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the so-called: improved disjunctive transport model and a
cycle-based formulation. The transport model can be presented
using an alternative form: the disjunctive transport model. This
model has more variables and limitations than the traditional
transport model, but it can be useful in other contexts.

Abstract
In this paper, we present a methodology to solve the problem
of optimization the expansion of long-term power transmission
networks using a formulation that uses mathematical
expressions that are alternatives to the Kirchhoff’s second law
and that are applied to the cycles critical of the system graph.
The problem of planning transmission systems is part of the socalled NP-complete problems, which belong to a category of
problems difficult to solve, for which no polynomial solution
algorithms are known. The proposed methodology is applied to
a test system from the specialized literature with very good
results.

2. MATHEMATICAL MODEL
The great disadvantage of the disjunctive model is Kirchhoff's
second law, which makes the problem more difficult. This is
the main characteristic of the normal behavior of the
transmission planning problem used in this work to create
different methods to improve the computational effort and
build the path to find better solutions in the future. In this case,
the main objective is to find the best representation of
Kirchhoff's second law to replace it and result in a simpler
model that can be solved in less time (Escobar, 2010;
Dominguez, 2014).

Keywords- Optimization, Critical cycles, Transmission
planning, Kirchhoff’s second law, NP-complete problems.

1. INTRODUCTION
The problem of planning the expansion of the electric power
transmission net- work determines the new investments in
transmission lines and substations, which are necessary to
allow the adequate transfer of power between the different
points of a system for future operation (Correa et al., 2014).

2.1. Disjunctive transport model
One of the most widely used models for solving the
transmission planning problem is the transport model, which
represents the simplest form of the planning problem and is
easy to solve, in which Kirchhoff's second law is not used, the
main reason why even large problems had a solution in a
relatively short time as the total time needed to solve it. In this
disjunctive version presented in (Escobar, 2018; Rider, 2008),
we use binary variables for the investment options and
disjunctive constraints. The formulation of this model is:

The options associated with this problem are characterized by
their high investment costs, as well as the large construction
periods and their long recovery times of the investment made.
For this type of problems, the planning studies take as a
reference the current network and consider the increase in
demand in the system nodes, the new generation alternatives
and the improvement in power (existing generation), in a time
horizon which is usually greater than 10 years. Static planning
determines the minimum cost solution from the approach of an
optimization problem which considers that the existing network is part of the future solution, which means that it is not
considered the possibility of withdrawing, transferring or
leaving disconnected fix elements that are operating in the
current network (Monticelli et al., 1982).

𝑚𝑖𝑛 𝑣 = ∑(𝑖,𝑗)∈Ω 𝐶𝑖𝑗 ∑𝑘∈𝐾 𝑦𝑖𝑗,𝑘

(1)

𝑠. 𝑡. ∑(𝑝,𝑖)∈𝛺1 (𝑓𝑝𝑖0 + ∑𝑘∈𝐾 𝑓𝑝𝑖,𝑘 ) − ∑(𝑖,𝑗)∈Ω(𝑓𝑖𝑗0 + ∑𝑘∈𝐾 𝑓𝑖𝑗,𝑘 ) +
𝑔𝑖 = 𝑑𝑖

This paper presents two novel relaxed models (Escobar, 2018;
Dominguez, 2018) and proposes a novel cycle-based model
formulation to solve the transmission planning problem using

(2)
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0 ̅
|𝑓𝑖𝑗0 | ≤ 𝑛𝑖𝑗
𝑓𝑖𝑗 , ∀(𝑖, 𝑗) ∈ Ω

(3)

|𝑓𝑖𝑗,𝑘 | ≤ 𝑦𝑖𝑗,𝑘 𝑓𝑖𝑗̅ , ∀(𝑖, 𝑗) ∈ Ω1 , 𝑘 ∈ Ω2

(12)

|𝑓𝑖𝑗,𝑘 | ≤ 𝑦𝑖𝑗,𝑘 𝑓𝑖𝑗̅ , ∀(𝑖, 𝑗) ∈ Ω, 𝑘 ∈ 𝐾

(4)

0 ≤ 𝑔𝑖 ≤ 𝑔̅𝑖 , ∀ 𝑖 ∈ 𝐵

(13)

