uniqueness theorem for the
Mellin—Stieltjes transform within the framework of generalized
functions in distributional sense. Let f(t, x) be a generalized function
for which the Mellin—Stieltjes transform exists, and let F(s,y)
represent its distributional Mellin—Stieltjes transform. The inversion
problem is formulated using the testing-function space MS,(2), its
associated dual space and test functions ¢ (t, x) € D(12).

The proof proceeds through a sequence of four supporting lemmas.
The first establishes that the truncated double contour integral arising
in the inversion process belongs to the testing-function space and
converges with respect to the topology of MS,({2),. The second
transforms this contour integral into an equivalent representation
involving a Dirichlet-type kernel. The third demonstrates that this
kernel acts as an approximation to the identity, converging to the
original test function as the contour parameter approaches infinity.
Building upon these results, the fourth lemma applies the Cauchy
integral formula to prove convergence of the integral representation.

Finally, the inversion theorem is obtained by employing the duality
between distributions and test functions together with the analyticity of
the transform. The proof further relies on the compact support of the
test functions, uniform convergence arguments, integration by parts
and the justified interchange of repeated integrals. Consequently, the
inversion formula is established in the distributional sense, that is, with
convergence in D'(). This theorem provides a mathematically
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rigorous framework for reconstructing a generalized function from its
distributional Mellin—Stieltjes transform under the prescribed
analytical and convergence assumptions.

Keywords: Mellin Transform, Stieltjes Transform, Mellin- Stieltjes
Transform, Generalized function.

1. Introduction:

Integral transforms are powerful analytical techniques widely used in the study of
differential equations, integral equations, boundary-value problems and generalized
functions. Their main advantage is that they transform a function or distribution into
another domain where analytical operations become more manageable. The
effectiveness of any transform, however, depends not only on its defining properties
but also on the existence of a valid inversion formula, which guarantees the unique
recovery of the original function or generalized function.

The Mellin transform is especially useful for problems involving scaling
properties and power-law kernels, whereas the Stieltjes transform plays an important
role in the study of integral equations, moment problems and complex analysis. The
Mellin-Stieltjes transform combines these two ideas by incorporating a Mellin-type
factor with complex variable s and a Stieltjes-type kernel involving the variable y.
This two-variable formulation provides a natural framework for deriving a double
inversion formula.

The present paper studies the inversion of the distributional Mellin-Stieltjes
transform in the testing-function space denoted by MS,(£2). For a testing function
¢(t,x) € D(2), an auxiliary function is introduced in the form

Y(s,y) =]O JO ¢ (t,x) t™5(x + y)P~1 dt dx.

The compact support and smoothness of ¢ ensure that the integral is well defined
under the assumptions used in the paper. The analyticity of the Mellin-Stieltjes
transform and the entire character of the auxiliary function are then used to justify the
contour integrations appearing in the inversion procedure.

The proof of the main theorem is organized through four supporting lemmas. The
first lemma shows that a truncated double integral involving the inversion kernel
defines a function belonging to the testing-function space M S, (2).

The second lemma transforms the double contour integral into a more convenient
expression involving a sine kernel. This reduction is obtained by substituting the
definition of Y (s, y), changing the order of integration, evaluating the inner Stieltjes-
type integral and then calculating the Mellin-type contour integral. The compact
support of the test function and continuity of the integrand provide the conditions
required for these manipulations.
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The third lemma establishes an approximation result based on the classical Dirichlet

singrt) dt = .

integral [~

The proof shows that the resulting expression converges to the test function in the
topology of MS, () as r — oo.

The fourth lemma combines the preceding results. It shows that the complete
truncated inversion expression converges in MS,(R) to ¢(u,v) as the contour
parameters r and 7 tend to infinity. The Mellin-type convergence obtained in the third
lemma recovers the first variable, while the Cauchy integral formula is used to
recover the second variable.