0 ≤ 𝑔𝑖 ≤ 𝑔̅𝑖 , ∀ 𝑖 ∈ 𝐵

(5)
∑𝑘∈𝛺2 𝑦𝑖𝑗,𝑘 ≤ 𝑛̅𝑖𝑗 , ∀(𝑖, 𝑗) ∈ Ω1

(14)

∑𝑘∈𝛺1 𝑦𝑖𝑗,𝑘 ≤ 𝑛̅𝑖𝑗 , ∀(𝑖, 𝑗) ∈ Ω

(6)
𝑦𝑖𝑗,𝑘−1 ≥ 𝑦𝑖𝑗,𝑘 , ∀(𝑖, 𝑗) ∈ Ω1 , 𝑘 ∈ Ω2 , 𝑘 > 1

𝑦𝑖𝑗,𝑘−1 ≥ 𝑦𝑖𝑗,𝑘 , ∀(𝑖, 𝑗) ∈ Ω, 𝑘 ∈ 𝐾, 𝑘 > 1

(7)
|𝑓𝑖𝑗,𝑘 − 𝑓𝑖𝑗,𝑘−1 | ≤ 𝑀(1 − 𝑦𝑖𝑗,𝑘 ), ∀ (𝑖, 𝑗) ∈ Ω1 , 𝑘 ∈ Ω2 , 𝑘 > 1

𝑓𝑖𝑗,𝑘 , 𝑓𝑖𝑗0 , 𝜃𝑖 , 𝑔𝑖 𝑢𝑛𝑟𝑒𝑠𝑡𝑟𝑖𝑐𝑡𝑒𝑑

𝑓0
0
| 𝑖𝑗⁄ 0 − 𝑓𝑖𝑗,1 | ≤ 𝑀(1 − 𝑦𝑖𝑗,1 ), ∀ (𝑖, 𝑗) ∈ Ω1 , 𝑘 ∈ Ω2 , 𝑛𝑖𝑗
> 0 (17)
𝑛𝑖𝑗

𝑓𝑖𝑗,𝑘 , 𝑓𝑖𝑗0 , 𝜃𝑖 , 𝑔𝑖 𝑢𝑛𝑟𝑒𝑠𝑡𝑟𝑖𝑐𝑡𝑒𝑑

Taking as reference the disjunctive transport model, this model
presented in (Escobar, 2018), adds a new set of restrictions that
will include the behavior of Kirchhoff's second law only for
parallel circuits, without using this law. This is achieved by
forcing the flow of energy to be distributed equally in each
parallel circuit. It may be obvious that circuits of equal
reactance, connected in parallel, transport equal flow, however,
in the traditional transport model the solutions present different
flows in this case. This is because the traditional transport
model does not include Kirchhoff's second law (Kocuk, 2016).
The improved disjunctive transport model used in this work is
a relaxed version of the linear disjunctive model and can find
intermediate solutions between the traditional transport model
and the DC linear disjunctive model.

0 ̅
|𝑓𝑖𝑗0 | ≤ 𝑛𝑖𝑗
𝑓𝑖𝑗 , ∀(𝑖, 𝑗) ∈ Ω1

(18)

In the previous model (9) it represents the objective function
and characterizes traditional planning as a minimum cost
problem. The restriction (10) represents the Kirchhoff’s first
law. The restriction (11) allows to establish the limits of
capacity in the existing circuits and the (12) in the non-existing
circuits. Through (13) the limits of generation are established
and (14) it establishes the limit of investment. (15) it establishes
an order of priority among the investment options and
eliminates the existing symmetry between these options in the
traditional disjunctive transport model. (16) and (17) ensure
that active power flows are equal in circuits connected in
parallel in the same corridor [3].

2.2. Improved disjunctive transport model

𝑠. 𝑡. ∑(𝑝,𝑖)∈𝛺1 (𝑓𝑝𝑖0 + ∑𝑘∈Ω2 𝑓𝑝𝑖,𝑘 ) − ∑(𝑖,𝑗)∈Ω1 (𝑓𝑖𝑗0 +
∑𝑘∈Ω2 𝑓𝑖𝑗,𝑘 ) + 𝑔𝑖 = 𝑑𝑖

(16)

(8)

In the previous model, Cij is the cost of adding a circuit in the
branch ij between buses i and j. Ω1 is the set of transmission
corridors existing. yij,k is the binary variable associated with the
investment option k of the ij corridor. fij0 is the base network;
fij̅ is the maximum flow allowed for a circuit on the ij path in
an existing corridor. g̅ is the maximum nodal generation
vector. nij is the number of reinforcements added in the ij
corridor of the base network, while n̅ij is the maximum number
of circuits that can be added in the ij corridor. M is a parameter
defined a priori of large size, which makes the restrictions
irrelevant when the variable yij,k = 1.

𝑚𝑖𝑛 𝑣 = ∑(𝑖,𝑗)∈Ω1 𝐶𝑖𝑗 ∑𝑘∈Ω2 𝑦𝑖𝑗,𝑘

(15)

In this model, the same nomenclature presented above is used.

2.3. Mathematical models that consider multiple stages
In the static planning of the transmission, a single investment is
made, defining where and how many (new) elements must be
installed in the system for it to work correctly in the study time
horizon (t years). However, during this period of time, changes
in generation and demand occur that can be assumed by new
investments made gradually over the time horizon, thus
allowing the system to be coupled in an optimized manner. This
way of assuming the problem is known as multi-stage planning,
since it defines when the new elements must be installed in the
system.

(9)

In this type of planning, decisions on investments in the
transmission network are separated into periods of time below
the planning horizon. For each of these periods, it is important
to foresee values of installed generation capacity and active
power demand, making it possible to determine not only the
quantity and location of new equipment, but also which of the
stages must be installed. Therefore, this last aspect is what
distinguishes multi-stage planning from static planning of
transmission networks.

(10)

(11)
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investment and the cost of the operation also called cost of the
losses, an annual discount rate  is considered which represents
the expected economic return for the money over time.
However, to compare the cost of the multi-stage model with the
static one, the present value is used, being evident that with the
inclusion of the annual discount rate, the multi-stage planning
could be more economic. This is possible due to the same
assumption made in the static analysis, where it is established
that the money to carry out the expansion of the system is
available in the initial year. Thus, the difference in the cost of
the multi-stage analysis has its origin in that the investments are
divided in time and it is possible to know the best moment in
which they are required by the system, so it is possible to
somehow delay the putting in place of new elements that are
not urgent (in the system) and which can be put in later stages
(Romero et al., 2005).

The objective function of the multi-stage planning problem is
to minimize the value present of the total cost of the expansion
of the transmission network. When certain investments are
deferred for later stages, the present value of those investments
is linked by an I(t) discount rate.
𝑐(𝑥) = (1 − 𝐼)𝑡𝑖−𝑡0 𝑐1 (𝑥) + (1 − 𝐼)𝑡2−𝑡0 𝑐2 (𝑥) + ⋯
+ (1 − 𝐼)𝑡𝑇−𝑡0 𝑐𝑇 (𝑥)
It can be seen that in multi-stage planning, it is a matter of
approximating the modeled problem to the real-life problem,
where first the investment is made and years later the
construction stage is completed and the element enters into
operation for each stage analyzed. Another important element
of the model is that it is considered that in each period of
operation the demand is always constant, that is, the demand
projection for an initial period is constant and different from the
demand projection of the subsequent period and so on. Now,
with respect to the generation projection, this may be the same
or different between the periods of operation, according to the
planning of the expansion in generation, which is considered an
input to the planning.

The mathematical model for multi-stage planning is defined
below. It is the result of a detailed study (aspects) of the models
studied, which allows it to be presented in the linearized
version. As for the parameters and variables used, they present
the sub-index t indicating the time in the investment or
operation period for which they work. It is clear that the t index
increases the number of variables and parameters according to
the number of stages considered.

Finally, for the calculation of the present value of the
2.3.1. Improved multi-stage transport model
This model in multi-stage version has the form:

min 𝑣 = 𝛼 0 ∑
𝑠. 𝑡.

𝐾

(𝑖,𝑗)𝜖Ω

𝐶𝑖𝑗 ∑

𝑘=1

𝐾

∑ (𝑓𝑝𝑖0,𝑡 + ∑
(𝑝,𝑖)𝜖Ω

𝑘=1

𝑇

0
+∑
𝑦𝑖𝑗,𝑘

𝑡=2

𝛼𝑡 ∑

(𝑖,𝑗)𝜖Ω
𝐾

𝑡
𝑓𝑝𝑖,𝑘
) − ∑ (𝑓𝑖𝑗0,𝑡 + ∑
(𝑖,𝑗)𝜖Ω

𝑘=1

𝐶𝑖𝑗 (∑

𝐾
𝑘=1

𝑡
𝑓𝑖𝑗,𝑘
) + 𝑔𝑖𝑡 = 𝑑𝑖𝑡 ,

0 ̅̅̅
𝑓𝑖𝑗 , ∀ (𝑖, 𝑗) ∈ Ω, 𝑡 ∈ 𝑇
|𝑓𝑖𝑗0,𝑡 | ≤ 𝑛𝑖𝑗
𝑡
𝑡−1 ̅̅̅̅
|𝑓𝑖𝑗,𝑘
| ≤ 𝑦𝑖𝑗,𝑘
𝑓𝑖𝑗 ,