After establishing these lemmas, the inversion theorem is proved by transferring
the inversion operation to the testing function. Let f(t,x) be a Mellin-Stieltjes
transformable generalized function and let F (s, y) be its distributional Mellin-Stieltjes
transform. The derivative denoted by F,(s,y), taken with respect to the variable y,
appears in the inversion expression. By applying the generalized function to the
convergent family of testing functions and using continuity of the dual pairing, the
limiting expression is shown to converge to f in D'(12).

Thus, the principal purpose of this paper is to provide a rigorous distributional
justification for the inversion and uniqueness theorem of the Mellin-Stieltjes transform.

2. Testing function space:
2.1 The space MS,:

Let I be the open set in R, X R, and E, denotes the class of infinitely differentiable
function defined on [ then the space MS, is given by,

MS,=1{¢p:p€E, /7b,c,p,|,q [9(t, X)]
= sup|4, (DL (1+ X)° D} (XD, ) p(t, X)|

SClqupp"‘} p=1223,...
Where the constant A and C;; depends on the testing function ¢(t, x) and
Ay = {t‘b 0<t<1
<=

t=¢ 1<t<o
2.2 The space MS”:

Let I be the open set in R, X R, and E, denotes the class of infinitely differentiable
function defined on [ then the space MS is given by,

MSf = {¢ ¢ € E+ /pb,c,p,l,q [¢(t’ X)]
= sup |4, (DL (1+X)° D/ (XD,) (1, X)|

< CAPp™B'Il'"} p,l=1,273,...
Where the constant A B and C depends on the testing function ¢ (¢, x) and
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3. Distributional Mellin-Stieltjes transform of generalized function in M S},
For f(t,x)eMS, where MS;, is the dual space of MS, . It contains all distributions

of compact support and let ¢ (t, x) € MS,,.
Then the distributional Mellin-Stieltjes transform F (s, y) is defined as
MS{f(t,x)} = F(s,y)
= (f(tx) . t7(x+y)")

where for each fixedt (0 <t <o)andx (0 <x<®),s>0,p>0 the right-
hand side of above equation has a sense as an application of f(t,x)eMS}, to t5 1(x +
y)P e MS,

4. Inversion Theorem for Mellin-Stieltjes Transform
Lemma 1:
Let MS{f(t,x)}=F(s,y) , |Resj<a and p<Rey<p, . For

t,xe Q & @(t,x)eD(Q) set,
w (s, V)= [#t. 0t (x+y)"" dtdx
(1)

Then for any pair of real numbers I' and 7 with Y= 0+ IWand 0<7 <o,

f

r

s—l

_T[<f(u V), )p+l>y/(s y)ds dw= <f(u V), ”p—)pﬂw(s y)dsdw> o)

-r 0

where Y=p+IW and S& p are fixed real numbers such that s>0 and
P, < p < p, respectively.

Proof: For @¢(t,X)=0 on Q, the proof'is trivial. Let @(t,X)#0 on Q, since F(S,Y)is

analytic on Qand ¥(S,Y) is entire, the integral on right hand side of equation (2)

exists.
First we shall prove that,

G(u,v)= ” pu)p+lz//(s,y)dsdw ..(3)

as a function of (u, v) belong to MS,, . For consider,
Yb.0,p1,gC U V) = Sup|/1b,c(u)uq“(1+v)p D, (VD,) G(u,V) |

= sup|, . (W)u*" (1+v)" D} (D, )° “.ﬁz//(s y)dsdw
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By the smoothness of the integral we may carry the operator D! (vD,)® under the sign
of integration. Hence, we get

7bcp| G(U V)_ Sup

Ao (WU (1+V)P _”D (VD,)* %w(s y)dsdw‘

i

r

= sup de‘
I

[ 2w (s, A, (Ut 1+v)° P(s)u™""'vI (=1) P(p)