∀ (𝑖, 𝑗) ∈ Ω, 𝑡 ∈ 𝑇, 𝑘 = 1,2, … , 𝐾

𝐾
𝑡−1
∑ 𝑦𝑖𝑗,𝑘
≤ 𝑛̅𝑖𝑗 , ∀ (𝑖, 𝑗) ∈ Ω , 𝑡 ∈ 𝑇
𝑘=1
𝑡−1
𝑡−1
𝑦𝑖𝑗,𝑘
≤ 𝑦𝑖𝑗,𝑘−1
,

𝑘 ≥ 2, ∀(𝑖, 𝑗) ∈ Ω, 𝑡 ∈ 𝑇

𝑡
𝑡
𝑡−1
|𝑓𝑖𝑗,𝑘
− 𝑓𝑖𝑗,𝑘−1
| ≤ 𝑀(1 − 𝑦𝑖𝑗,𝑘
),

∀ (𝑖, 𝑗) ∈ Ω, 𝑘 = 1,2, … , 𝐾, 𝑘 > 1, 𝑡 ∈ 𝑇

𝑓0
𝑡−1
| 𝑖𝑗⁄ 0 − 𝑓𝑖𝑗,1 | ≤ 𝑀(1 − 𝑦𝑖𝑗,𝑘
),
𝑛𝑖𝑗

∀ (𝑖, 𝑗) ∈ Ω, 𝑡 ∈ 𝑇

0 ≤ 𝑔𝑖𝑡 ≤ 𝑔̅𝑖𝑡 , ∀𝑖 ∈ 𝐵, 𝑡 ∈ 𝑇
𝑡
𝑓𝑖𝑗0 , 𝑓𝑖𝑗,𝑘
, 𝑔𝑖𝑡 𝑢𝑛𝑟𝑒𝑠𝑡𝑟𝑖𝑐𝑡𝑒𝑑
𝑡
𝑦𝑖𝑗,𝑘
𝑏𝑖𝑛𝑎𝑟𝑦
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𝐾

𝑡
𝑦𝑖𝑗,𝑘
−∑

𝑘=1

𝑡−1
𝑦𝑖𝑗,𝑘
)

∀ 𝑖𝜖𝐵, 𝑡 ∈ 𝑇

International Journal of Engineering Research and Technology. ISSN 0974-3154, Volume 13, Number 10 (2020), pp. 2768-2777
© International Research Publication House. https://dx.doi.org/10.37624/IJERT/13.10.2020.2768-2777
2.3.2. Multi-stage linear disjunctive model
According to the reduced linear disjunctive model, the form taken by the planning problem of multi-stage transmission network
expansion is as follows:
0
𝑡
𝑡−1
𝐾
𝐾
𝑇
𝑡
min 𝑣 = 𝛼 0 ∑(𝑖,𝑗)𝜖Ω 𝐶𝑖𝑗 ∑𝐾
𝑘=1 𝑦𝑖𝑗,𝑘 + ∑𝑡=1 𝛼 ∑(𝑖,𝑗)𝜖Ω 𝐶𝑖𝑗 (∑𝑘=1 𝑦𝑖𝑗,𝑘 − ∑𝑘=1 𝑦𝑖𝑗,𝑘 )
0,𝑡
𝑡
𝑡
𝑡
𝑡
𝐾
𝑠. 𝑡. ∑(𝑝,𝑖)𝜖Ω(𝑓𝑝𝑖0,𝑡 + ∑𝐾
𝑘=1 𝑓𝑝𝑖,𝑘 ) − ∑(𝑖,𝑗)𝜖Ω(𝑓𝑖𝑗 + ∑𝑘=1 𝑓𝑖𝑗,𝑘 ) + 𝑔𝑖 = 𝑑𝑖 , ∀ 𝑖𝜖𝐵, 𝑡 ∈ 𝑇

(19)
(20)

0 ̅̅̅
|𝑓𝑖𝑗0 | ≤ 𝑛𝑖𝑗
𝑓𝑖𝑗 , ∀ (𝑖, 𝑗) ∈ Ω, 𝑡 ∈ 𝑇

(21)

𝑡
𝑡−1 ̅̅̅̅
|𝑓𝑖𝑗,𝑘
| ≤ 𝑦𝑖𝑗,𝑘
𝑓𝑖𝑗 , ∀ (𝑖, 𝑗) ∈ Ω, 𝑡 ∈ 𝑇, 𝑘 = 1,2, … , 𝐾

(22)

0
= 0, ∀ (𝑖, 𝑗) ∈ Ω, 𝑡 ∈ 𝑇
𝑓𝑖𝑗0,𝑡 𝑥𝑖𝑗 − (𝜃𝑖𝑡 − 𝜃𝑗𝑡 )𝑛𝑖𝑗

(23)

𝑡−1
𝑡
𝑡−1
−𝑀(1 − 𝑦𝑖𝑗,𝑘
) ≤ 𝑥𝑖𝑗 𝑓𝑖𝑗,𝑘
− (𝜃𝑖𝑡 − 𝜃𝑗𝑡 ) ≤ 𝑀(1 − 𝑦𝑖𝑗,𝑘
),

∀ (𝑖, 𝑗) ∈ Ω, 𝑡 ∈ 𝑇, 𝑘 = 1,2, … , 𝐾

(24)

0 ≤ 𝑔𝑖𝑡 ≤ 𝑔̅𝑖𝑡 , ∀𝑖 ∈ 𝐵, 𝑡 ∈ 𝑇

(25)

𝑡−1
∑𝐾
̅ 𝑖𝑗 , ∀(𝑖, 𝑗) ∈ Ω, 𝑡 ∈ 𝑇
𝑘=1 𝑦𝑖𝑗,𝑘 ≤ 𝑛

(26)

𝑡−1
𝑡−1
𝑦𝑖𝑗,𝑘
≤ 𝑦𝑖𝑗,𝑘−1
, 𝑘 ≥ 2, ∀(𝑖, 𝑗) ∈ Ω, 𝑡 ∈ 𝑇

(27)

𝑗

𝜃𝑖 = 0, ∀ 𝑖 ∈ 𝐵, 𝑡 ∈ 𝑇

(28)

𝑡
𝑓𝑖𝑗0 , 𝑓𝑖𝑗,𝑘
, 𝑔𝑖𝑡 , 𝜃𝑖𝑡 𝑢𝑛𝑟𝑒𝑠𝑡𝑟𝑖𝑐𝑡𝑒𝑑

(29)

𝑡
𝑦𝑖𝑗,𝑘
𝑏𝑖𝑛𝑎𝑟𝑦

(30)
nodes or vertices and the elements of E are called paths or
corridors of 𝐺. Given a corridor between two vertices 𝑖, 𝑗 ∈ 𝑉,
with 𝑖 = 𝑗, we denote this corridor by (i, j). Therefore, for a
corridor 𝑒 = (𝑖, 𝑗) ∈ 𝐸, i and j are called their final points or
vertices. In the same way we say that the corridor e is incident
to the vertices i and j. Similarly, we say that the vertex i is
adjacent to the vertex j. It is important to note that as we assume
an untargeted graph, the adjacency relation is symmetric. The
degree of a vertex in a non-directed graph is the number of sides
incident to it, which we will denote as 𝑑𝑒𝑔(𝑖𝑞 ).

This model is constructed in such a way that additions from a
previous stage are accumulated in the decision variables of the
following stages. The calculation of the investment cost or
objective function is made in the expression (19). To
differentiate in which stage each of the investments of new
elements is made, a comparison of the binary variables of the
same element in the following stages is made, this is achieved
through the difference of the binary variables. The set of
restrictions (20) represents the Kirchhoff's first law, in which
the balance of active power flows in each of the system's nodes
is required in each of the stages of the planning horizon. The
restriction sets (21) and (22) represent the active power flow
limits of the base network and the new elements to be added in
the transmission network during each of the stages. Constraints
(23) and (24) require compliance with the Kirchhoff’s second
law for all transmission grid corridors during all stages of the
planning horizon. A distinction is made between base network
elements and candidate elements, in order to apply the
characteristic linearization of the model. The constraints of (25)
and (26) represent the generation and investment limits. The
restrictions (27) give priority for investment to the binary
variables of lower k index. This is done to reduce the search
space and does not affect the value of the solution. Finally,
conditions (28) - (30) define the nature of each of the decision
variables.