—  d
i | W+ y)P

Where P(p) and P(S) is polynomial in p and S respectively.
The series on the right-hand side is the series of positive finite terms which is

bounded by M, (say) for u>0 and v>o0 . Therefore y, ,,,G(U,v)<o , hence

G(u,V) belongs to MS,(Q) . Therefore, the right-hand side of equation (2) is
meaningful.
Partitioning the path of integration on the straight line from S=a—Il to S=a+Ir

into m intervals, each of length 2r and Y=p—IW to Y=p+IWinto 2n intervals
m

each of length % Let s,=a+io be any point in the i interval and y; = p+iw be

any point in the " interval.
Consider,

-1

U= Y y(s.y) P 2T

i=l j=1 (V+y)p+lmn
By applying f(U,V) to above equation term by term, we get

<f(U,V)>¢m,n(UaV)> = <f(u V) ZZ(//( ij ) pu 2r T>

i=l j=I (V+y)p+1mn

& pus 2rr
= Zz<f(u V), W>l//(si9yj)ﬁﬁ

i=l j=1

uS—l
( ) p+1
the sum on the right-hand side tends to

Since <f(u V),

>1//(s, y) is continuous function on —I <S<r and 0<w<r

j,[< ~ >w(8,y) dsdw , m,n— oo

p+l1
%o )

Next choose a, a,band b such that 0, <a<o <b<o,and p, <a'< p<b'<p,.
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Since f (t x) eMS,, our lemma will be proved when ¢, (u,v) converges in MS to

.[I )p+1 w(s,y) dsdw as m,N— o

—rO

So, we need merely show that, for each fixed Iand q, converges

m,n
uniformly to zero on €2 asm,n —co.
Consider,

yb,c,p,l,q |:¢m,n (U,V) - G(U,V):I
= sup| 4, (U)U™ (1+v)° D} (vD,)* [, (U, V)~ G(u,v) ||

= sup — —
I i=1 j=1 (V y)plmn _ro(v+y)p

Ab,c<u)uq“<1+v)pDL(va{ZZw(.,y) put__2rz jTLv/(S,y)dsdw}

g m n
= sup| U (147X D S (s, ¥ PV P(p) — 2L
! ’ 9ol =l =1 (V+Yy;) mn
rr q 1
LUt (1+v)P w(s,Y)P(s)u*"'v o (=1)? —————dsdw (4
g I Wy
Now MA+v)Pu v e —0 as

(V)"

lu| = coand |v] —> oo becauses> 0. So for given £>0we can select T >0and X >0

<
3 -ro

as large that for all Ju[>T and |v|> X

D (s, YIP(S) (=) P(p)

e

J]

(1+v)Pusv e

-1
ds dw}

I

Since @(t,X)#0, the right-hand side is finite. Now for all |u[>T and |[v|>X , the
magnitude of the second term on the right side of equation (4) is bounded by g

Moreover, again for|u|>T and |v|> X , the magnitude of the first term on right side of
equation (4) is bounded by,

s

q
ZW(S Y)P(s)(=1)° P(p)

g=1 i=1 ]:

dsdw} >y n\ (5. Y)P(s) (17 P(p) 22
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We can choose m, , n, so large that for all m > m, and n > n, the last expression is

less than 2?8 Therefore, for all |u[>T and |v|>X and all m > m, and n > n,

yb,C,PJ,q [¢m,n (U,V)—G(U,V):I< &

Finally,

9
e U 10" Y (5,) PO P(RIU W (1) ——

( + y) p+g+1

is a uniformly continuous function of (t,X,S,W) on the domain —T SU<T ,0<v<X

b

—r<s<r and 0SW<7. Then in the view of equation (4) there exist m, and n, such
that m>m and n>n,

Vocpra Fnn(UsV)=G(UV) | < & on —T <UST ,0<VEX as well.
Thus when m>max(m,,m,) and n>max(n,,N), Ypepiq [qﬁm,n(u,v)—G(u,v)] <& on

0<u<oo and 0<v<cowhich gives the result.