A path p of length k, which joins a vertex i to a vertex j, in a
graph G(V, E), is a sequence 〈𝑟0 , 𝑟1 , … , 𝑟𝑘 〉 of vertices such that:
𝑖 = 𝑟0 , 𝑗 = 𝑟𝑘 ,
with (𝑟𝑚−1 , 𝑟𝑚 ) ∈ 𝐸 for 𝑚 = 1, 2, … , 𝑘. A path is simple if all
its vertices are different. In a non-directed graph, a path
〈𝑟0 , 𝑟1 , … , 𝑟𝑘 〉 forms a cycle if 𝑟0 = 𝑟𝑘 and 𝑟1 , 𝑟2 , … , 𝑟𝑘 are
different.
A graph 𝐺 ′ = (𝑉 ′ , 𝐸 ′ ) is a subgraph of 𝐺 = (𝑉, 𝐸) if 𝑉′ ⊆
𝑉 and 𝐸′ ⊆ 𝐸. Given a set 𝑉′ ⊆ 𝑉, the subgraph of 𝐺 induced
by 𝑉′ is the graph 𝐺 ′ = (𝑉 ′ , 𝐸′) where 𝐸 ′ = {(𝑖1 , 𝑖2 ) ∈
𝐸: 𝑖1 , 𝑖2 ∈ 𝑉′}.
3.1. Cycle basis
Let 𝐺 = (𝑉, 𝐸) be an unmanaged graph with m sides and n
vertices. A cycle of 𝐺 is a subgraph of 𝐺 where each vertex has
an even side. Now, associated with each cycle 𝐶 there is a value
𝑤𝑖𝑗 on 𝐸, where for any 𝑒 ∈ 𝐸,

3. FORMULATION OF THE CYCLES
We use below the basic terminology of graph theory, which
will guide us to the definition of the cycle. An unguided graph
G is a pair (V,E), where V is a finite set and E is a family of
(unordered) pairs of elements of V. The elements of V are called
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1,
𝑤𝑖𝑗 = { −1,
0,

𝑖𝑓 𝑖𝑗 ℎ𝑎𝑠 𝑡ℎ𝑒 𝑜𝑟𝑖𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝐶
𝑖𝑓 𝑖𝑗 ℎ𝑎𝑠 𝑜𝑝𝑝𝑜𝑠𝑖𝑡𝑒 𝑜𝑟𝑖𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛 𝑡𝑜 𝑡ℎ𝑎𝑡 𝑜𝑓 𝐶
𝑎𝑛𝑜𝑡ℎ𝑒𝑟 𝑐𝑎𝑠𝑒

The vector space generated by the incident vectors of cycles is
called the space of cycles of 𝐺, which has the dimension

Now, if one of the cycles involves new proposals, then we must
add to equation (32) the part corresponding to the disjunctive
condition, that is,

𝑚 − 𝑛 + 𝛼(𝐺),

∑(𝑖,𝑗)∈𝐶1 𝑤𝑖𝑗 (

where 𝑚 is the number of sides of 𝐺, n is the number of nodes
or vertices and 𝛼(𝐺) is the number of connected components
of 𝐺. A maximal set of linearly independent cycles is called a
cycle basis.

0
𝑛𝑖𝑗

(33)
where 𝐶1 represents the subset of links of the critical cycle 𝐶,
associated to circuits in existing corridors, 𝐶2 represents the
subset of links of the critical cycle 𝐶, associated with circuits
in new corridors, z is the number of links contained in 𝐶2 to
which are associated variables decision binaries 𝑦𝑖𝑗,1 . For
example, if one of the critical cycles involving new corridors
(see equation (33)) corresponds to the succession of vertices
〈5,6,46,19,18,13,8,5〉, this cycle takes the following form

The idea is to replace the Kirchhoff’s second law by cycles, that
is,
(31)

where 𝐶 is any directed cycle and 𝑥𝑖𝑗 is the reactance in the path
(𝑖, 𝑗). Therefore, the mathematical model for the planning
problem of the long-term expansion of transmission systems
involving Kirchhoff’s second law can be modified using the
model given by equations (9)-(18) and enclosing the cycles
minimums given by (31).

0
𝑓19−46
) 𝑥19−46
0
𝑛19−46
0
0
𝑓18−19
𝑓13−18
−( 0
) 𝑥18−19 − ( 0
) 𝑥13−18 −
𝑛18−19
𝑛13−18

{(𝑓5−6,1 )𝑥5−6 +(𝑓6−46,1 )𝑥6−46 − (

4.1. General form of the minimum cycles
In an expansion planning problem, given the initial network of
the system and future generation data, future demand and
characteristics of the options for investment in lines and
transformers, the problem is solved using the model of
disjunctive transport (which does not include Kirchhoff’s
second law), and is verified in the response if circuits appear in
their maximum capacity or circuits added in new corridors. The
cycle containing these circuits is determined continuously and
is a cycle with minimum sum of weights. These cycles, called
critical cycles, are added to the transport model and the process
is repeated until new circuits do not appear at their upper limit
or new circuits are not added in new corridors.

(

0
𝑓𝑖𝑗

0
𝑛𝑖𝑗

) 𝑥𝑖𝑗 = 0.

When we use the Improved Disjunctive Transport Model and
the base cycles, the problem is solved with the transport model,
with the objective of finding all the corridors that have circuits
with flow at maximum capacity (Zeinaddini et al., 2011). Now,
based on this, the corridors that present such a characteristic
will represent the starting point in the analysis, that is, first it is
observed that corridors have the maximum active power flow
in the results found with the transport model. Later, these
corridors are identified in the power system to define which
ones can close a minimum cycle with it, and finally, with this
cycle new restrictions are created that are added to the
improved transport model.

(32)

As an example of application, suppose a critical cycle takes the
following form:
(

0
0
𝑓8−13
𝑓5−8
)
𝑥
−
(
8−13
0 ) 𝑥5−8 } ≤ 𝑀(2 − 𝑦5−6,1 − 𝑦6−46,1 )
0
𝑛5−8
𝑛8−13

5. CASE STUDY AND NUMERICAL RESULTS

When the critical cycles are formed exclusively by existing
corridors, their general form is:
∑(𝑖,𝑗)∈𝐶 𝑤𝑖𝑗 (

) 𝑥𝑖𝑗 + ∑(𝑖,𝑗)∈𝐶2 𝑤𝑖𝑗 𝑓𝑖𝑗,1 𝑥𝑖𝑗 ≤ 𝑀(𝑧 −

∑(𝑖,𝑗)∈𝐶2 𝑦𝑖𝑗,1 ) , ∀(𝑖, 𝑗) ∈ 𝐶,

4. PROPOSED METHODOLOGY

∑(𝑖,𝑗)∈𝐶 (𝜃𝑖 − 𝜃𝑗 ) = ∑(𝑖,𝑗)∈𝐶 𝑤𝑖𝑗 𝑓𝑖𝑗 𝑥𝑖𝑗 = 0

0
𝑓𝑖𝑗

0
0
0
0
𝑓12
𝑓25
𝑓58
𝑓78
)
𝑥
+
(
)
𝑥
+
(
)
𝑥
−
(
12
25
58
0
0
0 ) 𝑥78
0
𝑛12
𝑛25
𝑛58
𝑛78
0
𝑓17
− ( 0 ) 𝑥17 = 0,
𝑛17

5.1. Colombian system
The Colombian test system (see Figure 1.) is made up of 93
nodes and 155 transmission circuits (Escobar, 2002; Romero et
al., 2005). By applying the proposed methodology to the
Colombian system, the critical cycles presented below are
obtained (see Table 1). Cycles 1, 2 and 49 presented in the
previous table involve new corridors, and correspond to a
disjunctive restriction. With the proposed methodology applied
to the Colombian electrical system (using the disjunctive

Which corresponds to the succession of vertices 〈1,2,5,8,7,1〉.
The positive terms correspond to links that have the same
orientation of the cycle and the negative terms to links that have
the opposite orientation of the cycle.
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transport model), 50 critical cycles were obtained, which allow
finding the optimum solution known for this system of
𝑈𝑆$562.417. The execution time was 62.79 sec with 96484.45
ticks (53.1% of the disjunctive linear model). As in the previous
system, the methodology proposed in this work allows to obtain
better results in computation times, that is, with the traditional
disjunctive model the same optimal solution is obtained but
with an execution time of 99.25 sec with 147153.02 ticks,
which evidences the effectiveness of the proposal with cycles.