Lemma 2:
For ¢D(Q), set (S, Y) as in lemma 1 then

a+ir ¢

_i % —t 1 (a—l)t Sln rt
ds= ue ', x e dt dx
)’”1 27 ;[;[)gﬁ( ) (V—X) t

a—ir 0
Proof: We shall prove the result by justifying the steps in the following manipulations
and by considering compact support of @(t,X)eD(QY)

a+ir ¢

ds
a—ir 0 )p V+y)PT
1 a+ir ¢ 0 00
= — AL, X))t (Xx+y)P " dt dx} dwds
e m

a+ir

i 1| T ™
|r.([.([¢(t )t pu L[Wdy}dtdxds

a—|



118 Ashwina Rangri et al

By using the proper substitution and as V—>oothe bracket from the right-hand side

1
tends to . Hence,
p(v-X)
! Mj (S, y)————— u> dwds
ﬂ a—ir 0 l// ( )p+1

( j dtdxds
a|r00 ( X)

! {l | (E] dsJ dt dx
X) ua—ir t

1 J- (Ej ds :2i(EJ sin(rlogu /1)
u\t t) ulog(u/t)

_ T 1 (u ! sin(rlogu /t)
_27Z26”;¢(t,x)( (tj S dtdx

tlog(u/t)
0T aa sinrt
= ue” ——dtdx
27 I Jf( ) t

Lemma 3:
Let r be real number with a<S<D. Also let @(t,X)eD(Q) , then

%.[¢(ue x)e® ™ Slt dt converges in MS_to ¢(U,X)as r — o

Proof: In the following assume that I'>0. It is known that,

[ M = (5

—00
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Thus, our objective is to prove that for each k=0,1,2,3... ... ... B, (U, X) converges
uniformly to zero on —co<t<ooand I =00, where,

Br(u,X)=lio,c(U)uq*‘ (1+x)PD;(xDx)‘*j[¢(ue X)—@(t, x) [e*" = —dt
T

—00

 sinrt
t

. sinrt

{/‘ib (U)uq+1 (1+X)p D! (XD )q J' ¢(ue x)e("" e SR 4

— 2 (WU (14+X)P D! (XD, )? J‘ 4(t, )" sin rt dt}

:l{j H(t,u, x)sin rt dt}
T —00

Where
+1 (a-)t
H (t,u, X) HOL, (t1+x)”e [ D,(XD,)"¢(ue™, x)-D,(xD)*¢(t.x) | ..(6)
Therefore,

-5 o o
Br(u,x)zl{j H(t,u,x)sinrt dt+ IH(t,u,x)sinrt dt+IH(t,u,x)sinrt dt }
T —o0 -5 5

-5 o o0
=lj H (t,u, x)sin rt dt+ lj H(t,u,x)sinrt dt+ le(t,u,X)sinrt dt
V2 2 T

= Il,r (u, X)+ I2,r(uax)+ I3,r (U, X)

where I, (u,x),l,,(u,x)and I, (u,x) denotes the quantities obtained by integrating
over =0<t<—-0,-0<t<0 and & <t <oorespectively where 5> 0
First consider 1, (u,x): The function H(t,u,X) is a continuous function of (t,uU,X) for

all u and t = 0. Moreover since ¢ is smooth, equation (6) tends to,

(a-)t

ﬂLb,c(u)uQ+1 (1+x)° D, {e Du'(xDX)q ¢(ue‘,x)} (7

t=0

as t — 0. Upon assigning the value from above equation (7) to H(0,U, X) we obtain a

function H(t,U,X) which is continuous everywhere. Since @ is of bounded support,



120 Ashwina Rangri et al

H(t,u,X) is bounded on the domain {(t,u,x):—& <t<&,—o0<u<o0,0<x<oo} by

the constant M (say). Thus, for given € >0, we can choose & so small that,

2Mo
Via

<

|1, (%)= > &,

o
j H (t,u, X)sin rt dt
-5

1
T

for—oo<U<oand 0< x<oo. Fix & in this way.
Next consider 1, (u,x): set

Il,r (U, X):‘]l,r (U, X)_‘]z,r(uax)

where,
—Y .
3w 0=— [ Zpowyu® 1+ DD, gue ™, x) e 2L gy
7[ —00
-1 .
‘J2,r(u’x):lﬂb’c(U)uq“ (1+X)p Dl: (XDX)q¢(U,X) J‘ gla-nt Sin Z dz
g —00

Since 4, . (W)u®" (1+x)° D} (xD,)?¢(u,x) is continuous and bounded support, it is

0 .
. . sinz .
bounded on —o0<U<o0. By the convergence of the improper integral I — dzit
% L

follows that J,  (u,x) tends uniformly to zero —00<U <0 , 0 <x<ooand I —©

To show that J, (u,x) does the same, first integrate by parts and use the fact that
#(U,X)is of bounded support to obtain

cosro
ré

3, U, X) == 4, @)U™ (1+)° DL (O, & g(ue, x)
T

-0

— J cos(rt).D [l%c(U)uq“ (1+)” D, (XD, )" ¢(ue ", x)e' } dt
zr t &

—00

The first term on the right-hand side tends uniformly to zero on —-o<U<o ,
0<x<ooand I'—> o because ¢ is fixed and
Ao (U (1+X)° Dy (xD,)* e * ™’ g(ue,x) is a bounded function of u. Moreover,

by using the product rule of differentiation with respect to t for equation (7)
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2y (U (14+%)° D, E D,(xD,)" g(ue™, x)e* ™" } = (W)U (1+X)? Dy (XD,)*g(ue ™, x)e'* " ( ;_21 j
‘%ﬂb,c (U U™ (1+x)"(xD, )*uD} ' g(ue ™", x)g*™"
+%%,C(U)uq+l (1+X)° D, (xD, )" (ue™, x)(a—1)e™ "

Jpe (U™ (1+30°D, [: D;(4D,)" g(ue", x)e*" } = (WU (1+3)°D}(XD,)"giue " e " [;—lj

(a-Dt

/q’h,c(u)uqﬂ (1 + X)p DlIJ (XDx)q [(a_1)¢_ UDU¢]
.®)

But for every q A  (uu™' (1+x)°D,(xD,)?¢(ue",x)e* " is bounded. This is
because D!(xD,)%¢(ue",x) is bounded and has its support contained in the strip

(.

Ao (WUT! (14 x)Pe® " is a bounded on the strip. Thus equation (8) is bounded on the

<A} where A is sufficiently large number  whereas

domain. {(t,u,x):—co<t<—5,—o<U<w,0<x<ow} by N(say). This result and

assumption that the support of @(U,X)is contained in the interval —A < u < A implies
2 NA

that the second term on the right-hand side of equation (8) is bounded by ——
V4

which tends to zero as I —oo .Therefore, I (u,x) tends uniformly to zero on
—0<U<00,0<X<ooas I—>o A similar argument shows that, 1, (u,x)also tends
uniformly to zero on —0<U<o0,(0<X<owas I >, Thus, we have established

that 1im|Br(u,X)|£g and since &> 0 is arbitrary, implying that B, (u,X) converges
r—ow

uniformly to zero, for every kK=0,1,2,3 ......... —o<U<w,0<X<ow by using
equation (5).

Lemma 4:

For ¢(t X)e D(Q) set l//(S Y)as in lemma 1, then

a+ir z

dwds .(9)

p+1
a—ir 0 )

Converges in MSa (Q)to @#(U,V)ast,7 —> 0
Proof: Set G(U,V)as in lemma 1. In lemma 1 we have proved that , , , G(u,v)<oo
, hence G(U,V) converges in MS,(Q) . Therefore, 7,4 ‘(47[2)_IG(U,V)‘<OO and

(477)"'G(u,V) converges in MS_(Q).
Hence to prove the lemma we have to prove that equation (9) converges to
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#(U,V) . Equation (9) can be written by using equation (1) as

1 a+ir ¢

ST U
472 aJ. (V+ y)p+l L[_([¢(t,X)t (X+ Y)p ' dt dx }deS

—ir 0

The order of integration for the repeated integral herein may be changed because
#(t, %)

is of bounded support and the integrand is continuous function of (t,X,S,W)and then
by using lemma 2 the integral reduces to,

o0

i 77 o 1 aypsinrt
ue ', x)——e®@ Nt —
271'2'([_'|;¢( )(v—x) t

dtdx

By changing the order of integration, we get

_1 ° -1 I —t (a—l)t Sin rt 1
— ue ', x dt dx
27i ﬂ” _-[O¢( * t (V—X)

In view of lemma 3, the term in the bracket converges in MS_(Q)to @(U, X) as
I —o0. Therefore, above equation tends to
1 o0

— [ %)

! dx
27l s, (V—X)

Now, by using well known Cauchy integral formula, the last expression tends to
¢(U,V)as V— 0.