As a partial conclusion, the DC model is considered the ideal
model to solve the transmission planning problem, which can
be replaced by the improved disjunctive transport model, in
addition to the set of critical system cycles. In medium sized
systems and in highly complex systems, this proves to be a
promising technique to reduce time and computational effort.

Figure 1. The Colombian test system.
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Table 1. Critical cycles for the Colombian system.

a system of great size and average complexity, which is
constituted by 93 nodes and 155 transmission lines candidates.
The optimal solution in the static case reported in the
specialized literature has a solution of 𝑈𝑆$560 × 106 with a
cut-off load of less than 1 MW and a solution of 𝑈𝑆$562 × 106
with a cut-off load of 0 MW.

5.2. Multi-stage planning using critical cycles
As mentioned above, the main difference between static
planning and multi-stage planning is that the latter considers
the existence of planning stages (time). The process of
identifying separable variables and reducing the space solution
for the multi-stage planning problem is executed based on the
proposed methodology (critical cycles).

For the case of multi-stage planning, the planning horizon is
divided into three periods representing a discrete growth until
the final horizon of the static system 2012. Figure 2 shows a
representation over time of the costs involved in expanding
system capacity. The year 𝑡0 = 2002 serves as the basis for the

5.2.1. Colombian multi-stage test system
The Colombian system was first presented in (Escobar, 2002)
and has been used as evidence in a large number of papers. It is
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calculation of present values of investment costs and in this
case, corresponds to the lower limit of the planning horizontal.
The year 𝑡3 is the upper limit of this horizon (Escobar, 2002).
Finally, it is considered that the equipment linked to the
investments of stage k should be available to operate from the
moment 𝑡𝑘 .
The best reported solution for this test system (Rahmani et al.,
2013) has a cost of 𝑈𝑆$500.1719851. Data for this system can
be found at (Duque, 2014) and (Escobar, 2002).

Figure 2. Colombian system with 3 planning stages.
However, for this system, the critical cycles presented below
are obtained (see Table 2).

Table 2. Critical cycles for the Colombian multi-stage test system.
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Table 5. Results stage 3.

Cycles 13, 57 and 58 presented in the table above involve new
corridors, and correspond to a disjunctive restriction. With the
proposed methodology applied to the Colombian electrical
system (using the disjunctive multi-stage transport model), 59
critical cycles were obtained, which allows the optimum
solution known for this system to be found of
𝑈𝑆$500.1719851. The execution time was 1458.51 sec with
1417157.10 ticks. As in the previous system, the methodology
proposed in this work allows to obtain better results in
calculation times, that is to say, with the traditional disjunctive
model the same optimal solution is obtained but with execution
time of 358.17 sec with 400551.40 ticks, which evidences the
effectiveness of the proposal with cycles.

The results obtained by applying the critical cycle methodology
to the multi-stage planning problem (for the Colombian
system) yield exactly the same additions (corridors) as those
obtained with the disjunctive linear DC model (see Tables 3, 4
and 5). It can be seen that this methodology represents an
excellent option when minimizing the execution time and the
computational expense in the planning problem of multi-stage
transmission.
6. CONCLUSION

Table 3. Results stage 1.

This paper presents a new mathematical framework that uses a
mixed integer linear programming model, improved models
and a methodology to solve the planning problem. The goal is
to reduce the total computational expense of transmission
planning. This work shows a significant improvement from the
preliminary studies made some time ago, in which the solutions
were found after manual analysis in test systems. It is important
to emphasize that this work not only shows an improvement in
the computational effort when using these new critical cycle
restrictions, but also an improvement of the traditional models
that build the way to find better solutions. The computer tests
show the effectiveness of the proposed methodology (critical
cycles) and improved models to reduce the time to solve the
planning problem, since the improved disjunctive transport
model represents a novel idea to describe the planning problem
without the complications of the use of Kirchhoff's second law
with valuable results.
Finally, in the problem of multi-stage planning, novel results
were obtained that showed the effectiveness of critical cycles.
These results showed that the multi-stage DC model can be
replaced by a more efficient one without including Kirchhoff's
second law using the central methodology of this work. The
results proved that the execution time and computation expense
is significantly reduced.

Table 4. Results stage 2.
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