We are now ready to prove inversion theorem.

Inversion Theorem:

Let f(t,X) be a Mellin-Stieltjes transformable generalized function and F(S,Y)is

the distributional Mellin-Stieltjes transform of f (t, X) then in sense of convergence in

a+ir p+iw
[ Byt (x+y)*"dyds

a—ir 0

D(Q), f(t,x)=lim

2

where Y = p+IW, s and pare any fixed real numbers with—r <s<rand p,<p<p,
and F, is the partial derivative of F(S,Y) with respect to y.
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Proof: The idea off this proof is to transfer the inversion formula onto transform of
d(1,X)eD(€) and to use the fact that the resulting expression converges to ¢ with
respect to the topology of the testing function space MS,, .

Let ¢(t,X)eD(Q) and we have to show that,

' 1 a+ir p+iw . L ~
lim <4ﬂ2 [ [ REnt x+y)” dyds,¢(t,x)>_<f,¢>

r,7—0 )
a-ir 0

From the analyticity of F(S,Y) on Q, the above integral is continuous function of

(t,)

Therefore, the left-hand side without the notation can be written as,

a+ir p+iw

TT¢(t’X)LL7ﬁj I F (s, ) (x+y)™ dydsJ dt dx

a-ir 0

Considering Y = p+iW

a+ir 7

1 TTW’X) f IFZ(S,y)t‘S (x+y)"" dwdsdt dx

2
472- a—-ir 0

Since @(t,X) has a compact support and integrand is a continuous function of
(t,X,S,W), the order of integration may be changed to yield,

Tj': (s, V)H¢(t X)t° (x+y)"" dwds dt dx

72- a—ir
< _,,H > [[#t 0t (x+y)" " dwdsdtdx
a—ir 0 ) 00
< (u V) )p+1 >1//(S, y) dwds ...by using equation (1)
a—ir 0
:<f(u,V) I jl//( y)——— (v+ )pﬂ s> ...by lemma 1
a—ir 0

=(f(u,v),d(u,v)) ...by lemma 4
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As r,7 — oo which completes the proof of the inversion theorem.

5. Uniqueness Theorem

In the theory of integral transforms, the uniqueness theorem is of special importance
because of this theorem the question of recovery of a function is possible from its
transform. In the next theorem we have shown that if two functions have the same
Mellin-Stieltjes transform then they coincide almost everywhere.

Theorem:

If MS{f(t,x)}=F(s,y)for t,xe Q and MS{g(t,x)} =G(s,y) for t,xe Q

|Res|<a and p, <Rey < p,.If O M Q is not empty and if F(s,y) = G(s,y), for
sandy € Qf N Qg then f = g in the sense of equality in D* ().

Proof: f and g must assign the same value to each ¢ € D. By inversion theorem and
equating F(s,y) and G(s,y) in

(f(6,20) = 96,20, $(6,0) = Jim (= Jo [1F(s,9) = G(s, 7))} Cx +

t—ooo
y)Ptdy ds,¢(t,x)) = 0
Thus f = g in D*(Q).

6. Conclusions

This paper establishes an inversion and uniqueness theorem for the distributional
Mellin-Stieltjes transform in the framework of generalized functions. Using the
testing-function space MS,({2) and its dual, the original generalized function is
recovered in the distributional sense. The proof relies on contour integration, the
Dirichlet integral and the Cauchy integral formula to justify the inversion process.
The result provides a rigorous theoretical basis for the inversion and uniqueness of the
Mellin-Stieltjes transform in generalized-function spaces.
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